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PREFACE 


The treatment of the calculus that here folio 
the courses which I have given in this subject ii 
lege for a number of years and corresponds in its 
to the course as given by Professor B. 0. Peirc 
eighties. The introduction of the integral as 
sum at an early stage is due to Professor Bye 
this important change more than a dozen years a 
Byerly, moreover, was a pioneer in this country i 
calculus by means of problems, his work in this 
ing from the seventies. 

The chief characteristics of the treatment are i 
between the calculus and those problems of johy 
geometry, to which it owed its origin; and the 
directness with which the principles of the ca 
forth. It is important that the formal side o 
should be thoroughly taught in a first course, ai 
has been laid on this side. But nowhere do i 
underlie the calculus come out more clearly thi 
cations to curve tracing and the study of curves 
in definite integrals with their varied applicati' 
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curves tlian I have found room fo 
to tlie importance of the subject 
ables and the elements of the geo 
curves for all students of the calc 
to be set completely aside, to be 1 
in the calculus, to which, unforti 
take tlie first course proceed. Oi 
tial differentiation is here necessj 
to take up in four or five lectures 
as much about the latter subjeci 
Chap. XIV, omitting the proofs i; 
the theorems of these paragraphs 
examples as those given in the 
the simpler applications of Cha| 
pared for a thorough treatment of 
j«*t important alike for the stin 
mathematics. This subject was 
text-books in such a manner tl 
through their exercises ivas able i 
arise in practice. But modern t 
guage are inferior to their predeci 

Multiple integrals are usually j 
and when they are taken up, som( 
important to say about them are ( 
is the of the double anc 

to the fomi Illation of such physica 


Chap. XVIII deals. In Chap. XIX the triple 
plained by analogy and computed, the aiialyticj) 
being left for those who are going to specialize ii 

The solution of numerical equations by siicce 
mations and other methods, illustrated geoiiietri 
computation of areas by Simpson's Eule and An 
eter are taken up in Chap. XX. In an appendix 
definition of the logarithm is justified and it is si 
function and its inverse, the exponential func 
tinuous. 

The great majority of problems in the calciil 
down to us from former generations, the Tripos 
and the older English text-books having contr 
portant share.* For the newer problems I ai 
great measure to old examination papers set 
Byerly and by Professor B. 0. Peirce,t ^^^tl to 
can text-books. It is not possible to acknowle^ 
the author, even in the case of the more recent 
I wish to cite at least a few of the sources in de 
debted to Campbell $ for Ex. 4, 181; to Gran 

45, p. 108; to Greenhill || for Ex. 16, p. 188; an 
for Ex. 43 on p. 107. 

* In particular, Williamson, Aji Elementary Treatise 
tial CalC2ihis^ University Press, Dublin, and Todliunte; 
the Integral Calculus^ Macmillan. 

t Many of these problems have been collected and xoublit 
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III illustrative exampl 

liavt‘ laktUi far as |K>.ssilfle tlie St 
Imvi* iiM'tl, ill order not t( 
g«Hsi exaiuples for eli.tss-i‘ooiii piir|:: 
of fh^ ?5:4!iie. It is in the iiitere 
\u-iT.er> td li^xt-books observe this 

A> rt‘i::irds tlie time required to 
I woubl say that witliout t 
oiMud follow at all elosely., I have 
tier*:* givtui in alMnit one hundred 
t«*ndiir4 over a year and a half, t' 
time tlaiH Corresponds roughly to i 
ihruiighoiit oiie year. 

To ^Ir. II. IX (laylord, who has 
in reading the proof, and to Dr. W. 
tfaekson, who have aided me tvith 
|>ress mj ajipreeiation of their kinc 
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CALCIJLTJS 


CHAPTER I 
INTRODUCTION 

1. Functions. The student has already met the idea o 
function in the graphs he has plotted and used in Algebra 
Analytic Geometry. For example, if 

y = 2 OJ -f 3 , 

bhe graph is a straight line; if 

'if = 2 mxj y = ± V 2 mx, 

it is a parabola, and if 

?/ = sin X, 

we get a succession of arches that recur periodically. Tl 
function was thought of originally as an expression invo. 
1 C and having a definite value when any special value is ^ 
bo X: 


/0r) = 2a; + 3, 
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(b) tlie distance s that a stone falls whei 
a function of the time t that it has been 

. 9 = 16 ^ 2 ; 

(c) the sum of the first n terms of a geoi 

a ar + ar^ -\ -h ' 

as a function of n: 

a — ar^ 

g _-- 

1 —r 

In higher mathematics the conceptii 
enlarged so as to include not merely th6 
expressed in terms of a? by a matheinj 
the case of any law whatever by whi< 
is determined. We will state this c( 
definition. 

Definition of a Function, y is sai 
if, when X is given, y is determined. 

As an example of this broader noti 
sicler the curve traced out by the pen of 
mometer. Here, a sheet of paper is 
which turns slowly and at uniform sj: 
tical. A pen, pressing against this c 
thermometer and can move verticall}/ 
height of the pen above the lower edge 
on the temperature and is proportionj 

tfti'nrkPTP.'hiTPP. flUnvA q o-iTTAn rlAcrrAA q 
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Other examples of this broader conception of the fii 
}: the pressure per square inch of a gas enclosed in a 
yarded as a function of the temperature; and the resii... 
the atmosphere to the motion of a rifle bullet, regarded a 
action of the velocity. 

A function may involve one or more constants, as, ; 
ample: 

f (a;) = ax <j5) (x) == tan ax. 

jre, a and h are any two numbers, which, however, oi 
osen, are held fast and do not vary with x. 

If 2 / is a function of x, y =f(x), then x is called the mdep 
)it variable and y the dependent variable. The independi 
riable is the one which we think of as chosen arbitral*! 
. we assign to it at pleasure any values which it can tf 
under the conditions of the problem. The other varia 
variables are then determined. Thus when we write: 

5 think of t as the independent, s as the dependent varial 
it if we solve for t and write: 



en we think of s, which is here necessarily restricted to p< 
^e values, as tlie independent, t as the dependent varial 
general, if two variables are connected by a single equati 
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A function may depend on more than one 
able. Thus the area of a rectangle is equal ■ 
two adjacent sides. Eurther examples: 

<f} (x^ y, z) =. ax^ + —a 

Again, it may happen that to one value 
several values of y, as when 

+ / = 2/=±Va^-~ 

s then said to be a multiple-valued function c 
en this is the case, it is natural to group 
erm a number of single-valued functior 
Qple these will be* 

y — -\/a^—'jt? and yz=z—‘^c 

In this book a function will be underst 
valued unless the contrary is explicitly state( 
A function is said to be continuous if a sm 
variable gives rise to a small change in the 
the function 



whose graph is a hyperbola, is in general 
when X approaches 0, y increases numerica 
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It is frequently desirable to use merely tlie miy) 
absolute value of a quantity, and to have a notatioi 
same. The notation is: read the absolute 

Thus, | -- 3 | = 3 ; [ 31 == 3. Again, whether a 
tive or negative, we always have 

Va^ = I a |. 

2. Slope of a Curve. We have learned in Analytic < 
how to find the slope of some of the simpler ciuw 
method is of fundamental importance in the Calcuk 
we begin by recalling it. 

Cpnsider, for example, the parabola: 

( 1 ) y=:x\ 

Let P, with the coordinates 
(xqj ?/y), be an arbitrary point 
on this curve, and let 
P': (x\y'), be a second point. 

Pass a secant through P and 
P. Let 

Then the slope of the secant 
will be: 

tanT' = ?^ = ^. 

x’ — a.‘o h 
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Suppose the point P is the point (1,1 
and tan t' = Ic/h for a few values of Ti. 
If 

then a;' = a:o + ^ = l-l, y'= y 

and = — 2 /o = .21; 

Jc 

hence tanT' = - = 2.1. 

li 

The following table shows further sets 
tanr' that belong together; 


h 

h 

.1 

.21 

.01 

.0201 

.001 

.002001 


It is the last column that we are chi( 
its numbers appear to be approaching r 
as their limit. Let us prove that this is r 
is just as simple for an arbitrary point P 
general case. 

Since P and P' lie on the curve (1), we 
( 2 ) 2/0 
(3) 2/o “f" ^ ~ (^0 ~ ^‘o” ~1~ 2 

Hence, subtracting (2) from (3), we get: 


INTRODUCTIOIf 


EXERCISES 

1 . If f(x)=:o^ — 3x + 2, 

show that /(I) = 0, and compute/(0),/(— 1), /(I- 

2. If /(a;) = 2*^ 

x+7’ 

find/(V 2 ) correct to three signitioant figures. 

3. If ' F(x)~(x — x^)smx, 

find all the values of x for which F(x) = 0. 

4. If = 

find <^( 0 ), <jf)(—3), <jf>Q~). 

6 . If f(x)=x — 'Va^ — x^f 

find/(a) and/( 0 ). 

6 . If in the preceding question a = cos co; 
three significant figures. 

7. If Xl/(X)=:X^ -X~% 

find 1 /^( 8 ). 

8 . If /(a;) = a;logio(12-a^), 

find f(-2) and fmx 
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12. Find the slope of the curve 

Sy = 

at the point (2, 3), first preparing a table siinila 
and then proving that the apparent limit is act 

13. Find the slope of the curve 

y =zoc^—x^ 

at any point (% 2/o)- 

14. Find the slope of the curve 

y=ax‘^-{- hx + c 

at the point (xq, yo). 

15. Find the slope of the curve . 



at (% yo). 


■s 




h 



CHAPTER II 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 
GENERAL THEOREMS 

L. Definition of the Derivative. The Calculus deals w 
•ying quantity. If y is a function of a?, then x is thoui 
not as having one or another special value, but as flow 
growing, just as we think of time or of the expanding 
.ar ripples made by a stone dropped into a placid po 
id y varies -with sometimes increasing, sometimes 
sasing. Now if we consider the change in x for a sf 
erval, say from a; = to x=x\ the corresponding cha: 
y, as y goes from ?/o to y\ will be in general almost ] 
rtional to the change in x, as we see by looking at 
ipli of the function; for 
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We will first formulate the idea we 
definition. Let 

(1) 2/=/(®) 

be a given function of x. Form the f 
value a^o of aj: 

(2) 2/o=/(*o). 

and then give to Xq an increment^ A 
value x' of x and denote the differenc 
Acc: 

aj' —* ajo = Aa?; : 

The function y will thereby have chai 
the value 

(3) y’ =/(»') 
and hence have received an increment 

y^-yo = ^y] y' = 

From (3), written in the form: 

( 4 ) yo^^y■^f{xo- 
and (2), we obtain by subtraction: 


Tiemnoi 


Ay=f{xo + Ao:)- 


differentiation of algebraic FUNCTl 

(6) liin — or lim 

Aa5 = 0A.» Aa;=0 AO? 

is called the derivative of y with resjpeci to x and is 
D^y, (read: “Dec of?/”): 

(7) lim ^ = D,y. 

In the above definition Aec may be negative as w 
tive and the limit (6) must have the same value 
approaches 0 from the 
negative side as when 


it approaches 0 from ^ 


the positive side. 


Our problem is, then, 


to compute the deriva¬ 


tive for the various 


functions that present 

_ 

1 

themselves. 

vl 

To differentiate a 

I 

1 

function is to find its 
derivative. 

^0' 

Fig. 2 


The geometrical interpretation of the analytical 
differentiation is to find the slope of the graph of th 


2. Differentiation of .r". Let 
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Expanding tlie right-hand member by 1 
we get: 

(11) y<i + ^y = »o" + nxo"-'^ A® -1- 


If we subtract (9) from (11) and divide 


All/ _ 


^ n(n-l) 


Aic 


1-2 


V 


"-Aic 


We are now ready to allow Acc to aj 
On the right-hand side the first term is ' 
succeeding-terms approaches 0 as its li 
approaches 0. Hence we have : 

lim ^, == 

Aa: = 0 ACC 


The subscript of the Xq has now i 
reminding us that ccq is not to vary •v 
result we may drop the subscript, for Xq 
thus we obtain the formula, or theorem 

( 12 ) = nx^~\ 

In particular, if n = 1, we have 

(13) D,x==l. 


EXERCISES 
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3. Derivative of a Constant. If tlie function f(x) 
constant: 

y=f{x)=c, 

the graph is a straight line parallel to the axis of Xj and s 

slope is 0. Hence 

(14) D^c = 0. 

• It is instructive to obtain this result analytically fror 
definition of § 1. We have: 

2/o=/(*o)=c, 

2/o + Ay =f(xo + = c, 

hence Ay=0 and ^ = 0. 

Allowing \x now to approach 0 as its limit, we see tha 
value of the variable, Ay/^x, is always 0, and hence its 
is 0: 

lim^ = 0 or D^c = 0, 

Ax =0 Ao; 

4. General Formulas of Differentiation. 

Theorem: I. The derivative of the product of a constan 
a function is equal to the product of the constant into the d 
tire of the function: 

(I) (cu) = cD^ u. 
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The limit of the left-hand side is D^y. On 
approaches as its limit, hence the limit 
side is* and we have 

Dg. (gu) = cB^xty 

Theorem IL The derivative of the sum 
equal to the sum of their derivatives: 

(II) A (u + v)^ D^u -f D^v, 


Tor, let 

y=:=u-\-v. 

Then 

2/o = ^^o-f t’o, 


Vo "h ^y = ^^0 H“ d" 

hence 

Ay = Alt + AVj 

and 

Ay __ All Av 

Ax Ax Ax 


When Aa; approaches 0, the first term on tl 
D^u and the second B^v, Hence the wh' 
approaches* B^u + D^v, and we have 

lira + lira—- 

Ax=Q Ax Ax=0 \AX Ax J Ai^O Ax 


or 


Djj = D^u+D^v, 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 

Next, we can consider the sum of four functions, and sc 
•r we can extend the proof of Theorem II immediately to 
im of 01 functions. 

Folyriomials. We are now in a position to differentiate 
olynomial. For example: 

D^{7x‘^ ~ 5x^ X 2) 

= I), (7 x^) + D,{-5a^)i-D,x-\~I),2 
= 7 -51)^0?^-}-1 =28a;^ —15a^ +1. 


EXERCISES 

Differentiate the following functions: 

1. 5x^ — Sx^ + 7a^ — x-{-l, 3. 7ra;2-~4|a;2__ V2, 

o —6a; + 5 ^ ^ ax^ ^2hx-{-b 

9 * ’ 2c ‘ 

5. Differentiate 

(a) Vot — Wf with respect to t 
(h) a + hs 4- c.s- witli respect to s. 

(c) .01 hf — 8.15 m]f ~.9 Im with respect to y. 

6. Find the slope of the curve 
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Let \\mX = A, lim T 

and let e denote the difference between X a 

Then lii^ e = 0. 

(If X is less than A, e will be a negative q\ 
In like manner let 

Y-B=:r), Y=j 

Then lim ri = 0. 

Writing now 

X + y = A jB r], 

we see that the limit of the rightdiand side 
lim (X+Y) = A-^B, 

CoROLLAEY. TliB limit of the sum of n 
the sum of the limits of these variables, n heiv 

lim (Xi 4- X 2 H-h •X'„) = lim Xi +■ lim ' 

Theorem B. The limit of a product is ( 
of the limits: 

lim (XF) =(liin X)(lim 
Here Xr=: -f €)(B + ^) 

= AB 4“ Arj 4" Be 4" 

By Theorem A, Corollary, the limit of the 



OIFFEKENTIATION OF ALGEBRAIC FUNCTIO^TS 


s tlian 1. As the variable decreases still further, it becon 
d remains numerically less tlian then less than 1( 


d so on; the product thus becoming and remaining num( 


and so on. Hence the limit of 


ly less thaiiyV? Yfuy 
Dduct is 0. 

rhus each of the limits in the above expression is seen to 
and hence 


lim (XT) =AB, q.e 

In particular, we see that the limit of a constant times a V( 
le is equal to the product of the consta7it into the limit of 


viable 


lira(aX)=(71im(X). 


For, a constant is a special case of a variable. 


CoiiOLLAKY. The limit of the product of n variables is eq 
the product of their limits, n being any fixed number : 

lim (Xi X 2 • • • X„) = (liin Xi) (liin Xo) • • • (lim X„). 


Theorem C. The limit of the quotient of tivo variables 
ual to the quotient of their limits, provided that the limit of 
viable that forms the denominator is not 0: 

X lim X -p ^ 
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Hence the last term becomes and remains 
twice the first factor, and consequently ii 



A 

B' 


In particular, we see that, if a variah 
its limit, its reciprocal also approaches uni\ 


If lim X = l, then lii 


BemarTc, If the denominator Y appr 
no general inference about the limit of 
drawn, as the following examples sho^ 
yalues: 

1 _L. 

10 ’ 100 ’ 1000 ’ ’ : 
(1) If the corresponding values of X are 

J: _L_ 

102 ’ 1002 ’ 10002 ’ 

then lim ^ = lim = C 

Y 10^‘ 


(2) If 


1 1 

yio’ vioo’ -x/iooo’ 


DIFFEEEj;rTIATION OF ALGEBRAIC FUNCTION 


(4) If 


x=— 1 1 

10 ’ 100 ’ 1000 ’ 10 , 000 ’ 


then X/Y assumes alternately the values +1 and - 
hence, although remaining finite, approaches no limit. 

To sum up, then, we see that when X and Y both a 
0 as their limit, their ratio may approach any limit w 
or it may increase beyond all limit, or finally, although 
ing finite, i.e. always lying between two fixed numbers, 
ter how widely the latter may differ from each other i 
— it may jump about and so fail to approach a limit. 

Infinity. If lim and lim Y' = 0, then J 

creases beyond all limit, or becomes infinite. A varia 
said to become infinite when it ultimately becomes and 
greater numerically than any preassigned quantity, 1 
large. If it takes on only positive values, it becomes y: 
infinite; if only negative values, it becomes negatively 
We express its behavior by the notation: 


lim .^ = 00 or liinZ= + oo or lim .^ = — 00 


But this notation does not imply that infinity is a lir 
variable in this case approaches no limit. And so t 
tion should not be read Z approaches infinity or i 
infinity ; ” but Z becomes infinite.^^ 

Thus if tlie graph of a function has its tangent at a 
point parallel to the axis of ordinates, we shall have 
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If a function f{x) becomes infinite when x 
tain value a, as for example 

f(x) = - for a = 0, 
we denote this by writing 

/(a) = 00 

(or /(a) = + 00 or = —oo, if this happe 
and we wish to call attention to the fact). 

Definition of a Continuous Function, We ca 
explicit the definition given in Chapter I b 
continuous at the point oj = a if 

lim/(a!)=/(a). 

x=a 

Prom Exercises 1-3 below it follows that 
are continuous for all values of x, and th 
rational functions are continuous except when 
vanishes. 


EXERCISES 

1. Show that, if n is any positive integer, 

lim (X"") = (lim Xf. 

2. If Cf (pSj = Co + + c^X'' • *• + 

then Inn C (a)) = (jf (c&) = Cq + ~ 


DIFFERENTIATIO]^ OF ALGEBRAIC FUNCTIONS 


Suggestion: Begin by dividing the numerator and t 

nominator by x^. 

6. Evaluate the following limits: 


-I.-’ -"I- f 

) Inn ---——-; 

a;=co X — / -f- d 


) lim 


+ . 

12 a;'''+ 5 


TO 

a:=0 CX-^dX ^ 


aj=c» 4 -}- d -}- 7 — 1 

ax + 


I lim 


xxiii.-;-—-J 

a:=co cx + ax ^ 


ie) 

x=co ^■* 

(/) Hm ■ 


= 00 X 

X . 

’VIT^ 


6. General Formulas of Differentiation, Concluded. 

Theokem III. The derivative of a product is given by 
rmula: 

II) Dj, (uv) = uDj, V + vD^ u. 


Let 

len 


y — uv. 

Vq = 

yo + Ay = (mo + Am) (mo + A-m), 
Ay = UqAv -h Vi,Au + AuAv, 
Ay 


Ax 


Av , A'ti , . Av 

«IJ-—+ W(|-.- + AM;—, 

Ax Ax Ax 


d, by Theorem A, § 5: 

Av/ / Av\ 


/ Av/A 


/. AvA 


. D^{uvw') __ D^u D^v 

UVW U V w 

a reason that will appear later, this 
nic derivative of uvw. 


HEOEEM IV. 
lula: 


The derivative of a quot 

vD^u — uD^v 
y v^ 


3t 


U 

2/==“- 

V 


Vo 






2/o-fAy = 


'^)+_ 




__ t^o 4- 


Vq 4- , 
Uq _ Vq^U — ll, 


-1^0+ Av Vo '^0(^0 + ^ 


Ay _ 
Acc 


„ Aw J\v 

^o~ - 'ih — 

Ax Ax 


Vo{Vo + Av) 

By Theorem. C of § 5 we have: 


Ay _^35=0 

A».=oAa;~ lim [f(,(i)o +Ad) 


1 • f Au A' 

li^ Pot -^^oT- 

■ Ax A: 


Applying Theorems A and B of § 5 and 
scripts we obtain; 

n „ «-D»d _ 

~ ^2 ’ 
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Example, Let 


ax + h 
cx-\-d 


Then 


_{gx-^ d)a — (ax'\-h)c _ ad —he 
{cx + df ~(cx + df 


Theoeem V. If u is expressed as a functioyi of y a7\ 
turn as a function of x: 

u=f(y), y = <t>(x), 

then 

(V) 

or 

(V') - V^u=D,u- D^y. 


Oxfiy) = DJ{y)D.,y 

f" i'" 

Here yo = <i> (»o), Wo =f(yo), 


2 /o + Ay = qb (xo + Ax), «o + Am =/(yo + Ay), 

=/(yo + Ay) -/(yo), 

Aw_ /(?/(! + Ay) —/(.Vii) _ 

Ax Ay Ax 

IVlien Ax approaches 0, Ay also approaches 0, and hem 
imit of the right-hand side is 


/O/o + Ay) —/(?/(,' 


lim 

Aa: = 0 Ay 


lim M 

Ax-o Aa; 


^ njJ{v)TKy- 
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Examjile. Let u — {ax + &)”, 
where n is a positive integer. 

Set y = ax-\-b. Then 

and = D,,y^ = • D,y 




ny^~'^ • a 


EXERCISES 




Differentiate the following functions: 

1. y 

__ X 

A71S, 1 

1 — 05^ 

2. 

1 

4, y = 

1 + a;^ 

3. S: 

1 -j-" ^ 

5. y = 


6. t/ = x(a+ fia;)". Ans. I)^y = [a+( 
^ ~ where m is a positive intege. 


8. y = 


l + is + 


9. 2/ = 


10. Show that Formula (12) holds wl 
integer. 


Differentiate further: 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 2 


[). Find the slope of the curve 

240y = (1-aj) (2-:») (3-0?) (4-07) 
he point a; = 0, y = Ans. — 

. Differentiation of Radicals. Let ns differentiate 
y=:-\/x. 

■e, 2/o = V »o, 2/c + A,!/ = V«o+ A®, 


Ay _ VgQ + Aa; — Va;„ . 
Aa? AoJ 


cannot as yet see what limit the right-hand side approach^ 
m Aa; approaches 0, for both numerator and denominate 


roach 0, and ^ has no meaning, cf. § 5. 


We can, howeve 


isforni the fraction by multiplying numerator and denom 
3 r by the sum of the radicals and recalling the formula ( 
mentary Algebra: 


a^-h-={a - h) (a + h). 


A?/ __ V:ro -f Ax — ^ V.Tq + Aa; + Vxp 

Vcfy + Aa; + ViTo 


1 


Z^/Vt I A /T,*\ 


1 
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Example, To differentiate 

2/ = V 

Introduce a new variable 

zz=a^--o(^ 

and then apply Tlieorem V: * 

y = Vz, 

D^ij = D^Vz = D^^z-D^z=-^ . ( 

2-Vz 

Hence 

Va^ — oc 


EXERCISES 

Differentiate the following functions: 


1. 

y = Va- + a;l 

6. y-. 

2. 

= Va 4-£c + Vet — x. 

7. — 



V 

3. 

II 

< 

1 

00 

11 


DIFFERENTIATION^ OF ALGEBRAIC FUNCTIONS 


8. Continuation : a?” n Fractional. 

The Lcvws of Fractional Exponents. Let wliert 

d q are positive integers prime to each other, and consi( 
e function 

p 

1) yz=zX^=^X^ 

c positive values of x. If q is odd, the function is sine 
lued; but if q is even, there are two gth roots of a?, and 
.ght define the function of (17) to be double-valued, naint 
±{-VxY. This is, however, inexpedient, and usage 1 
termined that the notation (17) shall be defined to mean • 
sitive root: p 

If n is a negative fraction, n = — m, then 

Moreover, a^ — 1. 

In Elementary Algebra the following laws of exponents ; 
tablished : 

r 1. = 

.) I II. (cr)" = tt”“‘; 

I III. a'"'' IT = {ahy\ 

li-kYYTfN 1"\/-vl /I TTr 1 I"1 \ n 4- rj r\ ■»"»/I 1\ Tv, 
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3 former curves, y = x^, by reflecting this curve in the bis 
• of the angle made bj the positive coordinate axes, 
rhe general case, n=p/g, will be taken up at the close 
3 paragraph. 

Differentiation ofx'\ Let us first find the slope of the cui 
J). If or denotes the angle between its tangent and t 
.s of then 

tan <r = 

iw (T is the complement of r, and so * 

tan r = — ^ • 
tan<j 


nee = = 

This is equivalent to the relation : 

DyX 

3 easy to give a proof of this relation as follows. If 

y-f(^) 

ny continuous function of x whose inverse function : 

X = f(7j) 


ingle-valued near the point (xq^ ijo) at which we are considering 1 
ivatives, then 
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Replacing y by its value, we have: 


and thus 


2 = \ 


^ “ 1^-1 
D^x^ = -x^ • 


This shows that formula (12) holds even whe: 
Turning now to the general case: 


1 

let 2 = a:«; 2/= 2 ^. 

Tlien by Theorem V, § 5, and (19): 

D^y = = D.z” • A 2 = ^ 

1 P_1 izl 

gf-i = (a?) = £e « . 

jP-1 

Hence D^y=^x^ -x^ ^ 

q q 

or 

( 20 ) == 

when n is any positive integer or fraction. 

If n is a negative integer or fraction: n = — 


tVi An 


1 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


If we have 

= Vx, = J- = -~i— 

2V^ 

which agrees with (16). 

Exami^le. To differentiate 

y = — x^. 

Let %z=z(r — a ;2 

Then y = 

D,y = = dJ- B,z = -^ «-? (- 2 rB) =-=^1^^- 

3(Sya“-a,'^f 

Inequalities for x‘\ If n is a positive integer, then 

f af- > 1 when x > 1; 

1 a;"' < 1 when 0 < < 1. 

The same relations hold when n —p/q is a positive fra 
For, suppose 

1 

y — x'^<l when a7>l. 

Then, by I, < 1. 

But y*^ = X, and a; < 1 is contrary to hypothesis. Sim 
when .q; < 1. 

Finally, relations I. hold when n^'p/q is any positive 
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Theorem. If W > 7i, then 


(a) 


lohen 

X>1) 

( 6 )' 

a?”' < 

when 

a’<l. 

Let 

= n 4- 7i. Then 




II 

1 

___ 

= x^(x^ — 


Since /i>0, we see from the relations I. tha 
last expression is positive 5 when a? < 1 , it is 
the theorem. 


Graph of the Function aj”; Conclusion, I 
just established it follows that the graphs 
positive fractional values of n lie as sug 
namely : they all pass through the origin ar 
and they have no other point of intersectio 
always positive. Of two graphs correspondi: 
the latter lies below the former when x< 

The student is requested to write out sim 
the case that n < 0 , and to draw the graphs, 
ever^ not to complicate Tig. 3 with these la 
deduce them when needed from Fig. 3. T: 
be avoided. Fig. 3 should be permanently 
student should construct such a figure for ' 
on coordinate paper, using the tables of squa 



DIFFERENTIATION OF ALGEBRAIC FUNCTION 


EXERCISES 

Differentiate the following functions: 


1 . 2 /= ' 2 ' 1 . 
2 . y=:X^ — x~^^-\-Tr. 


4. y=z-\/'ax^. 
1 — 


5. y = : 


3. 


-^5 


7. y- 


1 




DxV-- 


^n/5 

6. y = x-\/2x, 
2x 


8. y z=x{l — 'xry. 


^(a^-xy 

9. 4-^?+ A —L 


10. (2/'H-1)V2/"-2/. Ans, 

^(f-yy 


11 


3 / 1 - 0 .- 
\n 4-rrV‘ 


/ (1 + xif 

12. x"^ — ax-\- a. 


13. 


x"" 4 - x'^ 


cd 

14. x^-^-^~~x^~\ 


15 


(.s^-a-)a 3aV.s-^-a^ 


y-i 


a — 


V 2 ax 


16. 


17, r = yaO. 
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9. Differentiation of Algebraic Functions. 

are connected by such a relation as 

X-if =. a? 

or — xyif = 0 

or xy^my :=^x-\-y\ogXj 

i.e, if y is giyen as a function of x by the eqiu 
F{x,y)^0 

or its equivalent, y) = ^{x, y), where ne 
duces to y, then y is said to be an implicit fuui 
solve the equation for y^ thus obtaining: 

y =/(«)> 

bereby becoiues an explicit function of x. I 
.mpossible to effect the solution; but even v 
it is usually easier to differentiate the fimctii 
form. Thus in the case of the first exampL 
ferentiating the equation as it stands with rei 

or 2x + 2yD^y = 0, 


TT _ 


X 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 


WTien jP(cc, y) is a polynomial in x and y, the function 
fined by the equation 

F{x, 2 /) = 0 

called an algebraic function. Thus all polynomials a 
mtional rational functions are algebraic. Moreover, 
notions expressed by radicals, as 

2/=Va--a3® or y = 

e algebraic, for the radicals can be eliminated and the resi 
g equation brought into the above form. But the conve 
not true: not all algebraic equations can be solved by met 
radicals. 

It can be shown that an algebraic function in general 
ntinuous. In case the function is multiple-valued it can 
nsidered as made up of a number of branches, each of wh 
single-valued and continuous. Assuming this theorem 
n find the derivative of an algebraic function in the mam 
ustrated in the foregoing differentiations. 

On the assumption just mentioned a short proof of Form 
2), § 2, can be given for the case that n =p/q. Since 

r 

y = x% we have: if = x^. ~ 

■ / ■ f 

ifferentiate each side with respect to x: 
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EXERCISES 

1 . Differentiate y in botli -ways^ 'where 

and show that the results agree. 

2 . The same for == 2mx. 

3. Uind the slope of the curve 

—2xy^ -{-y^ 13 

at the point (2,1). Ans 

4. Show that the curves 

32/= 2 a; + 2y4-3a 

intersect at right angles at the origin. 


CHAPTER III 

APPLICATIONS 

1. Tangents and Normals. The equation of a line pass: 
rough a point (% 2 / 0 ) an cl having the slope A is 

y — yi)^X{x — Xo), 

id the equation of its perpendicular through the same poini 
2 /--2 /o=-or aj-iTo-f A( 2 /-- 2 /o) = 0 . 

A 

Since the slope of a cur-ve 

y=f(a^ or F{x,y):=0. 

the point (% ;//„) is y].^ , the equation of the tang' 

le in that point is 

-) y -,%= [i>^!/]x=*„(*- »o)- 

Similarly, the equation o:E the normal is seen to be: 

') y- Ih = - ® - *« + [^>x2/]x=^„(2/ - 2/a) = 
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Example 2. Let the curve be an ellipse: 


^ + ^ = 1 . 


ifferentiating the equation as it stands, we 

Of 5- 

Hence the equation of the tangent is 


ij — yo = —^ - a^o)- 

a-yii 


This can be transformed as follows : 

. a%y —aryl = — b-x^x + b-a 

/ 

h^XQX -f a^y^y = a-i/o^ -f b'^Xo^ = ( 


EXERCISES 


1 . Find the equation of the tangent of th 

y=zO(? — x 

at the origin; at-the point where it crosse 
of X, A)is. x-\-y = 

2 . Find the equation of the tangent an 
circle 

-}- 2/- = 4 

at the point (1, v^) and check your answe: 


APPLICATIONS 


5. Show that the area of the triangle formed by the cooi 
te axes and the tangent of the hyperbola 

xy — 0 ? 

any point is constant. 

6. Find the equation of the tangent and the normal of i 
rve 

the point distinct from the origin in which it is cut by 1 
sector of the positive coordinate axes. 

7. Show that the portion of the tangent of the curve 

2 2 2 
+ ys = a? 

any point, intercepted between the coordinate ax( 
astant. 

8. The parabola = 2 ax cuts the curve 

— 3 axy + = 0 

the origin and at one other point. Write down the eq 
n of the tangent of each curve in the latter point. 

9. Show that the curves of the preceding question inters 
the second point at an angle of 32°12^ 

2. Maxima and Minima. 

Problem. Find the most advantageous length for a lev 
means of which to raise a weidit of 100 lbs. (see FIl^ 41 
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again, the force P will he large. Evidently 
intermediate length that will give the bes 
which P will be least. 

Let X denote the half-length of the lever, 
tion of X. If we determine this function, i 
function of x, we can plot the graph and s€ 
nearest to the axis of x. Now the monaents 
tend to turn the lever about the fulcrum 0 
direction are: 

(a) 100 X 2, due to the weight of 10' 
(5) 3 X 2cc X aj, due to the weight of 

Hence their sum must equal the moment of 
direction, namely, P x 2a;, and thus 

200 4-6aj2=:2Pa;, P=: 


P\ 


100 - 




APPLICATIONS 


sufficiently large number of values of x intermediate betw( 
ese two numbers, we could evidently approximate to tlie b 
,lue as closely as we wished. Can we not, however, with i 
i of the Calculus, save ourselves the labor of these compr 
ms ? Looking at the graph of the function, we see that i 
lue of X we want to find is that one which corresponds to ' 
lallest ordinate. This point of the curve is characterized 
e fact that the tangent is here parallel to the axis of x 2 
nee the slope of the curve is 0 : 

tanT = Z>^P=0. 

it us compute, then, and set it equal to 0: 


x ~: 


100 


~ + 3 = 0, 

Qj 

10 ^rrrr 
X = — = 0.77. 


msequently the best length for the lever is 2aj = 11.4ft., 1 
crespondiiig value of P being 34.G lbs. 


Example. A box is to be made out of a square piece of ca 
ard 4 in. on a side, by cutting out equal squares from 1 
[*ners and turning up the sides. Find the dimensions of i 
‘gest box that can be made in this way. 

First express the volume V of the box in terms of the lem 
)f a side of one of the squares cut out, and jdot tlie graph 
thus determining ap]n*oxiniately the best value for x. T1 
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Under the above conditions we shall ha\ 

I)^y = 0 when x = 

And if this equation has only one root in 
this root must be: x = Xq.^ 

TtiB test for a minimum is simila: 
and “maximum” being merely replai 
« minimum.” 


EXERCISES 

1 r -.1 tLe least value of tLe functio 

2. What is the greatest value of the f 

y = 3x — x^ 

for positive values of a; ? 

3. "For what value of x does the funct 

12Va; 

1 + 40 ? 

attain its largest value ? 

* It is true that there are exceptions to the te 
of a continuous function mav have slia.m enr 



APPLICATIONS 


4. At what point of the interval a <x a being positi 
es the function 

_ ^ 

(x — a) (Jj — x) 

bain its least value ? Ans. cr = V 

5. The legs of an isosceles triangle are each 6 in. lo 

ow long must the base be made in order that the area n 
a maximum ? Ans, 6V2 = 8} 

6. A two-acre pasture in the form of a rectangle is to 
iced off along the bank of a straight river, no fence bei 
eded on the river side. What must be its shape in ore 
at the fence may cost as little as possible ? 

Ans. It must be twice as long as it is broj 

3. Continuation; Auxiliary Variables. It frequently h; 
ns that in formulating a problem in maxima and minims 
advisable to express the function which is to be made 
iximum or a minimum in terms of two variables, betwe 
lich a relation exists. The following example will illustr; 
3 method. 

To find the largest rectangle that can be inscribed in 
‘cle. 

It is evident that the area of the rectangle 
11 be small when its altitude is small and also 
len its base is short. Hence the area will be 
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Substituting this value in the first eqiiati 

A 

2 / —— = 0 or ?/ = 
ie., the maximum rectangle is a square. 


EXERCISES 

1. A 100-gallon tank is to be built wi 
vertical sides, and is to be lined with cop 
economical proportions. 

The length and breadth must each 

2. Lind the greatest cylinder of re^ 
inscribed in a given cone of revolution. 

3. What is the cylinder of greatest coi 
be inscribed in the same cone ? 

4. Lind the volume of the greatest co] 
can be inscribed in a given sphere. 

6. Lind the most economical proportii 
tin dipper which is to hold a pint. 

6. What ought to be the shape of a t 
quart and to require as little tin as pc 
facture ? 

7. If the top and bottom of the can a 
tin in such a wav that a rep-nUr hpYn.o'nn 




APPLICATIONS 


10. Assuming that the stiffness of a beam is proportio: 
its breadth and to the cube of its depth, find the dim 
3 ns of the stiffest beam that can be sawed from a log one f 
diameter. 

11. If the cost per hour of running a certain steamboat 

ill water is proportional to the cube of the velocity, find 
3 st economical rate at which to run the steamer up stre 
ainst a four-mile current. Ans. 6 in. pei 

12. The gate in front of a man’s house is 20 yds. from 
r track. If the man walks at the rate of 4 miles an hour i 
e ear on which he is coming home is running at the rate 

miles an hour, where ought he to get off in order to rei 
)me as early as possible ? 

13 . If the cost per hour for the fuel required to run a gi^ 

earner is proportional to the cube of Jier speed and is $20 
ur for a speed of 10 knots, and if other expenses amouni 
L35 an hour, find the most economical rate at which to ] 
r. 15 knots an ho 

14 . A telegraph pole at a bend in tlie road is to be s 
rted from tipping over by a stay 20 ft. long fastened to : 
le and to a stake in the ground. How far from the p 
ght the stake to be driven in? 
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4. Velocity. By the average velocity wit 
moves for a given length of ^ is mea 

]iaversed divided by the time: 


average velocity = 


s 

r 


Thus a railroad train which covers the dist^ 
stations 15 miles apart in half an hour has 
of 15/-|-=30 miles an hour. 

When, however, the point in question is n 
fast and sometimes slowly, we can describe ; 
mately at any given instant by considering 
time immediately succeeding the instant 
king the average velocity for this short inti 
For example, a stone dropped from rest 1 
.e law: 


0 find how fast it is going after the lapse of 

) Sq = 16 tff. 

little later, at the end of t' seconds from 
le fall, 

2 ) s ' = 16^^2 

and the average velocity for the interval of 

(3) ft. per see. 

t — ^0 


APPLICATIONS 


-7f —7 = 32.2 ft. a sec. 

l - Cq . 

id when the interval is taken as averj 

locity is 32.0 ft. a see. 

Thus we can get at the speed of the stone at any desi] 
stant to any desired degree of accuracy by direct compu 
)n; we need only to reckon out the average velocity foi 
fficiently short interval of time succeeding the instant 
.estion. 

We can proceed in a similar manner when a point mo^ 
cording to any given law. Can we not, however, by the i 
the Calculus avoid the labor of the computations and at 1 
me time make precise exactly what is meant by the veloc 
the point at a given instant ? If we regard the inter' 
time t^ — C as an increment of the variable t and wi 
~ 4 = At, then s' — = As will represent the- correspond] 

erement in the function, and thus we have: 


average velocity: 


'At' 


Now allow At to approach 0 as its limit. Then the aver? 
locity will in general approach a limit, and this limit we U 
the deJinUion of the velocity v at the insta nt 

lim (average velocity from ^ to ^ = t') 

= actual velocity at instant t = 
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EXERCISES 

1. The height of a stone thrown vertically i 

by the formula: s = 4St-lGt\ 

When it has been rising for one second, find 
velocity for the next y\|- sec.; (6) for the next 
actual velocity at the end of the first second; 
will rise. 

Ans. (a) 14.4 ft. a sec.; (b) 15.84 ft. a s( 
sec.; (d) 36 ft. 

2. A man 6 ft, tall walks directly away fi 
10 ft. high at the rate of 4 miles an hour, 
further end of his shadow moving along the p? 

1 

3. Find the rate at which the shadow ii 
problem is lengthening. 

4. The rays of the sun make an angle of 3( 

zon. A ball is thrown vertically upward to a 
How fast is its shadow on the ground travel 
the ball strikes the ground ? Ay 

6. Two ships start from the same port at 
One ship sails east at the rate of 9 knots an 
south at the rate of 12 knots. How fast are 


APPLICATIONS 


8. A stone is dropped into a placid pond a 

series of concentric circular ripples. If the 
outer ripple increases steadily at the rate of 
rapidly is the area of the water disturbed iu 
end of 2 sec. ? k 

9. A man is walking over a bridge at the ra 
hour, and a boat passes under the bridge iniinedi 
rowing 8 miles an hour. The bridge is 20 ft. 
How fast are the boat and the man separating c 

5 . Increasing and Decreasing Functions. G 

fords a simple means of determining whethe 
increasing or decreasing as the independent va; 
Since the slope of the graph is given by 
when is positive, y increases as x increasei 
is negative, y decreases as x increases. Fig. 7 £ 
in general when D^y is positive. 



Theokem : Whenx increasetij then 


(ct) if 




V increaHe,^ 
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tLe tangent along with, it, the tangent w 
clock-wise sense, the slope thus increas 
increases, whenever the curve is eonca’ 
Tersely, if the slope increases as x incr 
turn in the counter clock-wise sense and 
cave upward. Now by the above theore 

tan T > 0, 

tanr increases as x increases. Hence 
upward, when tan t is positive. 

The derivative D^-tanT is the derive 
of y. This is called the second derimtiv 

D^{D,y) = D^y 

(read : D x second of y 
The test for the curvets being concave 
in a similar manner, and thus we ai 
important theorem. 

Test eor a Curve’s being Concav; 
curve y z=f(x) 

is CONCAVE UPWARD wJien 

CONCAVE DOWNWARD wlieu 

y\ 



APPLlCATIOlSrS 


A point at which the curve changes from being concave i 
Lid and becomes concave downward (or vice versa) is call 
ooint of inflection. Since Dfy changes sign at such a poi 
LS function will necessarily, if continuous, vanish the 
mce: 

A necessary condition for a point of inflection is that 

l>fy = 0. 

6. Curve Tracing. In the early work of plotting cur^ 
)m their equations the only way we had of finding out wl 
e graph of a function looked like was by computing a lai 
,mber of its points. We are now in possession of power 
3thods for determining the character of the graph w 
iircely any computation. "For, first, we can find the slope 
e curve at any point; and secondly we can determine 
lat intervals it is concave upward, in what concave do\ 
ird. 

As an example let us plot the graph of the function: 

) y -\-pxq. 

Consider first the case g = 0: 


) 


y =z -{■ 'px^- 
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Hence the graph is, in character, for 
shown in Uig. 10. 



To obtain the graph for negative v 
observe that the curve is symmetric wi 
Tor, if (x, y) be any point of the 
y' = —y is also a point of the curve 
have once plotted the curve for positi^ 
only to rotate the graph through 180° £ 
to get the remainder of the curve. 

Uinally we can get the graph of ( 
merely shifting the axis of to a para 
for this transformation are : 

X = x^, y — y^ 

Thus (2) becomes: 

y’— q x'^P'. 

Transposing q and dropping the accer 


APPLICATIONS 


flection and draw the tangent line in each of these poii 
ence plot the curve. 


2. Plot the curve 
y term in in g 


4?/ = 0?“* — 6£C“ + 8, 


(a) its intersections with the coordinate axes; 

(b) the intervals in which it is concave upward and those 
tiich it is concaye downward; 

(c) its points of inflection; 

(d) the points where its tangent is parallel to the axis oJ 
Plot the points (a), (c), (d) accurately, using a scale of 2 ( 
the unit, and draw accurately the tangent in each of th 
lints. Hence construct the curve. 


Plot the following curves: 

3 . 10^ = 12 a* H-9. 


ote that the curve cuts the axis of x in the point a = 3. 


4. y = a^ + 2a- —13aH-10. 

5. y = a — a^. 


6. y = 

7. y = 


a 


1 + a- 
a- 

1 “I" a'“ 


9. y- = a“H-al 
10. y' = a (a — 1) (a — 2). 


12 . 


r = j-: 


64 


CALCULUS 


function in the complete interval 
Fig. 11, and for this reason it is called £ 



a characteristic feature of a maximum 
parallel to the axis of the curve beii 
Similarly for a minimum, the curve here 
Hence the following 

Test for a Maximum or a Minim 

(a) = 

the function has a maximum for x = i 

(b) = 
it has a minimim. 

This condition is sufficient, but not 




APPLICATIO^^'S 


ire = — = 6x(oi^—l) (a;^ + 1), 

i lienee D^y = 0 for a; = --0, 1. 

rtliermore, DJy = 30 — 6. 

nis 

[Z)^^2/]a:=-i = 24 >0, a;== —1 gives a minimuTY 

z=—6<0, x= 0 maximiir) 

[DJy'j^^i = 24>0, .-. 0 ?= 1 “ minimuT) 

A.S a further application of the test just found let us obt 
■ufficient condition for a point of inflection. We have si 
it a necessary condition is that D/?/ = 0; but this is : 
Icient, as the example of the function (2) above shows. 
Dmetric feature characteristic of a point of inflection is t. 
3 tangent ceases rotating in one direction and, turning ba 
^ins to rotate in the opposite direction. lienee the slope 
3 curve, taiir, has either a maximum or a minimum a 
int of inflection. 

Conversely, if tan r has a maximum or a minimum, 
:ve will have a point of inflection. Eor, suppose tan r is 
naximum when x = Xq. Then as x, starting with the va 
increases, tan r, i.e. the slope of the curve, decreases al 
dcally, and so the curve is concave downward to the right 
On the other hand, as x decreases, tan r also decreaj 
:I so the curve is concave upward to the left of .ijq- 
ISTow, by the above tlieorem, tan t will have a maximum 
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This test, like the foregoing for a maximu; 
is sufficient, but not necessary. 

Example, Let 

12y ~ -f-14a; — 1 

Then 

12 = 4a;s + 6 - 24a; +14, 

12D,2y = 12cr2-}-12a;-24==12(a;- 
12I>/2/ = 12(2a;H-l). 

Setting = 0, we get the points a; = 1 ai 
since 

12 = 36 0, 12 [i)/2/]»=-2 

we see that both of these points are points of 

The slope of the curve in these points 
eouations: 

12[A2/]»=i = 0, 12CA2/]_, 

lence the curve is parallel to the axis of x at 
points; at the second its slope is 4|-. 

EXERCISES 

Test the following curves for maxima, mi 
of inflection, and determine the slope of f 
point of inflection. 

1 . 7 / = 4- Cf? — 1 -J— 120^ -J- 1 A 0/ — //v»_ 


APPLICATIONS 


3. On the Eoots of Equations. The problem of solving i 
lation 

/( a ;)=0 

1 be formulated geometrically as follows: To find the poi 
intersection of the curve 

y =/(<«) 

th the axis of a;; 

2 / = 0 . 

mce we see that we can approximate to the roots as clos 
we please by plotting the curve with greater and grea 
mracy near the points where it meets the axis of x. 

It is often a matter of importance to know how many ro 
3 re are in a given interval; for example, the number of p^ 
e roots that an equation possesses. One means of ansv 
I this question is by the methods of curve tracing above 
.‘th. 

Consider, for example, the equation: 

— 3 a;- + 1 = 0. 

le function 

y Z= — 3x^ + 1 

positive for values of x that are numerically large. For 
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la the interval 0 < oj < 1 

B^y = — 1 ) {x- 4 - 1 ) 

is negative and hence the function is steadily 


V 





X 

-ii 0 

1 

1 

A 

1 

^ 1 

1 

1 

1 


Fig. 13 


graph, therefore, car 
the axis of x but once 
a; > 1, I)^y is positi’ 
function is always inc: 
the graph can have c 
of X beyond this poin 
Thus we see that tl 
just two positive roo 
each root cc = a corres 
root a; = — a, it has 


oots, and so in all just four real roots. 

. general principle is illustrated in this e 
f be stated as follows. 


Theorem. If a continuous function f(x) c 
interval a<x<h and if its derivative is posii 
he interval (or negative at all pomts of the 
fu7iGtion vanishes at just one point of the int 

The cubic equation 

(1) g = 0 

can be treated in a similar manner. The graph < 

( 2 ) y — 




APPLICATIONS 


ures in Fig. 10. Thus the line (3) will cut the curve ( 
just one point, and so equation (1) will have just one r 
)t.* But if p< 0, then the graph corresponds to the secc 
Lire in Fig. 10, and we see that it depends on the relat 
Lgnitudes of p and q as to whether there are three poi 
intersection or fewer. 

The maxima and minima of the function (2) are obtained 

D^y = 3x-+p = Q, a:=±-^-|, 


d it turns out that a minimum occurs at the point t 


= \ — 


P 

s' 




naximuin at 


—V-f. 


y-- 


3 V 3 


mce if q is numerically greater than these equal and op 
e values of y, i.e. if 


r>- 


27 ’ 


e cubic (1) will have one real root, 
ily smaller : 

T< 


If q, however, is num 


27 ' 


will have three real roots; and if 

27 
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"We can collect all cases under the folio' 

Theobem. TIib cubic GQuation 

p xq 0 

has 2 3 

(a) 1 real root when ^ f = > 

(b) 3 “ “ “ “ <0; 

(cO 2 “ “ “ “ =0, { \ 

(&) 1 “ “ “ “ “ \ 1 

In case (ci) one root counts ticice; and 
iree times. 

EXERCISES 

1. How many real roots has each of the 


(а) x^^Bx-l = 0. (c) 3a;4 

(б) 3a:H- 1 = 0. (d) 

Ans. {a) threi 

2. How many real roots have the cubic 
(a) 03^4- — 1 = 0; (c)x^- 

(2;) a^_4a- + l = 0; (d) - 


3. How many positive roots has the eqi 


APPLICATIONS 


6. Show that, by a suitable transformation of tl 
axes to parallel axes, the new origin being on tl 
nanaely: 

y=y\ 

the equation; 




can be carried over into the equation : 

y = -\-px + q. 


Hence obtain the condition that the cubic % 




have three real roots. 



CHAPTER IV 

DIFFERENTIATION OF TRANSCENDES 

1. Differentiation of sin a;. First Meth 
the function 

= sin a; 

^an be constructed geometrically by drawi 
adius and measuring the ordinates corresp 




angles; the angle itself, measured in radians, 
and being computed arithmetically. 





TRANSCENDENTAL FUNCTIONS 


lence Ay = sin (iCo + Arc) — sin Xq, 

Ay __ sin + Ao;) — sin .Tq 
A x Ax 

Let ns follow these steps geometrically by constructing 
Qccessive magnitudes. Fig, 16 explains itself. The ra 
f the circle is unity, and so 

MP = sin Xo, M'F — sin (xq + Ax). 


QF = sin (xo ■+• Ax) — sin Xo = Ay, PF = Ax. 


lence 

3 ) 

Ax pp\ 

Now it is easy to see 
diat limit this last ratio ap- 
roaches when F approaches 
Suppose first we had in 
he denominator the chord 
Then 

^:^^=:sin<^>, 

PF 



Fig. 10 


lid since 
: follows that 


lim <j[) = Z QPT^ ^ — Xo, 
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E;eturning now to the ratio (3) and wi 

Pp< FP’ ppf' 

we have, when P' approaches P as its lin 

A ®=0 Ax \p> PP J\^'~ ^PP' 

or dropping the subscripts : 

(5) Pj. sin a; = cos 0 ?. 

EXERCISE 

Prove in a similar manner that 

(6) cos x = — sin x 

Second Method. The foregoing metli 
of being easily reixiemhered. Each ana 
in a simple geometric construction. It 
however, of incompleteness. Eor, first, 
in approaching 0, to pass through onl^ 
secondly we have assumed Xq to lie betwi 
there are in all seven more cases to cons 
An analytic method that is simple i 
general is the following. Eecall the . 
the sine: 


1 


The limit of the first fac¬ 
tor on the right is cos 
The limit of the second is 
of the form : 

liin 

a~0 a 

and here, again, we have to 
do with the limit of the ratio of the arc to the c 
Fig. 17: __ ^ 

PP' = 2sina, fP’ = 2(z. 

We have seen that the limit (4) has the val 
inspection of the figure. We can give a formal 
the axioms of geometry as follows. First of 
line is the shortest distance between two points, 

Fp' < i¥'. 

Secondly, if we draw the tangents at P and P', 
we have, by the axiom that a convex curved 
than a convex broken line that envelops it and 
extremities: ^ 

PP' < PN^ NP' = 2 PK 

Hence PP^ < PP < 2 P¥. 

Dividing through by PP’ = 2PM, and noticing i 
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WLen a approaches 0, 1/coscc approx 
variable FP'jFP^ is seen to lie betwe 
and a variable number which is apprc 

Consequently pp 

lim 

The reciprocal of this ratio, PFJPP 
out in Chap. II, § 5, under Theorem C, 
its limit. 

Another Proof of (4). The area of 

18, is 
between 
angles 0 

|-sin a 
or 



When a approaches 0, each of the extrei 
and so the middle term must also do so, 
Trom Peirce’s Tables^ p. 130, we see t 

sin 4° 40^ = .0814, 

and the same angle, measured in radij 
.0814, to three significant figures. Th 
exceeding 4°40', sin a differs from « by 
800, or one-eighth of one per cent. 


TRANSCEi^-DENTAL FUNCTIONS 


d thus the formula of differentiation would have become 


sin a; = —cos a;. 

loU 


le saving of labor and the gain in simplicity in not be 
liged to multiply by this constant each time we differenti 
enormous. 


2. Differentiation of cos tan cc, etc. To differentiate cc 
} may set rz=:^-y 




y 





_ ^ 







0 



.^ TT \ 







Fig. 19 


len cos X == sin y, 

1/ 



cos x=D^smy i 

1 

1 

1 

1 

1 



1 

DySmyD^y=-(iOsy, j 

1 

1 

1 

1 

1 

1 



1 

) .*. Da; cos a;= — sina;. 1 

1 

1 

1 


i ! 

To differentiate tana; | / 

1 

1 

1 

1 

j 

i \ 

hte j J 

1 

1 

/ 



1 

1 

/ 


cos a; -^i / 

0 

1 A 1 
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EXERCISES 


1, Show that 


(а) cot a? = — csc‘ 

(б) sec X = sin x s 

(c) Da; CSC 0 ? = —cos 
(cZ)* Da: a; = sin x. 


Differentiate the following functions 


2. sin 2a?. 

3. COS 2 a?, 
a? 


4. tan - 


5. 


2 

sin a? 


a + 6 cos a? 


6. 1 -- sin X. 

7. a? —tana?. 

8. a? sin a?. 

1 


9. 


a sin a? + 6 cos £ 


14. Prove that 

a = 0 CL 

first, by considering the representati 
denominator by lines in Pig. 17 ; secoi: 
reduction, expressing 1 — cos a in terms 

3. Inverse Functions. Let 


y=fQ«) 

bp D’lVP.'n -fn-nA+.in-n pf /v* Qnrl no or^l 


TRANSCENDENTAL FUNCTIONS 


^erse function with x as the independent variable,• transfo 
e a;, 2/ plane, and with it the above graph, as follows: let 


= 2 / = *^* y I 

lis is equivalent to rotat- / 

^ the plane through 180° y 

out the bisector of the ^ 

gle made by the positive / 

Drdinate axes. In other / 

>rds, it amounts to a / \v 

lection of the plane in X 

a,t bisector. We have_ y 

it an example of inverse ^ / a?' 

actions in the radical, / 

SChap. II, §8. / / 

If, as X increases, y y I 

i^dily increases (or if y / 2 i 

iadily decreases), the 

^erse function will obviously be single-valued. In this c 

3 derivative of the inverse function is obtained from ' 

dnition: . . .« 

2 / = ^(a;) if x=f{y), 

d the relation : 

A?/__ 1 
Ax Ax ’ 

Ay 

i.v.. 
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read “the antisine of y.” 
function 


( 2 ) 


In order to ol 
y = sin^^ X 


we have, then, to reflect the graph of (1) 
angle made by the positive coordinate a^^ 
to a mill tipie-valu 
line x~x\~- 



Tig. 22 


in more than one ] 
infinite number c 
purposes of the Ci 
allowable and adv; 
one value .of the f 
ply the value tha 
and 4* 7r/2, and to 
the single-valued fi 
Its graph is the p 
Pig. 22 that is ma 
This shall be oui 
the future unless 
plicitly stated, an( 

( 3 ) y = 


is equivalent to the relations: 

(3') ai = sm?^, ~\ = y 

In particular, 


TRANSCENDENTAL FUNCTIONS 


)w sin^y+ cos2y = l or cos-y = l-a;^, 

d since, for values of y restricted as by (3') to lie betw 
t/2 and -j- 7r/2, cos y > 0, we have 

cos2/== Vi — 

d so finally: * 

' i)a:Sin~^a; =- - —. 

Vl—ir- 

^6) cos The treatment here is precisely similar, 
tine: 


y=cos"'V if 03 = cosy, 
i we make the inverse function single-valued 


y = COS”!*; 


choosing that value of y which satisfies the 
ation : 

0 < y ^ TT. * 

particular 

1-11 = 0, cos-i0 = |, cos-i(-l)=:7r. 


1 

1 


•TT 

1 

1 

1 

-•?! 


\ 

0 

/ 


ro differentiate cos"^oj use the implicit form: 
D^x — cos y = Dy cos ?/ 





TRANSCENDENTAL FUNCTIONS 


Corresponding to tlie addition theorems for the trigo: 
3 tric functions there are functional relations for the inve: 
gonometric functions, such for example as, for tan“^a;: 

tan“^% + tan“^'y = tan~^- - 

1 — uv 

these relations are used, the above definitions of sin" 
s~^a;, tan“^cc, by which these functions are made single-valu 
ust be abandoned. For this reason it is better, for 1 
esent, at least, to abandon these relations and to keep th' 
iportant functions single-valued. 

EXERCISES 

cot“^aj = tan“^-; 

Oj 

cot-^ cc = - — tan“^ cc. 

2 

2. Prove the following formulas : 

(a) cot”^x == 

(h) Da;Sec“^a; =- -^ - . - , if 0<sec"^x < 

a; Va*“ —-1 


1. Show that 
(a) 

(P) 
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Logaritlims and Exponentials. In Cha 
. tlie function 

2 / = 

ramensurable values of n, x being tbe 
Suppose we cut tlie family of curve 
xit line parallel to tbe axis of ordinates 

x = a, a>l. 

ordinate of any one of tbe points of int( 
y = ct"; 

’mined as soon as tbe value of 7i bas 
a function of n. Uroin tbe tbeoreii 
m n increases, y increases. Moreove 
icreases without limit when n = + oo 

3 tbe function (1) bas been defined 
values of n. What value shall it ’ 
= V2? If we allow n, passing tbror 

tc 

it 

y 


TRAlSrSCENDENTAL FUNCTIO; 


value a = 2.72 is shown in Fig. 25. For a pr( 
going statements cf. the Appendix. 

The chief properties of the exponential fimct; 
are expressed by the equations 

(I) = 
called the Addition Theorem; and 

(II) {p}i = cr. 

The inverse of the exponential function is tl: 

(3) ?/ = log«ic if x = cO^. 

It is single-valued and continuous for all posit 
Moreover, 

log„l = 0, log«a = l, log„0 = ~-^, log 
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The proof of (A) is as follows. Let 

u = logaiT, whence x = a'- 

v=^\og^y, '' y = a:^ 

Then (I) becomes: 

whence u-{-v = \ 

or log^a; + logaV = ^og^xy, 

To prove (B) write (II) in the form 

and substitute for its value x : 

= a’***, whence 7m = log„! 
or log«aj" = nlog„a3, 


A third relation is of importance when v 
from one base to another. It is: 


(C) 


1 logi^r 

log„a;==~^-^. 
log^a 


It is easily remembered because of its foi 
the formula (V^') of Chap. II^ which^ when 
denoted by a, h, and x, becomes : 

Du X 


TRANSCENDENTAL EUNCTIONS 


bstituting this value of h in {p) we get: 

V 

x=a^, 

bstituting this value of x in (a) we get: 


a“ = a^. 

[d now it merely remains to take the logarithm of each si 
Ln particular, if we set a? = 6, (C) becomes: 


log„& = 


_1 _ 

logja 


rhe following identity, which is often useful, is obtained 
)lacing y in the second equation of (3) by its value from 
3t equation: 


We have assumed hitherto that a>l. If 0<a<l, 
iph of (2), Fig. 25, must be reflected in the axis of ordina 
d the graph of (3), Fig. 26, in the axis of abscissas. 


1. Show that 


EXERCISES 
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3. Solve the equation : 

_ 

4- 

for X in terms of y. 

4. Show that 

log^(L+7 ^^Iog„[(l + , 

5. Are and (a“) 

the same thing ? 

6. If = c, 

show that 

a;log„6 = log^c. 


6. Differentiation of logo;. To differei 
y=log^x 

we have to form the difference-quotient: 

lo 

(7) "" - 

^ ' Acc Ao; 


and see what limit it approaches when 
we set 


TRANSCENDENTAL FUNCTION 


First, let /a become infinite passing throng' 
integral values: 

= n = 1, 2, 3, 

If we write 

V N 

we get by direct computation: 

<^>( 1 ) = 2 , 

c#>(2) =2.25, 

<^(3) =2.37, 

^(10) =2.59, 

<3f>(100) =2.70, 

<l>(1000) =2.72, 
^(10,000) = 2.72. 

Hence we see that, as n increases, incn 

not appear to mount above a number somewh 
We can show this to be the case no matter ho 
the Binomial Theorem: 

(a-H- &)" = a” -f na^~^h + 

we have: 
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Secondly, <^0^) is always less than 3. 
after the first two are less than the terms 


1+1+1+!+ 


_1 


Kecalling the formula for the sum of tl 
geometric progression, Chap. I, § 1, and 
we get: 

1+1+1+...+j_=Lz(i: 

^2 2 ^ 2 ’‘-‘ 1--1 

andso: <3—2^1 < 

Now if we have a function of the po 
always increases as n increases, but ne^ 


0 ( 1 ) 0 ( 


Fig. 27 

fixed number, A, it must approach a lim 
when n = ao (Fundamental Principle f( 
limit. Chap. XII, § 2). Hence <^(m) app 
value, e, is not greater than 3 : 

(9) lim(^l+-^=c. 

n=^j^\ nj 

We shall see later that 


e = 2.718 


TRANSCENDEJSTTAL FUNCTION 


We shall only strengthen this inequality if ii 
member we replace fx by n, in the right-hand me 
Hence 

«+i 

'^n + 1 

As fx, and with it n, becomes infinite, each extn 
this double inequality approaches e as its li] 
mean member must likewise approach e and 

lim {fx) = e. 

fX.-=-\~ca 


Finally, let ix be negative, /a = — r. Then 



When /X = — 00 ,7' = +co, and 

lim 0 (/x) = e. 

/i = — 00 


Eeturning now to equations (7) and (8) an 
that losf„x* is a continuous function, we see that 
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The base a of the system of logarithms 
at our disposal. We may choose it so tha 

log„e = 1, 

namely, by taking e as the base : a = e. \ 

( 11 ) DJog.x = 

This base, e, is called the natural base, a 
■with e as the base are called natural ox 
distinction from denary or Briggs’s logar 
base is 10. Natural logarithms are used 
cause of the gain in simplicity in the for 
tion and integration,—a gain precisely 
the differentiation of the trigonometric 
angle is measured in radians. 

It is customary in the Calculus not to 
and to understand by logo? the natural 
denary logarithm being expressed as logjo 

7. The Compound Interest Law. The 

sents itself in a variety of problems, typi 
of finding how much interest a given sum 
if the interest were compounded continiio 
no loss whatever. Tor example, f 1000, p 
amounts in a year to |1060, if the ii 
nonnded at all. If it is compounded e 


TRANSCENDENTAL FUNCTIONS 


It is readily seen that if the interest is compounded n tir 
a year, the principal and interest at the end of th.e year \ 
Lount to 


1000(1+fY 


liars, and we wisli to find the limit of this expression wl 
= 00 . To do so, write it in the form : 



d set n/.06 = fjL. The bracket thus becomes 

^ > 

d its limit is e. Hence the desired result is 
1000 1061.84* 


EXERCISE 

If f 1000 is put at interest at 4 % compare the amounts 
incipal and interest at the end of 10 years, (a) when 
:erest is compounded semi-annually, and (b) when it is C( 
unded continuously. Ans. A difference of $5, 

8. Differentiation of ctL Since andlog^x are inve 
notions, we have: 
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If we proceed with (12) in a similar r 
irst result; 

y 

:4) in § 5: 

1 

lorn e — - 


) 


log, a 
== a^loga. 


Dilferentiatioyi of n irrational. For 
can now be shown to hold when n is 
5 , (G): 


set 2 =in\ogx, 

id^ve = D.e* • D^z =e*n 


We are now in a position to differentia 
tary functions without evaluating new 
differentiations can be reduced, by the ai( 
Chap. IT, to s[)ecial formvdas already in 
important aid, however, in the techniqiK 
furiiislied by tlie method of differentials 
si(l(*r in tin*, mext eha])t(U’, and so we slu 
wajrk on this clia 2 )tor till that method luu 


CHAPTER V 

INFINITESIMALS AND DIFFERENTIALS 

1. Infinitesimals. An mjinitesimal is a variable which i 
rally desirable to consider only for values numerically sn: 
d which^ when the formulation of the problem in hand' 
Dgressed to a certain stage, is allowed to approach 0 as 
lit. Thus in the problem of differentiation Aa? and A?/ 
initesimals ; for we allow Acc to approach 0 as its limit i 
m Ay in general also approaches 0. Again, in Chap. IV, 

d to do with liin . Here ot and sin a are infinitesimi 

a = 0 CC 

Further examples of infinitesimals are furnished by the : 
ving magnitudes of Fig. 28: 

) a = AP, /5=HQ = tana, 

y = MA = 1 — cos a, S — AN, 

e=PQ^ l=^AQ-\-QP, etc. 



Fig. 28. 
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Thus if ^ = tana, 

_ tan ce _ 1 sin a 
a a cos a a 

and lii“- = 1 =5^0- 

a = 0 a 

Hence tan a is of tlie same order as a. 


Again, if 


-y =: 1 — cos a, 


Hence 


Y ~cos()c 


2sin2? 


sin^ 

_i=: sin^— 

2 


liml^==0 

a==0« 


and 1 — cos C6 is of higher order than a. 

An example of an infinitesimal of lower order 

and lim ~ = co 

a Ycc 

(read : becomes infinite when a approache 

It is readily seen that, if ^ and y are infinitej: 
same order, or if y is of higher order than atii 
more p is of higher order than then y is also of 

than r/ Tim*. sinp.P! 


INFIlSriTESIMALS AND DIFFERENTIALS 


Similarly, if /3 and y are of the same order, or if y is 
yer order than /S, and if furthermore j3 is of lower or( 
an a, then y is also of lower order than a. 

An infinitesimal (3 is said to be of the n-th order if /3 
proaches a limit not 0, a being the principal infinitesimal 

lim-^ =K^ 0, 


For example, if a is the principal infinitesimal, sin« g 
1 a are of the first order, is of order a” is of order 
d 1 — cos « can be shown to be of order 2. For 


d 


1 — cos a 


2sm^- ^ 

21 

a ' ""2 





a 

2 

1 

2 * 


2 


3 


Theoeem. If two infinitesimcds a and (3 differ from each ot 
an infinitesimal of higher order than either, then 

a 

id conversely: IfUml3/a = lj then a and /3 differ from e 
ler by an mfiniteslmal of higher order than either: 
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To prove the converse, write 

^=1+17. 

a 


Then 77 is infinitesimal. Multiplying up we have: 

^ = a 4- 77«. 


The difierenee, /3 — a = r}a = is evidently an infin 
higher order than a and hence also than 

DEFiNiTioiir. If a is the principal infinitesimal a 


so that, when we write 


lini P_ 7^ 

a=o — 




we have = Ka + ea, 

then the term Ka is called the pynncipal part of /?. 


EXERCISES 

1 . Show that a — 2a^ and 3a + are infinitesir 
same order. 

2 . Show that a — sin a is of higher order than a. 

3. Show that a sin a is an infinitesimal of the se( 

4. In Fig. 28 show that FQ and MA are infinii 

tlip afl.mp nrrlp-p 


INFINITESIMALS AND DIFFERENTIALS 


LO. Sliow that the sum of two positive infinitesimals, es 
the first order, is always an infinitesimal of the first ord 
i that the, difference is never of lower order. Cite an exam] 
show that the difference may be of higher order. 

LI. Determine the principal part of each of the infinite 
Is in tlie text numbered (1). 

L2. If two infinitesimals have the same principal part, sh 
it they differ from each other by a small percentage of 1 
lie of either, and that this percentage is infinitesimal, p 
led that their principal par? is not 0. 

1 . Fundamental Theorem. There are two theorems that j 
idamental relating to the replacement of infinitesimals 
ter infinitesimals that differ from them respectively 
Liiitesimals of higher order. One is the theorem of tl 
‘agraph; the other is DuhamePs Theorem of Chap. IX, § 

Cheorem. In takuig the limit of the ratio of tioo infiniU 
Is, each infinitesimal may he replaced hy another one wk 
^ers from it hy an infinitesimal of higher order: 

lim ^ = lim ^ 

7 y’ 

lim ^ = 1 and liin^ = 1. 

^ 7 


for, since 
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3. Tangents in Polar Coordinates. I 

r=m 

be the equation of a curve in polar coo 
find the direction of its tangent. The d 
if we can determine the angle xj/ betw 
produced and the tangent. Let F, 



PM from Pon the radius vector OF ai 
a circle with 0 as centre. The right t: 
angle of reference for the angle if/' and 


tan \j/' = 


MP 

PM 


Hence 


tani/Ao=lim tain/^'= liin 


INFINITESIMALS AND DIFFERENTIALS 


mce we have: 

T MP 
lim - —: 
P'^pFM 


A0=o Ar 


dropping the subscripts: 

tan ij/ = rDyO. 


Exam^ile. The curve 

I r = ae^^, a > 0, 

a spiral, except when X = 0, which coils round the ori 
initely often. Here, 

DqT = aXe^^, D,.0 == -i- = — — , tan lir = -, or cot = X. 
DqT aXe^^ , X 

3 iice the tangent always makes the same angle, cot“^X, w 
3 radius vector produced. For this reason the curve is cal 
3 equiangular sj^iral. 


1. Plot the curve 


EXERCISES 
r = d. 


d determine the angle at which it crosses the prime vec 
leii r = 27r. Ans. xp = 81°, neai 


2. The equation of a parabola referred to its focus as poL 
r (1 4- cos 0) = VI. 

nd the value of ijj when 8 = 0 and when 8 = 7r J2. 
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Then 



where e is infinitesimal, and 

A?; = ezii 

Since x is the independent variable, ^ 
principal infinitesimal, and this last re 
the Slim of its principal part, 
higher order, cAo?. 

Definition. The principal part of 
function (1) is called the differential of 

( 2 ) dy=B^yLx, 

We may, in particular, choose/(a;) a 

(2) becomes: 

(3) dx —B^x bjx = Ai 

Thus we see that the differential of the 
is equal to the increment of that varkil 
general true of the dependent variabl 
general vanish. 

By means of (3) equation (2) can be 


( 4 ) 

Hence 


dy = B.jjdx. 




INEINITESIMALS AND DIFFERENTIALS 


c = PJf* 
,d 


The triangle PMQ, is a triangle of reference fo 


tanr = 


dx 


In the above definition x has been taken as the independ 
,riable, Acr as the principal infinitesimal. The follow 
eoreni is fundamental in the theory of differentials. 


Theorem. The relation (4) : 

dy=D^ydx, 

true, even when x and y are both dependent on a third Vi 
le, t 

Suppose, namely, that x and y come to us as functions o 
ird variable, t : 

) x = y = 

d that, when we eliminate t between these two equations, 
tain the function (1). Then dx and dy have the follow 
lues, in accordance with the above definition, since t, noi 
now the independent variable. At the principal infinitesiir 

dy = D^yAt, dx — D^xAt. 

We wish to prove that 

dy = Bpjdx, 

}w by Theorem V of Chap. II: 

Bty = T>pjI)tX. 

3nce, multiplvins through bv At, we eet: 
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Differentials of Higher Order. It is 
differentials of higher order by a similar 

d-y=D^hjAx^, (Py = DJ 

But inasmuch as a theorem analogous to 
tials of the first order does not hold true 
tage of the differentials of the first ord 
therefore, refrain from introducing differ 
and regard the expressions : 

?-M et 

cM ’ cla^ ’ 

not as ratios, but merely as another nc 
tives Dfy, Dfy, etc * 

Bemark. The operator is written : 

—• Thus 
dx 

^— means D 
dx^ i — x 

and similarly for higher derivatives. 

5. Technique of Differentiation. The 

II, written in terms of differentials, are : 


General Tormulas of Diff] 


INFINITKSLMA .S AND DIFFEllKNTI ALS 


Consider, for example, llie first: 

D^{cu) = cD,u, i.e. = 

dx dx 

and it remains only to multiply through by dx. — V 
already noted the disappearance of Theorem Y. 

To these are to be added the special formulas of Cha 
and lY. Beside the derivatives that were there wor 
ab initio it is useful to include in this list a few others. 

Special Tormulas op Differentiation 


1. 

cZc 

= 0. 

2. 



3. 

d sin X 

= cos X dx. 

4. 

d cos X 

— — sin X dx. 

5. 

d tan X 

= secrojcte. 

6. 

dlogx 

__ dx 

X 

7. 

de^ 

= e* dx. 

8. 

d sin“^ X 

II 

1 i 

9. 

d tan“^a; 

___ dx 


1 ~j~ X“ 
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All other functions that c 
tlie so-called elementary fa 
the aid of these two sets c 
use of differentials by souk 

Examjple 1. To diferent; 

y- 

Let z 

Then 

dy=dzi=:^i 

dy___ 

clx 

The work can, however, 
concise by refraining fron 
function — 

y- 

Example 2. To different 

y 


Let 


sm 


INFINITESIMALS AND DIFFERENT 


du — cos ht d d cos U 

= cos d(at) — sin ht d{ 

= e“'(a cos ht — h sin ht) dt, 

— = 6"^ (a cos ht — h sin ht). 
dt ^ ^ 

When the student has had some practice in th 
entials he will have no difficulty, in snppressin, 
lines of this last differentiation. 

Example 4. To differentiate y, where 
— ?)xy-\~%/ = 1 . 
dx^ — 3 d (xy) + cZ?/ = cZl, 

3 x^dx — 3x dy — 3y dx -\-4:i/dy = 0^ 

dy __ So^ — oy 
dx 3x — 4:y^ 

The student will avoid errors by noting that 
of an equation is multiplied by a differential, ev 
be so multiplied. Thus such an equation as ( 
impossible. 


EXERCISES 

Employ the method of differentials for perfo 
1 owi n cj- (1 i fthrentiati on s. 
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r = ae^^. 

9. 

2/ = 


10. 

y = 

7 , u = V cr — xrVa — x. 

11. 

?y = 

^ 1 a 4- 

L ^ = log—L — 

12. 

u = 


a~x 


ic = Vl4-sin2/. 



= siii“\nsina;). 18. 



2/ = 

logtan^|-f~j- 




[f 

y == cce'"*, find 


and 



dx^ 

dx^ 

21. 

The same when ?/ = 

: if- 

. 

22. 

Di ff er entiate x^ cd". 


d o 
— x-c 


dx 


23. Differentiate: 
(a) xlO*; 


(b) 10-; 


INFINITESIMALS AND DIFFEREN: 


Or, -what amounts to the same thing, write 

f(x) — 

Thus, to differentiate y = a*®, write 
log 2 /= ic log oj or 

Hence ^ = d (a? log x) = etc. or dy = e" ® c 

Differentiate each of the following functions : 
1 

26. y = icL 28. y = (cos x 

27. = 29. ?/ = (sina: 

6. Differential of Arc. Let s denote the lei 
of the curve y — f{x^), measured from a fixed p< 
As denote the length of the arc PP. Then (see 

PP'^^ = ^x^-\-^ll\ 

hence lim fS'')‘ = l + li,„ fMY. 

Aa: = 0 Aa; J Aj;=^()'^Aay 

In taking the first limit we can replace the cIk 
arc As, since * 
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We thus obtain the relation: 

(1) (As)^ = 1+(-0»2/)^ or d^: 

Geometrically we see that ds is represer 
nuse PQ of the right triangle PMQ. Furt 


I 


( 2 ) 


dy dy 

sin T = V- = ■ 


V day^ + 




dx dx 

cos T=-Y- = 


V + dy^ 


These formulas are written on the supp 
gent FT is drawn in the direction in which 
X and s increase simultaneously. If x deer 
we must place a minus sign before each rac 

Fola?' Coordinates. Similar consideratioi 
curve r—f{6) lead to the following fonnuL 

PP<^-= PM"^ 4- MP\ lim ( ^Y= 

m = or dft- 


INFINITESIMALS ANfi BIFFERENl 


Furthermore: 

(4) siu,= f^ cos^ = |, 

tlie tangent PT being drawn in the direction of 
s. Beside these there is the foriniila of § 2: 

(5) tan./. = ^. 

dr 

7. Rates and Velocities. The principles of 
rates were treated in Chap. II. We are now i 
deal with a larger class of problems. 

Example 1. A railroad train is running at 30 
along a curve in the form of a parabola: 

(A) 

the axis of the parabola being east and west 
being taken as the unit of length. The sun is 
the east. Find how fast the shadow of the loco: 
ing along the wall of the station^ which is north 
Since 30 in. an h. is equivalent to 44 ft. a se( 
is : 

Given — = 44; to find ^ • 

dt dt r 

From (A) : 2ydy = ^{)0dx, dx = '^'^. 

250 

Substituting this value of dx in riV § G, we 


0 
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Example 2. A man standing on a wliai 
painter of a boat at the rate of 2 ft. a sec. 
above the bow of the boat. How fast 
throngh the water when there are still 10 
Let r be the nuinhei 
out at any instant. Th 

dt 

Fig. 32 ]?or dr j dt gives the r? 

creasing with the time, and since r is de 
negative. 

We wish to find the rate at which 1 
denote the horizontal distance PE of P fro 
ds/dt gives this rate numerically, but a' 
negative. We desire, then, the value of — 
Since s and r are connected by the relati 
.s2=:r2-S6, 

we have 2 s ds =2r dr, 

_ds __ 

dt s dt 




Hence, finally: 


ds 

dt 


|r=10 


raFINITESIMALS AND DIFFERENTIALS 


is two-thirds of the way over ? When he is 55 ft. frc 
houses? Ans, 6 m. an h. and 96 m. an h., respec 

2. A kite is 150 ft. high and there are 250 ft. of cord o 

the kite moves horizontally at the rate of 4 m. an h. d 
away from the person who is flying it, how fast is th 
being paid out ? Ans. SI ix 

3. A point describes a circle with constant velocity, 
that the velocity with which its projection moves along £ 
diameter is proportional to the distance of the point frc 
diameter. 

4. A revolving light sends out a bundle of rays th 

approximately parallel, its distance from the shore, whi 
straight beach, being half a mile, and it makes one rev^ 
in a minute. Eind how fast the light is travelling ak 
beach when at the distance of a mile from the nearest p 
the beach. A7is. 15.7 i 

6. The sun is just setting as a base ball is thrown vei 
upward so that its shadow mounts to the highest point 
dome of an observatory. The dome is 50 ft. in di£ 
Eind how fast the shadow of the ball is moving alo 
dome one second after it begins to fall, and also how fa 
moving just after it begins to fall. 
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EXERCISES 

Determine the maxima and minima 
functions: 


1. 

X log X. 


Aris. A minim 



Ans. 

f A maximum wli 

2. 

X cos X. 

[ A minimum ‘‘ 

3. 


9. 

sin 2x — x. 

4. 


10. 

siiioj cos^ce. 

5. 

log - • 

X 

11. 

cos a; 

1 -f cot ce 

6. 

X 

12. 

X 


logx 


1 4- cc tan x 

7. 

since4* cos x. 

13. 

ce®. 

8. 

X -f sin X. 

14. 

e^^cos 2 a?. 

21. 

Prove that 





1 sincecos x\< -V2. 


22. Show how to draw the shortest pos 

3 

point (f; 0) to the curve y = 

23. A rectangular piece of ground of gi 
closed by a wall and divided into three ei 
tion walls parallel to one of the sides. 



INFINITESIMALS AND DIFFERENTIALS 1 


36. The number of ems {i.e. the number of sq. cms. of te: 
this page and the breadths of the margins being giv 

lat ought the length and breadth of the page to be that 1 
.oimt of paper used may be as small as possible ? 

37. A statue 10 ft. high stands on a pedestal that is 50 
^h. How far ought a man whose eyes are 5 ft. above 1 
)und to stand from the pedestal in order that the statue m 
3tend the greatest possible angle ? 

38. ^ A can-buoy in the form of a double cone is to be ms 

an two equal circular iron plates. If the radius of es 
ite is a, find the radius of the base of the cone when 1 
Dy is as large as possible. Aiis. a\ 

39. At what point on the line joining the centres of t 
leres must a light be placed to illuminate the largest p 
le amount of spherical surface ? 

50. A block of stone is to be drawn along the floor by a ro 
id the angle which the rope should make with the horizon 
order that the tension may be as small as possible. 

Ans. The angle of frictii 

51. Into a full conical wine-glass whose depth is a a 
aerating angle a there is carefully dropped a spherical b 
such a size as to cause the greatest overflow. Show that i 
lius of the ball is 
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33. A gutter whose cross-section is a 
made by bending into shape a strip o” 
of the strip is a, find the radius of th^ 
carrying capacity of the gutter is a ma 

34. If, in the preceding problem, t' 
gutter is to be a broken line made u] 
4 in. long, the middle piece being hori 2 
the gutter be at the top ? 

35. A wall 27 ft. high is 64 ft. frc 
length of the shortest ladder that w 
one end rests on the ground outside ■ 

36. A long strip of paper 8 in. wide 
end. A corner of this end is folded 
side, thus forming a triangle. Find tl 
triangle that can thus be formed. 

37. In the preceding question, when 
crease be a minimum? 

38. The captain of a man-of-war s 
privateersman crossing his path at i 
distance ahead of c miles. The priv 
a miles an hour, wdiile the man-of-war c 
in the same time. The captain’s onl} 
track of the privateersman at as shori 
under his stern, and to disable him by ( 
shots; so the ship’s lights were put out 


INFINITESIMALS AND DIFFERENTIALS 1 


40. Assuming that the values of diamonds are proportior 
:iei* things being equal, to the squares of their weights, 2 
at a certain diamond which weighs one carat is worth ^ 
ow that it is safe to at least $8m for two diamoi 
lieh together weigh 4 carats, if they are of the same qual 
the one mentioned. 

41. A man is out in a j)ower-boat a miles from the near 
int A of a straight beach. He wishes to reach a point inh 
lose distance from the nearest point B of the beach is b mi] 
le distance AB is c miles. If he can make % m. an h. in 
at, but can walk only m. an h., what point of the be? 
ght he to head for in order to reach his destination in 1 
ortest possible time? 

Ans. where 0i and are the angles that 

iq V2 

ths make with a normal to the beach. 

This problem is identical with that of finding the path c 
-f of light that traverses two media separated by a plane s 
ie, as for example when we look at an object submerged 
ter. 


42. Assuming the law of the refraction of light stated 
^last problem, show that a ray of light in passing throng 
.sm will experience the maximum deflection from its oi 
il direction when the incident ray at one face and the 
LCted ray at the other make equal angles witli their fesj 
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by a single station. The main from the 
•will cost $ m per mile and the main to B wi] 
Where on the river-bank ought the pumps i 

45. When a voltaic battery of given 
(E volts) and given internal resistance (j 
send a steady current through an external 
resistance, an amount of work ( W) equival 


(r + Bf 


X 10^ ergs 


is done each second in the outside circuit, 
ferent values be given to B, W will be 
B=:r, 


46. Show that, if a point describe a cu: 
constant or variable velocity v, the rates a 
tions on the coordinate axes are moving wil 


dx 

— = 'y cos T, 
dt 


dy 

dt 


= V si] 


If the velocities of its projections alon^ 
dx/dt and dy/dt, are known, then 


— 1^^ 4. ^ 


tanr = 


47. If in the preceding problem the curv 


INFINITESIMALS AND DIFFERENT! 


provided that the resistance of the atmosphere 1 
ciable infinence on the motion. Here, a denoh 
angle of elevation and Vq the initial velocity. I 
velocity of the projectile in its path. 

Ans, V'^o^ — i’o sill i 

49. A ladder 25 ft. long rests against a ho 
takes hold of the lower end and walks away, cai 
him, at the rate of 2 m. an h. How fast is tl 
descending when the man is 8 ft. from the house ‘ 

50. A conical filtering glass is nearly filled 
The water is running out of an opening ii 
at a constant rate. How fast is the surface 
falling ? 

51. Let AB, Fig. 33, represent the rod that 
piston of a stationary engine with the 
fly-ivheel. If u denotes the velocity of A 
in its rectilinear path, and v that of B in 
its circular path, show that 

(sin 0 + cos 0 tan <^) v. 

52. Find the velocity of the j)iston of a loc 
the speed of the axle of the drivers is given. 

53. A draw-bridge 30 ft. long is being sloi 
chains nassiiiGf over a windlass and beimi' drawn 
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54. The sun is just setting in the west as £ 
around an elliptical track at the rate of m mi 
axis of the ellipse lies in the meridian, 
which the horse’s shadow moves on a fence 
and parallel to the axis. 

55. Differentiate y when 

A d?/ 3)/< 

2^sm2/=3ysm*. Ans. - = — 

56. Differentiate y when 

y =^x\og(x — y), 

57. Plot the curve 

r = a cos 3 6, 

determining where the tangent is parallel to 1 

58. Plot the following curves : 

(a) ?/= a; 4-sin a;. (c) r = ^ 

(])) ?/ = £ce“^ (d) r = 

59. Locate the roots of the equation 

X = cot X 

and hence discuss completely the maxima ai 
function in Question 2. 

60. The equation 

9(1 4- cos 9) =2 sin 9 


CHAPTER VI 


INTEGRATIOlSr 

1. The Area under a Curve. Let it be required to comp 
3 area bounded by the curve 

) y =f(p), 

3 axis of X, and two ordinates whose abscissas are x- 
d cc = (a < h). We can proceed as follows. Consider f 
B variable area, A, bounded by the first three lines j 
mtioned and an ordinate whose abscissa x is variable. T1 
is a function of x, Tor, when we assign to x any va 
tween ^the limits a and h in question, the correspond 
lue of the area is thereby determined and could actually 
inputed by plotting the figure on squared paper and count 
e squares, or by cutting the figure out of a sheet of pa 
tin and weighing the piece. 

If, then, we can obtain an analytic expression for i 
notion of x^ holding for all values of x from a to h, we 
en set x = b in this formula and thus solve the ab 
oblem. 

To do this, begin by giving to x an arbitrary value, a; = 
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Hence 


2/o<“<2/o+A 


(If /(a;) decreases as x iucreases, the 
reversed.) Allowing now A.r to appro 
that the variable AA/A* always lies 
tity 2/0 and the variable + Ay, whose 


^A 

Inn — = Vo, 


or, dropping the subscripts, we Lave; 

( 2 ) i>x^ = y- 

For example, let the curve be 

y = x^ 

and let a = 1, & = 4. Then 

D,A = x^ 

and the question is : AYhat function 
order to get We readily see that 
But this is not the only one. For, 
also differentiate into 
that this is the most general functioi 
and hence A must be of the form : 


INTEGKATION 

(5) ^ = 

Having thus found the variable area, we car 
area we set out to compute by putting a? = 4 in 

The process of finding the area under a cu: 
to be as follows. First find a function whicl 
tiated will give the ordinate y=zf{x) of the 
us ; and add an undetermined constant to this J 
determine this constant by requiring that A 
x = a. Thus the variable area is completely 
function of x. Lastly, substitute x — h in this 

EXERCISES 

1. Show that, if the area in the foregoing e] 
measured from the ordinate cr = 2, the value o: 
would have been --21: 


and if it had been measured from the origii 
have been = 0: 
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4. Find the area of one areli of tlie curv 
y = sin X. 

6. Eind the area under that portion of tl 

which lies above the axis of x. 

6. A river bends around a meadow, mat 
approximately a parabola: 

y = aj — 

referred to a straight road that crosses the 
the mile is taken as the unit. How mai 
are there between the road and the river ? 

2. The Integral. In the preceding chap* 
the problem: Given a function; to find i 
examples of the last paragraph are typi 
problem: Given the derivative of a fun 
function. Stated in equations, the probh 

DJJ=u, or dU= 

where u is given, to find U, 

The function U is called the integral of 
and is denoted as follows : 

r . 


INTEGKATIOX 


1 


VToie precisely, we should say that U is an integral of 
U-\'G is evidently an integral, too, C being any consta 
j’or example: 


) 



n + l 


+C, 


n-=i=^ — 


r, if we differentiate the function: 


? 7 = 


n 4-1 


-hO 


3h respect to a?, we get: 




i is the integrand u of the integral in question. 

rhe following theorem is fundamental in the theory 

egration. 


rHEOREM A. If two functions have the same derivative: 

y differ from each other only by a constant 
Since the derivative of their difference is 0: 

A[/(^)-<#>(a;)]=0, 

^ theorem is equivalent to the following: If the deriva\ 
a function is always 0: 

) D^^(x)=0, 
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Trom Theorem A it follows that all tl 
function differ from one another only t 
For, if Cfand U' are any two integrals o: 


D^U' = 


then fJand U' have the same derivative. 

Differentiation and integration are in\ 
we have: 


B: 


,J‘u dx - 




DMdx=U+C 


or 


or 




Theorem I. A constant factor can ahc 
under the sign of integration: 


(I) 


J cu dx = c dx. 


Consider the two functions that enter i 


kJ^cu dx = cu, 
J*u do^ = c 


u da 


i.e., the derivatives of these functions a 
the functions themselves can differ at moi 


INTEGRATIOi^ 


1 


Dhe proof is like that of Theorem I: 

(w + v) dx = -f -y, 

Da; udx+ V do^ = Dx J u dx j" V dx — li -{- V. 


nee the functions on the two sides of (II) differ at most 
onstant; A:. The constants in any two of the integrals m 
chosen at pleasure and then the constant in the third in 
1 can be so taken that k = 0. 


Integration of Polynomials. By the aid of the above theore; 
T polynomial can be integrated. For example: 


J^(a + hx + exP) dx = J*% dx -f- Jbxdx+Jcx^ 

= aJ*ix + a. dx+ejo 


dx 

0 ? dx 


— ax +c‘--+C'. 

Z o 


i.rea under a Qiirve. We can now express the area discuss 
§ 1 in the form: 



118 


CALCULUS 



9. Uind the area above the positive t 
the curve : 

10. Find the area enclosed between th( 

3/ = 3/2 = X. 

3. Special Formulas of Integration. < 

Special Form alas of Differentiation, of Cl 
down a list of special formulas of iiite^ 
which, together with the general metlic 
chapter, all the simpler integrals can 
formula can be proven by differentiati 
equation. 


1 . 


Special Formulas of Inti 







since da; = — coscr, 


2 . 


INTEGRATION 


] 


7. 


9. 


/ ’ dx . 1 

— . = sin“^ 

Vl — 

/ 

/< 


= — cos“^a7. 
secure = tan x. 

Qsorxdx = — cot 07. 


To these may be added the formulas : 


10 . 


p dx _ 

J -\/2x — x^ 


vers“' X, 


11 . 



log a 


We have omitted the constant of integration each time 
3 sake of sim])licity. But the student must not forget 
5ert it in applying these formulas in a given exam] 
Dreover, we have not included the formula: 


/< 


0 dx = 0. 


L Integration by Substitution. Many integrals can be 
ned from the special formulas of § 3 by introducing a r 
dable of integration. The following examples will ili 
te the method. 
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Hence J'viTte * = + 

Example 2. To find J 3' 


35 
cos ax dx. 


Let 


ax^y. Then adx = dy, 


cos ax dx = - cos 2/ dy, 
a 


and / 30S ax da? = ~ (cos y dy = - sin 2/ + 0= 
J «e/ ^ 


Example 3. To find J » V<x^ + da?. 

Let x^ — y. Then 2xdx=::dy 


?Va- 4- aj2 dx = x-Va^ + 2 / = I Vck 

2a? 2 


and 


J^x-y/ct^+ x^ dx = J^-\/a^-\-y( 


This last integral is a special case of thi 
ample 1. Lor, if the a of that formula is r( 
5 by 1, and the x by y, we hawe the present ii 


Va^ + a?^ da? = -f- a?“)'^ + ( 


INTEGRATION 


1 


[n the above examples we have tacitly assumed that i: 
d y are functions one of the other, and if /(ic) and <j!> (y) i 
0 functions such that 


f(x)dx==c^Qj)dy, 
in dx = J 

We can justify this assumption without difficulty. For 
Dxjf(x) dx=f(x), 

(y) i>(y)di/■D,y = 4> ( 21 ) Djj ; 


d since 


f¥) = *<3)% 


follows that the above integrals differ from each other 
)st by a constant, Ic. Hence, if the constant of integrat 
one of these integrals is chosen at pleasure, the coxistanl 
;egration in the other can be so determined that /c = 0. 
This theorem in integration corresponds to Theorem V 
ap. II in differentiation. And, as in the ease of t 
mrem, the use of differentials, — and it is to this fact t 
hr importance is due, — reduces the tlieorein in form, to 
jebraic identity: 
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3 . 


fvim' 

r _^ ^ 

J -i^a-^-bx J 


sin ax dx. 


9 . 


r dx 
J orx^ 


10 . 


f- 


dx 


V — X- 


11 . 


/ ' X dx 

V a- — x^ 

12 . J^x^Vd'^-^x^dx. 14 . 


Ati 


dx 


13 . J*ice 

18 . Czotxdx. 


15 . 


f: 


+ bx 
X dx 


ct -j- bx“ 


/" 


5. Integration by Ingenious Devices. 11 

Examiyle l! To find J‘c.os-6 dd. 


cos2^ = ^(l + cos 2 (9). 


Set 


INTEGBATION 


/ 


Va^ — x^dx= a-J aos-d dO=^(e + sin 0 cos 0) + G, 


-f 


■\/(r-~ 05“ dx = I f xVd^— or + sin~^^ )+ G. 


Example 2. To find 


r dx 
J or- 




he integrand can be written in the form: 


ence 


_!_]. 

—x' 2 a [x-\-a x — aj 

C dx _ ^ dx _^ r dx 

J a^ — x- 2aJ x-\-a 2aJ x — a 


0 ) 


Example 3. To find 


= ^ j^iog {x + a) — log (x —a) 

... 

J a-~x' 2 a x — a 

r do 

J sin 0 


+ C': 


First Method. 


r do _ r 

J siii(9”ey ^ 


dO 


o ‘ 0 0 

2sni-.cos,^ 


^In case -- a<ix<Ca. formula HO) involves the logarithm of anesj 
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Let ~ = Then the last integral becomes: 


— r sec~(j! >r7</>__ rd tan 4> 
sin cos J tan (j> J tan </> 

1 ) C -7-~ = log tan ^-j- 

J sm 9 2 

Second Method. 

f f shi 6 dO 

J sin 9 J sin- 9 

__ r dcose _ _ 

~ Jl-cos-'6' 2 °l-i 


Second Method. 


dcos(9 _ _ 1 Iqo* 1 + cos 6 
1 — cos- 9 2 ^ 1 ~ cos 6 


The fraction 


H cos-^r 

1 + cos ^ 2 


1-COSI9 . ,6> , 2^ 

sin-g tan - 


-Ji 


JL = log tan^+c. 
sm 6 2 


EXERCISES 


sin-0 dO. 


Ans. ^(6- 


1 -f- cos 9 


/d 


INTEGRATION 


6. Integration by Parts. The formula of different: 
d (iLv) ^udv -{-V du, 
leads to a formula of integration: 


(III) 


\idv=^uv — J*V du. 


Integration-by means of this formula is known as v 
by parts. 


Example 1. To find 


J xe'^dx. 


Let 

U=Xj 

dv = e^fZic; 

then 

du = dx, 

V — J s^dx = 

and J 

xe^dx — xe"^— J 

r* 

e^dx = (x — 1) e® 4- G 

Example 2. 

To find J *lo 

gxdx. 

Let 

u = log x^ 

dv = dx ; 

then 

7 dx 

dit^ —, 

X 

v = x, 


and log xdx = x log x — x ^ = x (log a; — 1) + < 
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+ =0? C . 

J e/ V 4- 


Adding these two equations and recallin 
ing Exercises, we have: 


(12) 

e> 

^ ^d^-\-x-dx — 

a~ Ic 



EXERCISES 

Evaluate the following integrals: 

1. 

e 

j*xd^dx. 

6. J X cos ax dx. 

% 


6. 3in”^£cdaj. 

3. 

t 

^v^e^'^dx. 

7. J* 

4, 

t 

j*xsmx dx. 

8. X dm~^xdx. 

13. 

f— a^dx. 



Ans, 4“ — aM 0 


7. Use of the Tables. The integrals tl 
practice and which can be evaluated in 
tarj functions can be found in such a 


INTEGRATION 


leads to a new class of transcendental functions 
Integrals, and cannot be evaluated in terms 
functions, sines and cosines, etc. 

There are, however, large classes of functionj 
integrated,and the classes that are importan 
have been tabulated. The student is requeste( 
•with care the classification in the Tables above re 


Example 1. To find by aid of the Tables 

The integrand is a rational function of x, anc 
under ^^II. Rational Algebraic Functions,^^ p. 
find A. — Expressions Involving a -}- Fori 
us the integral we want: 



/( 


X (lx 




{1-xy i-x 2(i-xy 
Example 2. To find / -—~—- • 

J Ij^x + x^ 


+ G 


Here the integrand involves rationally an expr 
. form X = a + bx -h cxr, and so we look under 0, 
formulas, 67 and 68, give this integral. But 
— 5“ = 3 is positive, the second formula would int 
iiaries. The first gives : 
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-\/l + \ 


Example 4. To find 


iiid dx. 


The integrand is a transcendental functi 
p. 35, and looking down the list we come 


dxz 


sin”"^a^ cos X _j_ n — d 
n n 


If we set liere n = 6, we reduce the give; 

pression involving Jsi.< X d>x, and this int 

reduced by the same formula, written for 
finally : 

X dec = 


sin^ojcosaj 5sin®cccosa; 5 
_ __ 


Example 5, To find 
Pormula 300 gives: 


dx 

4 cos X 


r dx 

— - tan”' 

) 5—4cosoj 

~3 


INTEGRATION 


r dx 
j5 + 3: 


rtan~V x\ ~ 


" dx 


/ X dx 
1 + x^x^ 


x-\-x^-\-x^ 

Ans, -log- - - - 5 - 

2 l + a; + aJ“ V3 V3 




V3 

Vl — a? —1 


--^dx. Ans. 2Vl-a»4-log^ - -~^ "”^ 

^ Vl—a?-f-l 


“■ j 

f* dx ' ; 

xVx-1 j 

ry^-^cZi«. 

a; 

11. 1 

(* dx , 

x^l + a^ J 

f Vi+4*2 

J 

f (XCv* 

a; 


14. I V— 1 + 4a; — dx. 


s. ('^a;---l^V--l4-4a; ——zi 

J ^ Vs 


r dx 

J ( 7 _ 9 aj + 2 a; 2 )t 

^ dx _ 

(1 — CC") Vi"+ x^ 


r _ da 

J a; Va;^ -H 


V3 

d,x 

-\-X)X-[-q 


J. Jsi 


18. I shr 0 Gos^ 9 dO. 
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Example 1. Let us find the length 
parabola: 

y = x\ 


Here dy — 2xdx, 


V dx“ + (ly~ = 


i = Vl +1 X- dx, 


and this integral can be reduced at once 
Lormiila 124 of the Tables: 


?==2Vi + c^o; Vi 4- + i log 


If we measure the arc from the vertex, 
we have for the determination of 0 : 


0 = ilog|-bO, 


Hence 


5 = Vl + -j-^log(2aj-f • 


In particular, the length of the arc to i 

W.^, = iV5 + ilog(2 4 


On p. Ill of the Tables we find a table o 
from which we see that 


Hence 


log (2 + V5) = log 4.24 = 

[s],=i = 1.48. 


INTEGRATION 


ds = Vl + dO -- 


.:^l±^dr = d'. 


I — sec a clr = r sec a + i 


If we measure the arc from the point ^ = 0, r 
when r = a and 


0 = a sec a + A;. s = (r — a) s( 

When ^ = —CO, the spiral coils round the pole 
often, and r approaches 0 as its limit. The v£ 
numerically, when r < a, is: 

\s\= —s = (a — r) sec a. 

Thus we see that the length of the spiral doi 
beyond all limit when ^ = — co, but 

lini I s I = a sec a, 

0 = -QO 


EXERCISES 

1. Find the length of the cardioid : 

r = a(l — cos 0), 

2. Find the length of the spiral r = 0 from 
point where it crosses the prime vector for 
e = 27r, 

3. Find the length of the arc of the curve 27 
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6. Assuming the equation of a- parab 
focus as pole, in the form: 

1 —GOS<j>^ 

find the perimeter of the segment cut off 
Check your answer. 


EXERCISES 

Obtain the following integrals without 

1. ■\/2mxdx. 

^ riog X dx 

’ J ^ 

2. f ■ 


3. j*{a — x^dx. 

11. f . 

J xlogx 

4. J*{a^ -~x^ydx. 

12. 

J 6^ + 6“== 

_ f* xdx 

' Jl-X? 

13. ^ 10'da:. 

. r social 

' J 1 + * 

14. J[e^ — e-y-dz. 

7 C^-'^dx 

15- 

J 



INTEGRATION 



6. Find the area of the cardioid: 

r = a(l-~ cos <j>). Ans. ttc 

7. Determine the area cut out of the first quadrant by t] 
of the equiangular spiral r = corresponding to vain 
> between 0 and -|-7r. 

8. Obtain the area of one lobe of the lemniscate: 

cos 2 0. 


9. The same for r = a sin 3 

0. The same for r = a cos nO. 

1. Find the area of the ellipse: 

^ + ^, = 1- Ans. iro 

a- 


2. Prove that the length of the arc of the curve 


?/ = a log - 


or — x^^ 

isured from the origin, is 

T a-j-cc 

s — a log —!- X. 


a — x 


CHAPTER VII 


CURVATURE. E VOLUTE 


Curvature. We speak of a sharp ciirv 
express a qualitative characteristic of 
f we cannot get a quantitative determin 
larpness or flatness of curves in general 
we consider the angle cp by which the 
changed direction when a point that t 
. has moved from P to P', t' 
, depend, not only on the 
curve, but also on the disi 
We can nearly eliminate ' 
when P' is near P by t 
change of angle per unit of arc, cj>fPP. T] 
as the average curvature 





averasre curvature for 


CUKVATURE, EVOLUTES 


and the average curvature does not change with F. 
curvature of a circle is the same at all points and is eq 
the reciprocal of the radius. Again, the curvature of a st; 
line is 0, 

To evaluate the limit (1) for any curve, y we ol 

that, if we write 

Pf^=As, c^ = At, 

then K = lim — = Z),r, 

A8=0 A5 

where r denotes as usual the angle which the tangent ( 
curve makes with the axis of x, More precisely, it ; 
numerical value of D,t which we want, for k is an essei 
positive quantity (or 0). Hence 

(2) K=± —, or better : k = ~ • 

^ ^ ds' ds 


Eroin the foregoing definition we see that the cnrva' 
the rate at which the tangent turns when a point de^ 
the curve with unit velocity. 

To compute dr/ds we have 

(3) tanr = — or r = tan~^-?— 

dx dx 

It will be convenient to introduce a shorter notation for c 
tives and we shall adopt Lagrange’s, which employs ac 
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T = idixr^y', dr 


y 


dS 


__ dif _ ?/' 


(4) 


\y 


d?y 


dx^ 


(1 


1 , 

dx^ 


The reciprocal of the curvature is called t' 
ticre and is usually denoted by p: * 


(5) 


/> = : 


(1 + y'Y _ 

dx 

12/''I “ 

d?y 

dx"- 


The radius of curvature of a circle is its 
:ure of a curve at a point of inflection is 
2/" = 0 at such a point if y^' is continuous tin 


Example. To find the curvature of the p 


CURVATURE. EVOLUTES 


EXERCISES 

Find the curvature of each of the following ci 
1 . y=x^. Ans. 


2. y at the origin. 

3. 7/ = log CSC X. 

4. The ellipse: ^ ^ = 1. 


Ari 


Ans. K= 


^6. The hyperbola: — = Ans. k = 

‘ 6, The equilateral hyperbola: xy = — . 

Jj 

Ans. 


7. Show that the radius of curvature of th 
approaches 0 as its limit when the point P j 

cuspj (0, 0). 

8. Find the radius of curvature of the curve 

54 ?/ = lOar' - 19a;'' +11P 

at the origin. 

9. Find the radius of curvature of the caterij 
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2. The Osculating^ Circle. At an arbitrary 
let the normal be drawn toward the concave 
and let a distance be laid off on this normal 
of curvature, p. The point Q thus obtained 
of curvature. The circle constructed with Q 
radius p stands in an important relation tc 
called the osculating circle and has the proj 
sents the curve more accurately near P tha 
does. Consider the family of circles dra 
curve at P and with their centres on the co; 
whose radii are very short are curved tc 
sharply than the given curve. ISTow let thi 
we pass to the other extreme of circles wit 
these will be too flat. Evidently, then, ce 
circles come nearer to the shape of the cur^ 
extreme ones do. It is not difficult to f 


means of which one circle is characterized 
the others. Draw the tangent at P and ( 
lar from P' on it meeting it in M and ci 



Fig. 37 


one of the circles in R. The 
later, MP will in general ' 
of the second order referrec 
principal infinitesimal, and . 
the second order for a circle 
We can, however, in genera' 
which P'R will be an infinil 


1+* 4'TIWIO /MTf +•1^'? 


CURVATURE. EVOLUTES 


circle at the point x — ^, V = at the V' 

the parabola in a fine black line, the first oscuh 
red; and the second in a different colored ink or 

3. The Evolute. When a point P traces on 
centre of curvature Q traces out a second curve 
curve — the locus of Q —is called the evolute 
curve. We proceed to deduce its equation and 
properties. 

The point Q can be found analytically by wr: 
equation of the normal at Pand determining tl 
of this line with a circle of radius p, hav¬ 
ing its centre at P. The equation of the 
normal is 

( 6 ) x~x + i/(Y-y) = 0, 

where (X, Y) are the running coordinates, 
ie. the coordinates of a variable point on 
the normal; and (cc, y) the coordinates of 
P; — the latter being held fast during the 
following investigation. The equation of the cij 

(7) (X- xy +(T-- yf . 

y”- 

To find wliere (G) and (7) inteivsect, eliminate 
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On the other hand, when the curve is con( 

F- 2/<0 and y"=~ 

a 

and again we have the upper sign. He: 
and 


r=2/ + 


1 + ?/^ 
y-' 


From (6) and (8) we get: 

ytl 


"^Iie values of X and Y thus found are t' 
ae point Q, and so we have: 




Xi — X 


dx\ dxy 


dx^ 


yi^y 


These formulas involve no radicals. 

If we eliminate x and y between the t 
the equation y—f(x) of the given curv( 
equation of the evolute in the form 

■^(* 1 , 2/0 = 0 . 

But it is not necessary to eliminate. 
points on the evolute as we like by su 



CURVATURE. EVOLUTES 


m~ H- ?/“ / „ ^ 

2/2 / 2/^ m2’ 


and it remains to eliminate x and y between i. 
and (10). Eliminating x we have : 


2/2 y 


2m 


^71 


= 4- 


2m 



From the second equation: 

- ’rn-iji = f. 


To eliminate y between these last two equation 
side of the last and cube each side of the precedi 
we get; 


4 0 8 
Ji 



Dropping the subscripts we have as the 
equation of the evolute of the parabola: 


01) 




This is a so-called semUctihical 'parabola. 


Examiiole 2. To find the evolute of the ellipse 
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Hence 


0? + a? 'if — cr Ir, if = c 

2)^0^ + — arx^ -f 

_ ^ b" X (ct"^ — ci.^ X'^ -{~ x") _ 


[n a similar manner we get: 


yi = y 


ory{h^ — h~ir + c^lf) 
o?h^ 


We can solve these equations respecti 



EXERCISES 


Find the equation of the evoliite of 
curves. 


2 2 

1. The hyperbola: —, — —, = 1. 

a- 


CURYATUKE. EVOLUTES 


5. ic = a (cos 0 ^ sin (9), . 

y = a(sm 61-0 cos 0). 

6. cc = a y = a Ans, (x + y)^' + 

4. Properties of the Evolute. The property 
to which the curve owes its name is the followiii 
material cylinder to be constructed on the concj 
evolute and a string to be wound on the cylii 
Let a pencil be fastened to the end of the sti 
being placed at a point Fq of the given curve i 
drawn taut and fastened at a point A of the eve 
cannot slip. If now the pencil is moved along 
that the string unwinds from the evolute or 
.pencil will describe the given curve. 

To prove this, let P be an arbitrary point 
curve, Q the corresponding point of the 
evolute, and P' the position of the pencil 
when the string leaves the evolute at Q. 

We wish to prove that P coincides with 
P. To do this it is sufficient to show 
(a) that QP is tangent to the evolute, so 
that P^ lies on QP] and (6) that QP' = 
QP=p. 

ad (a) Writing equations (9) in the 
form : 
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, dy^ _ 1 ^ 

dxi'~“ 2 /^ ~ ^ 

d 

and thus the slope of the evolute at Q is 
tive reciprocal of the slope of the givei 
QP is tangent to the evolute, q. e. d. 

ad (h) If we denote by Si the length ( 
evolute, then QP' = % + /oo; and we wii 
quantity is equal to p :. 

+ Po = P- 

It is evidently sufficient to show that 

_ dp 
dx dx 

Now dsi~ = dxi^ + dyi^, 

And again: 


c^P- I 3y’jr-(l + y'^-)y"' 
dx 


Vi+y- 


Hence = ± 

dx dx 


and since we have taken Si so that it 
creases, the upper sign holds : 


1. If tlie equation of the curve is given in polar coordinal 
=f(P), then (see Pig. 29) 

At = Ai/^ + A(9 


i hence 

imemhering that 


dr j d9 

ds ds ds 


, , dO r 

t3.ntp = r—=-, 
dr r 


lere r'^^dr/dOf obtain the formula, 


t) 


P= ± 


r- + 


dr^ 


dS- 


_L o dr“ 


Find the radius of curvature of each of the following cur 
any point. 

2. The spiral of Archimedes r = aO. 


Ans. p = 


3. The cardioid r = 2 a (1 — cos <j5>). 

4. The lemniscate = a- cos 2 0. 


r2 + 2( 
jhis. p = A -v 

Ans. p = 


5. The equilateral hyperbola cos 20 = a^. Ajis. p = 

6. The equiangular spiral r = ae^^. 

7. The trisectrix r — 2a cos 0 —a. 




a (5 — 4 cos ( 


CHAPTER VIII 


THE CYCLOID 

1. The Equations of the Cycloid, The c; 

traced out by a point in the rim of a wheel 
point in the circumference of a circle whicl 
ping on a straight line, always remaining ; 
Let the given line be taken as the axis of 
angle through which the circle has turned 
was last in contact with the line at 0. Th 



X = OM and y — MP^ can be expressed as 

79 Wp. nnt;ip.p fhai-. +:T^p avn l^P — 


THE CYCLOID 


It is possible to eliminate 0 between these ei 
thus obtain a single equation between x and y. 
tions thus introduced are less simple than those 
(1) and it is more convenient to discuss the pro; 
curve directly by means of these equations. 


EXERCISES 


1. The equations of the cycloid referred to 
with the new origin at the vertex, i.e. the highest 


( 2 ) 


j x = aO a sin 0, 
\y = — a + acQsOp 


the angle 0 now being the angle through which 
turned since the point P was at the vertex, 
equations geometrically, drawing first the req 
and verify the result analytically by transform 
tions (1) : 

£c = ic'4-7ra, ?/ = ?/'+2a, 0==9’-\ 

2. Show that the equations of an inverted cy 
to the vertex as origin can be written in the form 

, ( x = a9 + a sin 0, 

^ ^ [y = a — a cos 6. 

Draw the figure and interpret 0 geometrically. 
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lowest point ol 
and hence thi 
through the hi 
The equatio 
the point (ojq, ; 

(4) 2/-2/o = 

and of the nor 

(5) a; —Xo + c 

The Uvolute 

^=cotie. I 

dx ^ 


d?y_ dx _ _ 

dx^ dx adO — acosOdO 


( 6 ) 


4a sin^4^ 
sin^-|-^ 


= 4a sin 


It is now easy to construct the centre ( 
find the evolute. We have merely to lay 
a distance PQ = 4asini0, i.e. 
double the distance PJV. The 
locus of the point Q is thus seen 






THE CYCLOID 


If we measure the arc from the origin^ 

0=~4a-|-(7, (7 = 4a, 

(7) s = 4a(l — cos = 8asin^^^. 

The total length of one arch of the cycloid is, tl 


Area of an Arch. This area was first determi 
tally by G-alileo, who cut out an arch and weigh 
find the area under the curve by integration : 


=ijdx = [a — a cos O'] [a dO — acc 
=za^J*(1—2(ios 06) dO 


== [0 — 2sm0 +1-(9 + sin 0 cos 0)] 

0 = 0+(7, 


A = — 2sin 0 sin 0 cos 


The area of the complete arch is, therefore. 


times that of the generating circle. 


3. The Epicycloid and the 
Hypocycloid. When a circle 
rolls without slipping on a 
second circle that is fixed, 
always remaining in the 
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furthermore, the arc AN~a6 and the arc 
a0==bcl>. Hence we have as the equations 


(9) 


x = {a-\-b) cos 0 — b cos - 
y = (a + b) sinO — b sin - 


If the variable circle rolls on the inside 
the path, of the point P is a hypocycloid. 
obtained in a similar manner and are: 


( 10 ) 


oj = (a — 6) cos 0 -\-b cos 
y= (a —b) sin ^ — 6 sin 


The following special cases are of interes 
(1) If a = 26, the hypocycloid reduces 
straight line, namely, the diameter of the 
a journal on the rim of a toothed wheel 
nally with another wheel of twice the d: 
right line, so that circular motion is the 
rectilinear motion. 



(2) When a = 46, t 
hypocycloid reduce to 
Tables, formulas 580 a 

f cr = 36 cos ^-P ? 


THE CYCLOID 


EXERCISES 

1' Sllow by means of the equation of the : 
(peloid, (5), that the normal goes through the 1 
the;,generating circle. 

2. Obtain the equations of the path of the 
driver of a locomotive and plot the curve. 

3. Obtain the equations of the path of a poi; 
edge of the flange of a driver. 

4. Obtain the equations of the path of the pec 

5. Obtain the equation of the path of an arb 
the wheels of a sidewheel steamboat. 

The curves of Exs. 2-5 are called trochoids. 

6. Eind the velocity, v, of the point that gene 

Ans. v=2a(j) sin 1-0 = 2V sin ^0, 
angular velocity of the wheel an 
velocity of the hub. At the vert 
the velocity of the highest point ( 
twice that of the hub. 

7. Find the area included between an arch 
and its evolute. 

8. Show that the length of the arc of an in 
(3), measured from the vertex is 
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12. The epicycloid for which & = a is a 

r = 2a(l — cos <j>), 

the cusp being tahen as the pole. Obta: 
equations (9). 

13. Obtain the result in question 12 di 

14. Prove by elementary geometry that 
which & = is a straight line. 

15. Show that the equation of the norms 
is: 

(sin ^0 + sin-- y -^o)(a; — Xq) = (cos Oq — c( 

16. Prove that the normal of the hypocy 
the point of contact of the rolling circle. 

17. Work out questions 15 and 16 for t] 

18. ’ Show that the hypocycloid for wl 
for which 6 = -|a are the same curve. 

19. Show that the length of the four-c^ 
three times the diameter of the fixed circh 

20. Find the area of the four-cusped hy 


21. Find the area enclosed between one 



CHAPTER IX 


DEFINITE INTEGRALS 


L. A New Expression for the Area under a Curve. In Ch 

we learned how to compute the area A under a continn 
:ve, f(^), by integration. We found that 


i hence finally: 




^dx-j~ Oj 


A== jydx — r Cydx = A/d-r 
_e/ Le/ Jx=o Lt' J-* = « 


We will now consider a new method of computing the sa 
ia. Let the interval (a, b) of the axis of x: 
dded into n equal parts and let ordinates be erected at e 
the points of division. Let rectangles be constructed 
3se subintervals with altitudes equal to the ordinate t 
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We will next formulate analytically 
area of the first rectangle is 

f(a)Ax or /(; 

where Ax denotes the length of the baj 
The area of the second rectangle is f(xi) i 
the sum of these areas is 

(2) /(»„) Ax +/(«!) Aa? +- \-f 

and thus, allowing n to increase without 
result: 

(3) A = lim [/(a’o) +f(x{) Ax + - 

«=00 

Example. Let 

y=f(x)=:^mx, 

and let the interval (a, h) be the interv; 
n = 10. Then Ax = 3.14/20 = .157, and 

sin 0° Ax + sin 9° Ax + • •• + £ 

Here 

sin 0°== .000 
sin 9°= .156 
sin 18°= .309 
sin 27° = .454 
sin 36°= .588 


1.507 


DEFINITE INTEGRALS 


character. We may liken the process to that of buildin 
Lsonry bridge. First a wooden arch is erected. On this 
iced the blocks of granite, and when the structure is C( 
ited the wooden arch is removed. The bridge is the essen 
.ng, the wood was incidental. And so here the geometri 
dures are but a means to the end, which is an analyt; 
3orem,—the theorem on which the integral calculus re; 
t us state the result in words. 

Fundamental Theorem of the Integral Calculus. 
t?) he a contmuous fuyiction of x throughout the inter 
Divide this interval into n equal parts hy the po\ 
= a, 0 ?!, OJo, ••*, x,, = and form the sum: 

/(a:o)Aa;4-/(«i)A»H-+/(a:„_i) Aa:. 

n now he alloioed to increase without limit, this sum will 
oach a limit; and this limit can he found hy integrating 
fiction f(x) and taking the integral between the limits x = a ( 
= h: 



Expressed as a formula, the theorem is as follows: 
f (^o) 4"./* (^l) 4" * * * 4"/* ip^n -l) 

a [_ 

instead of choosing the altitudes of the rectangles in 
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Again, it is not necessary to take tin 
(^ij ^ 2 )? all equal. Their lengths Accq, 
But in that case the longest of these mi 
when n increases indefinitely. 

Finally, a definition. The limit of 
called the definite integral of the functio 



In distinction from the definite integral 
a sum, that which we have hitherto calL 
the inverse of a derivative, is called an i 
The; integral sign had its origin in th 
the initial letter of summa, the integral 
as a definite integral, the limit of a sum. 

Such a sum as the one that enters in ( 
written in the form :. 

n-l 

fc =0 


^ EXERCISES 

1 . Write out the sum (2) for the inte 
1 
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Determine the limit of the corresponding su: 
approaches 0, and show by a figure that this limi 
the two sums just computed. 

3. Volume of a Solid of Revolution. If a plane 
about an axis lying in its plane, it generates th( 
solid of revolution. Let us determine the volu 
solid, its bases being planes perpendicular to the 

Take the axis of revolution as the axis of 
divide the portion of the axis that lies between t 
n equal parts by the points 
ojq = a, 0 ?!, • • • — b. Pass 

planes through these points 
of division perpendicular to 
the axis, thus dividing the 
solid up into slabs. We can 
approximate to the volumes 
of these slabs by means of 
cylinders whose bases are the 
successive cross-sections. The volume of the 7c-tl 

and the volume of the solid in question is thus i 
limit of the sum of the volumes of these cylindei 

V = lim r TTija^i^x + Tryi-A* -H 7ry„_i' 
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dx = TT T^x — ^ 

If, in particular, h = -- r, we haye the 
obtain the familiar result f 7 rrl 

EXERCISES 

1. Show that the yolume of an ellijf 
|-7ra6^, where a denotes the half-length o 

2. A spindle is formed by the rotation ( 

y — sin X 

about its base. Uind its yolume. 

3. Show that the yolume of a cone is 
ume of a frustum is 

4. Show that the yolume of a segme 
reyolution, of arbitrary altitude, is one-h 
scribing cylinder. 

5. A cycloid revolves about its base, 
ume of the solid generated is 

6. The four-cusped hypocycloid 
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4. Other Volumes. We will begin with the followin 
iiiiple. A wood-cutter starts to fell a tree 4 ft. in dia] 
ind cuts half way through. One face of the cut is liorizi 
Lud the other face is inclined to the horizontal at an an^ 
How much of the wood is lost in chips ? 

Since the solid whose volume we wish to corajjute is 
netric, we may confine ourselves to the portion OABC. I 
;he edge OA into n equal 
)arts and pass planes through 
hese points of division per¬ 
pendicular to OA. The solid 
s thus divided into slabs that 
ire nearly prisms; only the 
‘ace QRR'Q' is not a plane, 
het us meet this dihlculty 
)y constructing a right xprisin 
)n FQR as base and with 
as altitude. Then its 
mlume will be a little greater 
hail that of the actual slab. 

Che solid formed by the 71 prisms thus constructed diffe 
mlume but slightly from the actual solid.* 

We will next formulate analytically the volume oJ 
uisms. The base FQR is a 45° right triangle. Let 01 
.nd FQ=zy^. Then, by the Pythagorean Theorem, 
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and the volume of the solid we wish to c 
(8) lim [i(4 — Aa; +(4 — x^) Ax + • 

71=00 


The problem before us is thus reduced 
the limit (8). Now inspection of this lii 
the same type as. the limit (3) of § 1 j 
ables become identical if we put 

Hence the limit (8) can be compute< 
function i (4— x“) and taking the integi 
a; = a = 0 and x = h = 2: 


y*M4-»=) 


(lx = 2x- 


2x — — 


The total volume is twice this amount 
that there were 5^ cu. ft. of chips hewn 


EXERCISES 

1. A banister cap is bounded by t^ 
revolution whose axes intersect at right 
the base of the cap. Uind the volume o 

2. A Rugby foot-ball is 16 in. long, a; 
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eter, and its size varying so that two of its ve 
lie on the circle. Find the volume of the solid. 

5. A conoid is a wedge-shaped 
solid wdiose lateral surface is 
generated by a straight line which 
moves so* as always to keep par¬ 
allel to a fixed plane and to pass 
through a fixed circle and a fixed 
straight line; both the line and 
the plane of the circle being per¬ 
pendicular to the fixed plane. 

Find the volume of the solid. 

Ans , ^ Traill . Fig. 

6. Find the superficial area of two of the soli 
above. 

7. Show that the volume of an ellipsoid whose 
of lengths a, h, c is ^ wabc. 

5. Fluid Pressure. We will next consider th 
finding the pressure of a liquid on a vertical w 
surface be bounded as ind 
^ Surface of Liquid figure aud let it be dividec 
^ by ordinates that are eq 
Denote the pressure on the 
s. APj;.. Then we can appro: 
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tioii is readily computed. It is precisely the 
umii of the liquid standing on this rectang 
volume of such a column is ( 0 ?;, +aiu 
IV the weight of a cubic unit of the liquid, tl 
the column in question is 

This is less than AP,,. 

In like manner we can find a major appr< 
sidering the rectangle that circumscribes th< 
whose altitude is and then turning it 
base. The pressure on it in its new position 

and this is larger than AP,,. We thus obtain 

(9) tv (xj, 4 - Vic (•'^‘a+ 1 + c) I 

If we write out the relations (9) for k = 0, 

w (cco + c) Ik Ax<APq<iv {x^ + c ): 
w (cci -h c) 2/1 Ao; < APi < 2^ (xo + c), 

K-i + c) Vn-i Aa; < A1 < 20 (x^ + 

and add them together, we see that the press 
determine lies between 

(10) 2o(a-o4-c)?/oAa;4-2o(.Ti + c)?/iAa;+ ••• + 

and 
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We have deduced our result under the assum]; 
ordinates of the bounding curve never decrease £ 
The formula is true, however, even if this condit: 
filled, as we shall show in § 6. 


Example 1. To find the pressure on the end of 
full of water. 

Here it is convenient to take the axis of y in 
the liquid, so that c = 0. The equation of the b( 


is 

and thus 


F = w 


) (xk dx = lok ~ ~ 

J ^ 0 ^ 


Now the area of the rectangle is lik, so that, if 
result in the form , 

p=io-hk . 


it appears that the total pressure is the same as ^ 
be if the rectangle were turned through 90° £iboi: 
line through its centre of gravity and lying in it 
thus supported a column of the liquid of heiglit 
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Hence 


K V 9 — dx = — ^(9 — 


a 

fx-\/9 — ^ dx = — (9 a:‘ 




and the total pressure is 2 x 62^ x 9 = 11 


EXERCISES 

1. A vertical masonry dam in the forn 
ft. long at the surface of the water, 150 J 
and is 60 ft. high. What pressure must 


2. A cross-section of a trough is a 
downward, the latus rectum lying in tl 
4 ft. long. Find the |)i*essure on the er 
it is full of water. 

3 . One end of an unfinished waterma 
closed by a temporary bulkhead and the 
the reservoir. Find the pressure on the 
is 40 ft. below the surface of the water ii 

6. DuhamePs Theorem. Let 

CCl-\- CC2~\~ ‘ 

he a sum of nositwe iniinitesimals which a 
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'n accordance with, the hypothesis of the theorem we hav 
“H ^2 + ‘ + ^2 “1" * * • “1" 

+ Cl «1 -f- €2 ^^2 + * * * + (^n } 

I we wish to show that the last line of this equation 
laches 0 when n — co. Let yj be numerically the largest 

I c^’s. Then 

nee 

(li + + • * • + <^n) ^1 "1“ * “ + ^ (^1 H~ ^^2 “h * * * + 

t rj approaches 0 and «i + «2 + ••• + a,, remains finite. T 
npletes the proof. 

Application. As a typical appli- 
ion of DuhameFs Theorem we 

II give the comxjletion of the proof 
formula (12). Let y[ be the 

nimum ordinate in the Zc-th strip, 
i let 2 /[.' be the maximum ordinate, 
en we have by like reasoning to 
it of § 5 : 

w (Xj, + c)yl Ax<i\Pj,<iu{ ^A+l + c)y'^^x, 

1"* Hy T’Ciir/^r\> ^ 4-l~k •l-iTr/A TTO t*! O 1 a 1ri 





166 


CALCULUS 


Let aj^^w (Xj, + c) yj, Aa?, = lo 

j) 

Then lim (a^ + ^ 4 , 4 - • • • + cc,^) = I tv 

« = X) ^ 

furthermore, ^ _ ?A 

^(;(aj, + c)?y,Aa; ?// 

Hence i5i + /? 2 + *•* +Aij variabl 

value of the above integral as its limit. 

In like manner it is shown that (14) 
limit. Hence P is equal to this limit 
cases. 


7. Length of a Curve. In Chap. VI § 

of a curve by means of the indefinite int 



ordinates at the points of division, and 
in the arc to be measured. The length 
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whose limit, moreover, can be identified with the abov 
by DuhamePs Theorem ; namely, since liin Ay*/Acc=/' 


Vl +/(*„)-Aa 4- Vl +/' H - h Vl +/' 


For, letting 

«4= Vl+/'(®4)-Aa;, ^j = '^l + ^^Aa:, 


we see that 
Hence 
( 16 ) 


lini ^ = 1. 

n=co OC* 


ft 



a 


and this agrees with the earlier result above referred to. 


8. Area of a Surface of Revolution. To find the latei 
of a surface of revolution we proceed in a manner sin 
that employed in finding the volume, § 3. Divide the i: 
from x~a to x = h into n equal parts, erect ordiiiati 
inscribe a broken line in the arc of the generating cr 
in the preceding paragraph. This broken line, when it 
about the axis of revolution, generates the lateral surfac 
series of frusta of cones. Let us compute the lateral areg 
/c-th frustum. The lateral area of a cone is half the pro 
its slant height by the perimeter of its base, tttL The 
sponding formula for the frustum is the product of th 
height bv the circiinifGrence of the circular cross-sectior 
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Now the general summand (17) : 

A- = 'TT {Vu+l + 2/*) \1 + ^ 
suggests the simpler expression: 

^)L-=27r2/^Vl 


The sum -+ «,i has for its limi 


And since ^ 

lim^ = l, 

7J = 00 


it follows from Duhainel’s Theorem ths 
+ /3n, has the same limit. But the limi 
by (18), S. Hence we obtain the result 



Bor example, we can now obtain wii 
solid geometry that the area of a zone ( 
net of its altitude by the circunifere 
regardless of where the zone is situated. 

x^-hf~ = r% 


l + = l + = 


clx-^ 
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] 


L The curve 


+ 2 /® 


iates about the axis of x. 
} surface generated. 


Find the total superficial area 
Ans. 

o 


t. An arch of a cycloid rotates about its base. Determ 
} superficial area of the surface generated. 64 ti 


>. Show that in polar coordinates 





3 . Find the area of the surface generated by the rotation 
i cardioid 


3ut its axis. 


r = 2 a (1 — cos 6) 



L Show that the area of a surface of revolution is given 
) formula 


jS 


= 27r J*yds, 


.ere the coordinates x, y of a point of the generating cu] 
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If the particles are situated in a plar 
•••) Vn) space at the points (cci 
and if (x, y) or (x, y, z) is their centr 
given by the same formula (22), and 
similar formulas, in which the x’s are al 

Example. A granite column 6 ft. hi^ 
eter is capped by a ball of the sail 
diameter and stands on a cylindrical gra 
and 2 ft. in diameter. How high ab' 
centre of gravity of the whole post ? 

10. Centre of Gravity of Solids and I 

By the aid of the Calculus we can ( 
gravity of bodies not made up of a fin 
or of bodies whose centres of gravity 
begin with homogeneous solids of rev 
of gravity always lies somewhere in t 
Divide the body into slabs as in § 3, 
abscissa of the centre of gravity of the 
if p denote the density of the substanc 
slab is pAF*, and 

X z= P ^ 77)• -"^^0 + p A F • 4- • • ■ + 

p A F) -h p A ]-7 4- * * * + j 

_ A Fi -h a^A F • • • 4- ^ 

V 

h 
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1 


L 7r?/l“ A Fa ^ 

ere yl and y'j! are respectively the smallest and the larg 
ii of any cross-section of the k-th slaF we see that 

7rXj,y[^^x < 4-^Fa < Trx^^iy',!^ ^x. 


nee if we put 

etk — 'rrx^yk^x, (^u = 

shall have 

^ ^ lim ^ = 1. 

follows, then, from Duhamel’s Theorem that we can rep! 
i individual terms of the sum in (23), namely — 

Kj = ir XtiftP Ax. We thus obtain: 

lim [irccoj/o^Aa; + trXiyiAx + - h 7ra;„_i2/„_i"Aa;]= x V. 

w=ao 

le left-hand side of this equation is a definite integral; 
we are led to the result: 


b 



Eor example, let us find the centre of gravity of a con 
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EXERCISES 

1. How far is the centre of gravity 
tLe centre of the sphere ? 

2. Find the centre of gravity of a se 
of revolution. 

3. Find the centre of gravity of a se 

4. Find the centre of gravity of a fri 

Ans. Distance from smaller ba 

5. The curve 

y = sin Xy 

rotates about the axis of x. Find the i 
solid generated. 


6. Show that the centre of gravity oi 
bounded by two planes perpendicular 
the formula i 


IttJ xycls 27r J^xy-^1 


X — 


'S 


jS 


7. Prove that the centre of gravity o 
lies midway between the bases of the zc 

R f.bp p.pnfvp. nf o-ran-f flip 1 
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1 


al density, supposed constant {i.e. the mass of one sqm 
.t of the slab), by p, then the mass of the Mh strip will 
Ak. Let the abscissa of its centre of gravity be TI 
shall have 

- _ P ^^0 * ^0 ~h P + p 

p A-do + p A^i + •••+/) A,An_i 

Xq A^o + A^li +-h . 

A 


b 



d it remains to compute the ralue of the numerator. ^ 
isoning is precisely similar to that of the preceding ps 
aph. We allow n to become infinite and thus obtain 

lini [xl)^Ao -l-xlA^i+ ••• +<-iA^^_i] =xA. 

« =00 

DW % < < %+l j 

2/iA«^Ayl^^2/''Aa;, 

id hence, if — /3(,=4Ay4, 

linA' = 1. 

71=00 

follows, then, from Duhamel’s Theorem that 
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2. Find the centre of gravity of a pai 

3. Find the centre of gravity of half 
an axis. 

4. Show that the abscissa of the c( 
arbitrary plane area whose boundary is 
axis of ordinates at most in two points i 


h 



where = (l> (x) is the equation of the 
=/(ir) that of the upper one. 

5, Show that the centre of gravity o 
intersection of the medians. 

6. Show that the centre of gravity 
length I is given by the formula: 


I h 



7, Find the centre of gravity of 
wire. 


0 




Q) —— 


M 


e latter limit can always be computed by means of integr; 
; it may be necessary to employ double or triple integr; 
the later chapters. Formula (26) is sometimes written 
! form: 


I xdM 

X= 


.3. Centre of Fluid Pressure. Let us determine at w! 
ght a horizontal brace should be applied to hold the press 
the liquid computed in § 5, without there being any tendei 
the surface to rotate about the brace. Divide the surf 
0 strips, as in § 5, Fig. 51, and consider the pressures 
successive strips. As in the problem of the centre 
,vity of n particles, we have here again to do with the 
3sa of the resultant of a system of parallel forces. Let ■ 
cissa of the point at which the pressure on the li 
Lp acts be denoted by .t/., the abscissa of the brace b} 
en 

X = ‘^0^-^^11 H- ^ Pi + • • • 4- ] A ^ 

+ AP^ -j- ■. • 4- AP^j_i 

e value of the denominator is 

h 

P = qv j *+ c) ydx. 

a 

owing 71 in the numerator to increase without limit, 
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For example, to find the centre of pi 
considered in § 5. Here 

P = \wli% 


h h 


x = lh, 


and the brace should be applied to tt 
thirds of the way down. 


EXERCISE 

Find the depth of the centre of pr^ 
dam described in § 5, Ex. 1. 

14. Moment of Inertia. Ey the ^ 

system of particles about a straight 1: 
axis, is meant the quantity 

(28) ^ m„ 7’*- = mi + 

where denotes the perpendicular dist 
whose mass is mj., from the axis. 

If a body consists of a continuous 
like a wire or a plate or a solid body, 
defined as follows. Let the body be 

-nipr»<aa n-F tyiqoc! ryn. o-nrJ loF flTO itioqo r\- 
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its inertia, to being rotated about the axis. ' 
inertia also has an important application in tin 
strength of materials. 

By means of the Calculus we can compute 
inertia of any body. 

Let us begin with a circular wire, of radius 
the axis being perpendicular to the plane of 
passing through its centre. Here every pioin 
in question is at the same distance r from the j 
moment of inertia is 

J = mr^. 

Next, consider a uniform circular disc. Di 
into n equal parts: ro = 0, rg, •••, r,, = a, and 
into rings by concentric circles of radii •••, 
merit of inertia of the wdiole disc is equal to 
moments of inertia of these rings. Now 1 
inertia of the Zi;-th ring, AJ^., evidently is gre 
it would be if its mass were concentrated j 
boundary, but less than if its mass were corn 
its outer boundary. Hence 

(30) AM*, < A7, < 7 ^ 1 ^ Alf,. ■ 

Furthermore, Ai)7;, = pAH^., where p denotes t 
the area : 

AH/. = — 7r7V = 


(7y.4-A7‘)2-7rr/=27r 
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In fact, if we divide (30) tlirougli by : 

^ Mk 

2 TTpr/ A?* 2 irpT,? At 2 irp 


we see that the limit of either extreme is 
the middle expression must also be 1. Pi 
we get: 

lim = 1. 

Jl=«5 (X/^ 

Hence 


I = lim V 27rpr/A?’ = 27rp Cr 


The mass of the disc is Af=7rpa^, and 
be written in the form : 


(32) 


/ = 


2 ~’ 


Definition. If the moment of inertia of 
the form: 

I=Mh\ 

7c is called the radius of gyration. The 
defined, then, as ’s/I/M. It may be int 
if all the mass were spread out uniformly 
of radius A:, the axis passing through the 
right angles to its plane, the moment of 
the same: I = MW.-. The radius of gyrat 
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1 


3. A imiform rod of length I about a perpendicular throii 

® Ans. ^ 

3 

Mi 


4. A circular disc about a diameter. 


Ans. 


5. An isosceles triangle about the median through the verb 


A71S. 


Ma~ 


5 where a is half the length of the ba 


6. A scalene triangle about a median. 

Ans. where h is the distance of either vertex fr( 

6 


s median. 

7. A circular wire about a diameter. 



8. A cone of revolution about its axis. 

9. A sphere about a diameter. 


Alls. 


Alls. 


1 ( 

2M 

5 


15. A General Theorem. When the moment of inertia o 
dy about an axis is once known, its moment of inertia ab< 
y parallel axis can be found without performing a new ii: 
ation. The theorem is as follows. 


Theorem. If the moment of inertia of a hody about 
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m+ % 

J = ^ mr'- ='^m (x'^ +; 

I'urth.ermore, 

x=x'-hXj y = y' + y, z-- 

wliere (^, ?/, 2 ) is the, centre of gravity ref( 
axes. Hence 

^ m (o^ H- 2/^) = 2/ + 2/^^) + 


How ^ mx^ — 0, 2/^2/^ 

For^ recall formula (22) in § 9. Applying 
present system of particles, referred to tin 
see thiat the abscissa of the centre of gravit 


But the centre of gravity is at the new 01 
and so x' = 0, hence ^ mx' = 0. Similarlj? 
It remains only to interpret the terms 


1 . A circular disc about a point in its circumference.* 

Ans. 


3A 


2. A uniform rod, of length 2 a, about a point in its perp 
>ular bisector. m(^ + 1 


V3 


3. A rectangle, of sides 2a and 2h, about its centre 

^ Am. 

1. The following figures 


Dut the axis through the 
itre of gravity parallel 
the lines of the page: 


c 


Fig. 54 


16. The Attraction of Gravitation. Sir Isaac Newton c 
^ered. the law of universal gravitation. This law asse 
it any two particles in the universe attract each other w 
orce proportional to their masses and inversely proportio: 
the square of the distance between the in : 


t) 







f=K 


mm 

'r 


ere K is a physical constant.! 

l^y means of the Calculus we can compute the force w 
ich bodies consisting of a continuous distribution of mat 
ract one another. Let us determine the force which a u 
m rod of mass M exerts on a particle of mass m situai 
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in its own line. Divide the rod up int< 
denote the attraction of the Zc-th segmeni 
j of th 

where 

Xn 

sity ( 
this V 


Fig. 55 

concentrated at the nearer end, its attrac' 
than A^j.; and similarly, if it were concei 
end, its attraction would be less. Hence 


K 




^k+l 




It follows, then, from DuhamePs Theoren 


that 


A= TAy4= limVAy 

U = O0 7^ 


= 00 Q].- 


mpAx _ 


• lunp 


■i__r 

a b 


Km, 


This result may be written in the form 

r-mM 


A=K‘ 
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inul each other for reasons of symmetry, and it is only 
iin of the former, 


lat we need consider further. We may confine 
arselves, moreover, to half the rod and multiply 


le final result by 2. It is clear that ■ 


? cos <^,+1 < AFi, < /T^^^'cos 


'h' 


id hence we infer by the usual method of rea¬ 
ming that 


IF = Kmp 


/ cos dx 


T^==:h^Jrx\ 


id so we have 




a 

'tKm.ph I 


V (Jr + x-f 


fom Peirce’s Tables^ Formula 138, 


id consequently 


■\/( /^^ + Jr V Jr H- 


Kmp X 2Kw ,pa __ mM 

V/i- -4- x' „ Jr^JlrA- 4- 
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2. A semicircular wire^ on a particle ai 


3. The same wire, on a particle in the c 
symmetrically as regards the wire. ^ 

4. A rod AB, on a particle situated at 
OB at one end. 

Ans. A force • of sin l-AO-B, i 

^AOB with OB. 

5. A circular disc, on a particle in the 

disc at its centre. ^ 

6. A rectangle, on a particle in a paral 
through the centre. 

For further simple pnoblems in attrac 
tonian Potential Function. 

17. Proof of Formula (3). We can g 

follows. Suppose that y increases wit 
Then the above rectangles are all inscril 
their sum is less than the area A : 

/ C'^o) -f-/ (iri) A.^• + • • • -\-f 
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[iiantity tliat approaches 0 as its limit when 71 = 00 . He 
3 h of the sums (35) and (36) approaches A, and we have 

^ = lim [/(.-So) Ax +/(«,) Aa; H-+/(«„_,) Ax] 

!) 

= lim [/(aji) Ax ^-/(a;,) Ax -1-|-/(a:„) Ax ]. 

Geometrically the difference between any inscribed rectan 
i its corresponding circumscribed rectangle is the area 
5 little shaded rectangle. If we slide all these latter reel 
ss over into the last 
ip, they will form a 
tangle whose base is 
and whose altitude 
-(h) —f (a). Its area, 
m, is precisely the 
ference (37). 

[t is not essential 
Lt the lengths of the intervals = A.To, x^ — x^ = A.Ti 

equal. Let the greatest of these lengths be denoted by 
en the difference between the sums 

f (^o) +/* (^1 ) ^^1 "I" ■ * * (^n-l ) ^^n-1 9 

I f(x,)^x,-\-f(x,J)^Xl+••^-\rf(x^) 

is seen from a figure similar to Fig. 57, will be less than 
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decreases (or remains constant). That 
which corresponds to strips lying whol 
these segments is shown as in the prc 
approach the area under that segment 
sum of the finite number of terms i; 
proaches 0. Hence (3), and likewise (5 
the curve has a finite number of maxin: 
interval (a, b). 


Variahle Limits of Integration. Let j 
the interval a^x^b, and let be choi 
interval. Then the definite integral 



function of x\ ^{x'). We may dene 
ition, Xj by t, and at the same time c 
ave: 


: 39 ) 



a 


The integral on the right-hand sid6 
under the curve, bounded by a variable oi 
is X. Hence its derivative has the value 
and thus we see that 
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EXERCISES 

1. A cycloid revolves about the tangent a1 
Show that the volume of the solid generated is ir 

2. Show that the volume of the solid generate 
that revolves about the axis of y is given by the f 

F = TT J x^dy. 

^0 

3. A cycloid revolves about its axis, i.e. the 
the vertex perpendicular to the base. Show tha 

of the solid generated is 

4. If the curve 

—4a) = ax(x — Sa) 

revolve about the axis of x, show that the volunn 
generated by the loop is tt — 8 log 2). Coin 
ume correct to three significant figures when a — 

5. The curve y- = x(x — l)(x~ 2) revolves ab 
of X. Show that the volume of the solid generate 
is l-TT. 

6. Find the volume of the solid generated by tl 
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10. Find the area of the loop of the cu] 

r cos ^ = a cos 2 B, 

11. Obtain the area of the surface of a 
generated by the rotation of a catenary 

(a) about the axis of x\ (b) about the axis 
Ans. (a) TT {ys + ax ); (5) 2 tt (a^ + — o 

the length of the arc measured from the o: 

12. The kinetic energy of a system of 
any manner, is the sum of the kinetic ene 

ual particles, 

A = 1 

Show that the kinetic energy of a unifo: 
which is rotating about its perpendicular 1 
velocity o), is ^Md^isr. 

13. A pendulum consisting of a rectangi 

about an axis perpendicular to its plane i 
the middle point of one of its sides. ( 
energy. A 


14. A hmnoprp.np.nns pvlinrlpr rn+;nt:p« Jil 
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1 


lerejp denotes the pressure measured in atmospheres. Sh' 
it the surface of an ocean six miles deep lies a little o^ 
0 ft. deeper than it would if water were incompressible. 

17. The perimeter of an ellipse whose major axis 2 a is tw 
long as the minor axis can be shown to be 4.84 a. 

Ties, p. 30.) Find the centre of gravity of a uniform w: 
the form of half such an ellipse, the ends being at t 
tremities of the minor axis. 


CIIAPTRR X 


MECHANICS 

1. The Laws of Motion. Siv Isaao Newton discovoml the 
laws nil wliicli the science of aMechaiiics rests. They arc as 
f()llt)Ws: 

PiKST Law. -1 hodjf (it rcM murn’/es nt rest ami a in 
mnfhtn tnnrrs in a slruiijhf tine ivilk nnchan{fi}Uf rchicitf/j unless 
suinv e,c((‘rn{d jhrre acts on it. 

Si:('nNi> TJA^Y. The nde of e/noir/c of the rnonientirni of a 
hntbj is proportional to the resultant external force, that ads on 
the hofbf. 

Tinitn Law. Action amf reaction are eq}tal and opposite. 

The meaning of tlie hirst and Third Laws is obvio\is. In 
Mu? .Speoinl I^aw the /nonientuni. of tile hody is to Im niidorstood 
as tlie product of its mass liy its velocity, me. And since, in 
tlio vast majority of cases wliicli we meet in practice, tlie mass 
is constant, wo. have 

(h) 

dt di 

Now the rate at which the velocity changes, r/c/d/,is what Ave 
coininonlv call acceleratiim, — wo will doimte it hy u;—and 
lieuoo the St'camd Law may be expressed as follows: 

I'he mass t fines the acceteration is jrroport tonal to t]te force: 




rna tin f 


or 

100 


mu = \f. 
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The faetov X is a physical constant. Its value depends on 
n‘units wo eiiipkiy. If the,sc, ani the Kngli.sh units; foot, 
tiiiul (iaa.s,s), socojid, and pound (wciglitj, X has the value .12 : 
7)1 (C :=r o!J J\ 

Viivthcrinore, since avc jiavo : 

di 

di dl“ 

I api)lying the Second Law we are to regard a force which 
mis to increase s as positive, one that tends to decrease 8 as 
■gat i VC. 

If forces oldiqne to the line of motion * act on the body, eacli 
c must be broken up into a component along the line of 
;)tiou and one perpendicular to tiiis line. The latter compo- 
nt has no influence on the motion ; the former component 
uls to ijruduce motion. The force/of Xewtou’s Second Law 
obtained, when several forces act bimultaneoualy, as the al- 
braic sum of all forces and components of forces along the line 
motion, taken positive when tlicy tend to increase ^■, negative 
the otlier case. The body is thought of as moving without 
:atioii and may, therefore, be conceived as a jiarticle. 

Finally, we will deduce a new expression for the accelera- 
u. If in the equation 

dt ds dt^ 

dace ds/dt by its value, u Hence 


Example 1. A freiglit train weighing 200 tons is drawn by 
jcomotivc that exerts a pull of 9 tons, o tons of this force 
expended iu overeoining frietional resistances. How nuieli 
ed will the train have actjuircd at tlio cud of a minute ? 

^^''e are considering here only the. case of voctilinear motion or coii- 
ined motion in a given curve. For a more general staLemmit of the 

c/. § 0. 
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and lien (to (!i) becomes 


Kero, we have 

w =200 X 2000 =400,000 lbs., 
/= 0 X 2000 -ox 2000 = SOOO lbs * 


400,00021^32 X 8000, 
(It 


lute.Ljratin^" with respect to 0 we get: 

v = VfJ-\-C, 

Since c = 0 when ^==0, we must have 6'=0, and hence 

At the end of a minute, t = 00, and so 

V = .VJI X 00 = 38.4 ft. i)ev sec. 

To reduce feet per second to miles per hour it is convenient 
to notice that 30 miles an hour is erpiivalent to 4-1 ft. a second, 
as the student can readily' verify; or, roughly, 2 miles an hour 
corresjioiuls to 3 ft. a second. 1-Iencc the speed in the ])resent 
case is two-thirds of 3S.4, or 20 miles an liour. 

£xamj>l(i 2. A stone is sent gliding over the icc with an 
initial velocity of 30 ft. a sec. If the cocfRcieut of friction 
between the stone and the ice is yL, liow far will the stone go? 

Her{i, the only force that wc take 
—— account of is the retarding force of 
^ friction, and this amounts to one-tenth 

of a pound of force for every pound 
of mass there is in the stone. Hence, if there are m pounds of 
mass in the stone tlie force will be lbs.,t and since it 
tends to decrease a, it is to be taken as negative: 

*Tlie stmU'iit must distinguish ciirnfully between the two uieaiiings of 
the word nmnel v (^0 a and (h) ti force; — two totally differ¬ 

ent physical ohjects, 'riiua a iiound of lead is a certain quantity of matter. 
Il ii is hung up hy a string, the tension in the string is a pound of /orcr. 

t The Hlndt'iU. sluuiUl notiet’ that m is neither a mass nor a force, but a 
like all the other letters of Algebra, the (.'alcuhis, and Pliysics. 
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nia — . 32 ( — 


(h) 

= 

els 


m 

li))' 

Xow wliat we want is a relation between v and for tlie 
juustiou is : I low Jar (s = ?), when the stone stops (v = Oj. So 
re use tlu^ value (3) of a : 

W 
ij ^ 

vclo^ —^Sds, 

a 

2 5 ^ 

.'o determine C we have the data tliat, wlien s = 0^ 'y = 30; 

<7 = 450, 

Vhen the stone stops, v = 0, and we have 

0 = 900-^-^^.9, s = 141 ft. 


lU 

[ence 


i|' = 0 + C, 


EXERCISES^ 

1. All ice boat that weiglis fOOO pounds is driven by a wind 
diich exerts a force of 35 poumls. Xiiid liow fast it is going 
t the end of 30 seconds if it starts from rest, r* • ‘ 

-dna. About^ miles an hour. 

2. A small boy sees a slide on the ice ahead, and runs for it. 

le reaches it with a speed of 8 miles an hour and slides lo 
*et. flow rough are his shoes, Ac. what is the coefficient of 
'ictiou between his shoos and the ice? Ans. fji, = .I5. 

3. Show that, if the coefficient of friction between a spriu- 
ir s shoes and the track is yV, his best possible record in a 
iiiulrcd yard dash cannot be less than 15 secojids. 

^ Tlie student, i.s expcctud iii tlia^e and in all the otlier exercises in me- 
laiiics to draw a figure for each exercise and to mark the forces distinctly 
it, preferably in red ink. 
o 
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4. An olo(‘f.rin car 12 tons i^ots np a spoed of LI 

iiiil(*s an houi in UJ stM^omls. ImikI tlio average force that acts 
on it, /.c. tlH‘ I'oiistant- force whicli would produce tlic same 
velocity in the same time. 

5. In the prcctitling jiroblein’ assume tliat the given sjuanl is 
ac(|uin*d after running 2(H) feet. Find the time rO([uir(Ml and 
lh(^ average force. 

G. A train weighing oOO tons and running tit the rate of 2)0 
miles an lioiir is brought to rest by the brakes after running 
jlOO feet. While it is being stopi>ed it passes over a bridge. 
Fiiul the foree with whi(di tin; bridge pulls on its anchorage. 

..Ins. 2o.2 tons. 

7. An (dec-trie car is starting on an icy track. The wlieels 
skid and it takes the car lo seconds to get up a .speed of two 
miles an liour. Com[)ut(! tlie coetheient of friction between 
tlie wheels and tin; Iracdv. 

2. Absolute Units of Force. The units in terms of which 
we in ensure mass, siiace, time, and force are arbitrary. If 
we change one, of them we thereby change the value of \ in 
Newton's S(;eond Law, (1). Consequently, by changing the 
unit of force properly, the units of mass, space, and time 
being liold fast, we can make A.= 1. Hence the 

Di'Kixition. The absolute unit of force is that nuit that 
makes A=1 in Hewton’s Second Law of Motion, (1):* 

( 4 ) 7)1(1 =/. 

have already met a precisely similar question twice in the 
Calculus. In differentiatiug the function sin x we obtain the formula 
Dj. sin :>: = cos.'c 

only when we measure angh's in radians. Otherwise the formula reads 
X>^sin X — Xcos x. 

In particular, if the unit is a degree, \=:7r/l8(). We may, therefore, 
(hdinc a radian as follows: The absolute unit of aiigh; (the radian) is 
that unit that makes X = I in the above ociuation. 
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In order to deterjnine experimentally the ahsointe unit of 
oive, we may allow a body to fall freely and observe how 
hr it goes in a known time. Let the number <j be llie number 
if absolute units of force with which gravity attracts the 
init of mass. Then the force, measured in absolute units, 
rith which gravity attracts a body of m units of mass will 
le m(j. Xewton’s Second Law (1) now becomes: 

cU ‘ r/r 

m-- = mrj, hence - = rj-, 

V = (jt C, 6' = 0; 


S = :l- fjt“ d- Jv = Oj 

nd we have the law for freely falling bodies deduced direetly 
rom Newton’s Second Law of Motion, the hypothesis being 
lerely that the force of gi-avity is constant. Substituting in 
lie last equation the observed values s=i t = Tj we got: 


Tf we use English units for mass, space, and time, g has, 
3 two significant figures, tlio value 32, /.c. the absolute unit 
f force in this system, a po^mchdy is equal ncarl}^ to half (oi 
mice. If we use e.g.s. units, g ranges from 978 to 983 at 
ifferent parts of tlie earth, and has in Cambridge the value 
SO. Tlie absolute unit of force in this system is called 
IP (hjne. 

Since fj is equal to the acceleration with which a body falls 


Agiiin, in (lifhu’(;nLi:iLiiig Uie logarithin, we fuiuul 

i)^ = (log„r) ^ . 

:C 

his multiplier reduces to unity wlnui we take c = c. Hence the detiui- 
i)H: The iibsuliile (natural) base of logaritliiiis is that base whicdi 
likes the inultipUer logaC in the above equation eipial to unity. 


UAIjL. UL/UO 


1!M) 


fr(H‘ly iindor iLo jitfraption of j^ravit}^, (j is called the amV/’m- 
tian (if [fruritif. Ihit tliis is not our dehnition of (j\ it. is u 
theorem about (j tliat follows from Newton's Second Law of 
i^Iotion. 

The student can now readil}" prove the following theorem, 
whicdi is often taken as the detinitiou of tlic aiisolute, unit 
of force in elementaiy physics: The absolute unit of force 
is tliat force wliieli, acting on the unit of mass for the unit 
of time, generates the unit of velocity. 

Exampk 1. A body is projected down an inclined piano with 
an initial velocity of feet per second. Determine the motion 
completely. 

The forces wliicli act are : the component of gravity, mf/siiiy 
absolute units, down tlie plane, and the force of friction, 
pR = iim[f cos y up the plane. Hence 

ma = sin y — lunij cos y 



A second integration gives 
(r>) = (sin y — /X cos y) -f VqIj 

the constant of integration here being 0, 

'J'o lind r in terms of s we may eliminate t between (A) and 
(pj). Or we can begin by using formula (3) for the acceleration: 


fir 


-f/(siay“/i cosy), 


I- V- ^ g{sh\y — fx cos y) s /r, 
^?V= 0 -I-A" 

V‘ z=z2g (sin y — /x cos y) s -P 
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Example 2. An Atu^ood’s machine Inas equal \veights, M 
and J/, al.tached to the cord, and a ridor of jjias.s fit is added 
to one of the wnigUtH. Deterinino the motion. 

We a))pLy Newton’s Second Law to each of the weiglits 
.Uand M+nt individually. The forces are indicated iu the 
diagram, the tension iu Uie string, whose weight is negligible, 
being the same at all ])oints. Moreover, since the space 
traver.seil hv both weights is the same, s, 
tlunr velocities and accelerations are also 
equal. Thus 

Mu = T - Mg, 

(M + m) a =(.!/+ m) rj - T, “I 

_ VML _ T — ^ 

2M-hm 2M-hvi 

From the last forniiila it appears that the tension is constant 
and that it lies between the values Mg and (M-j-vt) g. The 
student can work out for himself the formulas that give v and .9 
in terms of t, and v iu terms of s. 

EXERCISES^ 

1. A weightless cord passes over a smooth pulley and car¬ 

ries weights of 8 and 9 pounds at its ends. The system starts 
from rest. Find how far the 9 pound weight will clesoencl 
before it has acquired a velocity of one foot a second. What 
is the tension in the cord ? Ans. ft.; 8.4 lbs. 

2. Obtain the usual formulas for the motion of a body pro¬ 
jected vertically: 

v^ = 2gs F v^f or = -2r/.9 

or z= — 

.s = or = - ^(jf 

3. On the surface of tlie moon a pound weighs only one sixth 
as much as on tlic surface of the eartli. If a ]uouse can jump 

* See foot note on p. lOo. 
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up 1 foiit on tLo s;ui-fac.o. of the earth, how high could it jump 
on the snrfaee of the moon ? Couipare the time it is in the air 
in tlm two eases. 

4. A l)ulh‘t lirtMl from u revolver penetrates a blo(;k of wood 
to a distaiKH* of h iMcln^s. Hinv much greatcir would its Veloeitv 
liavc to be to make it go in 12 inches ? Assume the resistance 
to bo the same at all points, for all velocities. 

^1/os. About 40 percent. 

5. IvCgardiTig the big locomotive exhibited at the AVorld’s 
Fair in 1004 hy the Itiltiiuore and Ohio Railroad the >Sde)itiJic 
Amt'rican say.s: Previous to sending the engine to ISt. Louis, 
llm engine was tested at Selnuieetady, where slie took a (>.4-car 
train weigliing d,l.o0 tuns up a uiie-per'Ceiit. grade. 

Find how long it wtnild take the engine to develop a speed 
of lo in. [)er h. in the same train on the level, starling from 
rest, the draw-bar pull being assumed to be the same as on the 
grade. 

G. A block of iron weighing 100 pounds rests on a smooth 
table. A cord, attached to the iron, runs over a smooth pulley 
at the edge of the table and carries a weight of lo pounds, 
wliieh hangs vertically. The sy.stem is released with the iron 
10 fei4: from the pulley. How lung will it be before the iron 
readies the ]ndley, and how fast will it be moving? 

2.19 sec.; 9.1 ft. a sec. 

7. Solve the same problem on the assumption that tlie table 
is rougli, /x=.,V, and that the pulley exerts a constant re¬ 
tarding force of 4 ounces. 

8. If Sir Isaac Hew ton registered 170 pounds on a spring 
balance in an elevator at rest, and if, when the elevator was 
moving, he weighed only 100 pounds, what inference would lie 
draw about the motion of the elevator ? 

9. \Vhat does a man whose weight is 180 pounds weigh in 
an elevator that is descending with an acceleration of 2 feet 
per second per second ? 
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10. A cliosti-wei^lifc consists of a niorablc pulley 
and a fixed pulley, as shown in the duii^nuii. If a IG 
pound weight is attached to the movable pulley and 
if the cord carries a 9 pound woiglit at its free end, 
how far will the 9 pound weight desceud befure it 
has acquired a velocity of one foot a second ? Whnt 
is the tension in the cord ? Ans. ft. ; 8.o lbs. 



IM(}. 0^ 


11 . Ill a system of pulleys like that of question 10 a I pound 
weight is attached to the movable pulley, and to the free end 
of the cord is fastened a weight of 1 pound and lo ounces, 
and in addition a rider weighing 2 ounces is hiifl on. The sys¬ 
tem starts from rest, and after the rider has descended 8 feet 
it is removed. Determine the motion. 


12. A bucket of water, at the bottom of ^vhich there rests a 
stone, forms one weight of an Atwood^s machine. The bucket 
with its contents weighs IG pounds, and the other weight is 18 
pounds. If the stone weighs 12 pounds and its specific gravity 
is 8, find how hard it presses on the bottom of the bucket when 
tlie system is released. 

13. In the bucket described in the preceding question there 
is a cork, of specific gravity j, submerged and held under by a 
thread tied to the bottom of the bucket. Will the tension in 
the thread be increased or diminished after the system is 
released ? 


14. AVhat is the mechanical effect on one's stomach wlien 
one is in an elevator which, starting from rest, is allowcal 
suddenly to descend ? 

15. A block of ice is resting on a sled, the coefticient of fric¬ 
tion between the ice and the sled being The sh*d is drawn 
along, starting from rest. Diiid tlic shortest possible time in 
which the ice can be moved 10 ft. 


16. A man weighing 180 pounds is at the top of a building 
60 feet above the ground. He has a rope which just reaches 
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to tho grouiul and wdiieli oan ])C‘ar a strain of only 170 pounds. 
Can In* slidi* down tin* ru[H! to tin* jj^roiuul in safety? 

Interpret tin* velutdty wdtli which he reaeh(*s the {.(round by 
finding tin* height from which he would have to drop in order 
to aerpiive the same veloeit}". 

17. Find the shortest time in which a hale weighing ir>0 
pounds can ho raised from tlie ground to a window 2d feet Iiigh 
(coining to rest at tho window) by moans of tlie ropo of the 
prc(’oding (juestionj if tho rope passes over a hxed pulley just 
above the window and is drawn in over the drum of a dummy 
engine. 

18. If the speed of a train is being uniformly retarded by 
the iirakes, prove that a iduinb line will bang at rest relatively 
to the train at a certain angle, and deter mine this angle. 

19. Ill the train th'.scrihed in the preceding exercises, ques¬ 
tion (), there is a biu-ket of water. Find the angle which the 
surface of the water makes with the plane of the tracks after 
the water has ceased to surge. 

20. At what angle ought a man to stand in a car that is 
starting with an acceleration of ^ feet per .second [ler second ? 

21. TIio drivers of a locomotive arc keyed to the axle and 
are being transported on a plaLfurm car. Tlie axle i.s imrpeii- 
dicuUir to the track, tlie diameter of the wheels is b ft., and 
they are blocked by jiieces of joist 3 in. thick. The brakes 
being put on hard, so that tlie train loses 3.V miles an hour of 
speed every second, hud whether the drivers will jump the 
cleats. 

22. A body slides down a smooth inclined plane. Show 
that the velocit}^ with wliich it readies tlie foot of the piano is 
the Slime that the body would have acquired in falling freely 
through the same difference in level. 

23. Cliords are drawn from the liighcsh ])oint 0 of a vertical 
circle. Show that the time of de.scent of a bead from rest at 
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0, down a smooth wire coinciding witl\ any one of these chords^ 
is constant 

24. A point 0 is distant 10 feet from an inclined plane, 
whose angle of inclination is a. Find tho shortest time in 
wliich a bead can reach the plaim if it starts from rest at 0 
and slides down a sinuuth sti-aight wire. 

25. The draw bar of the loctomotive in Example o weighs 
50 ]»ounds. How much liarder does the engine imll on the 
draw bar than the draw bar pulls on the train? 


3. Simple Harmonic Motion. Problem. One end of an elas¬ 
tic string is made fast at a point A and to the other end is 
fastened a weiglifc. The weight is carefully brought to rest 
and then is given a slight vertical displacement. Determine 
the motion. 

Let AB be the natural length of the string, 0 the ^ 
point of equilibrium of tlie weight, and let P he the 
j)osition of the weight at any instant after it is released; 

0, the point from which it is released. The forces that 
act on it are: tlie force of gravity, downward and 
the tension T of the string upward, —wo neglect the 
damping due to the atmosphere. Hence wc have from 
Xewton’s Second Law of Motion ^ 

(; 1 ) T-mri. 


From Hookes law, wliich says that the tension in a 
stretched clastic string is ])roportianal to the stretch¬ 
ing, it follows that 





r 

^ A A. 
cl 

Kjo. (J3 


where A is Young’s modulus,* provided the cross-scction of the 


* The physical constant X is .soinetiines interpreted as that force which 
wimld Iw Te(piired Ut double the length of the string, provided this could 
he done without exceeding the cdastic limit. 



sti'iiiK is unity. Binon at 0 the tension is just equal to the 
fuvee 1 ) 1 ’ gvavity, we have fuithennoi'e 


(0 


,710 


Heiieo i’nun ((>) and (7): 

, BP-BO , 
T-mg = X - j - =X-, 


and tlais (o) Uecouics 

(‘S) 


(l->i . X 

y/i —= /V-* 
(It- I 


The varialdos s and x are connected by the relation: 
.s-}-:r= 00=/t, 

^sdiere h denotes the ovi^dual displacement. Thus 


and 


l^i! + ^i £=0 or = 

(U dt dl dt 

_ __ fl-o: 

iU- dP 


Suhstibuting in (8) '^ve get 


or, setting X fml = ?r’; 

(I) 


(IP 

(V-x 

dP 



— n- X. 


Tliis differential equation is cliaractei'istic for Simple Ilarmonk 
Motioiu 

To integrate (I) multiply through by 2(lx/dt and note tiuit* 


"We have, then: 


d d.P _ t)dx (Px 

dl til- dt dP 

{Px n o d.r 

“ 7 ^ 7 / 7 - dP 


^ This method is evidently applicable to any differential equation of the 
form: 


^Ihl 

dP 


=/(>/)■ 
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Integrating each side with respect to t we get: 

To (letennino (^'ohsorvc tliat initially x = //, while the velocity, 
equal Dinijoricully to (Ix/dt, is 0 : 

0=r-;iVi2-f-(7. 

Hence 

(II) g = u'-'(/.= -.rO. 

From this result we infer (r/) that the maximum velocitv is 
attained when x=0 and is vhi (0) that the height to which 
the body rises, determined by putting dx/cU:=0 in (II), corre¬ 
sponds to X — — L The latter inference, however, is legitimate 
only on the assumption that the jjjoint C"; x = — is not Jii^dier 
than By he. that 

0C< OB. 

For otherwise tlie body will rise above J5, and since the striim 
catinot pusli, a new law of foi'ce becomes operative, the force 
now being simply that of gravity, and so (I) is no longer true. 
We return to equation (TI) and write it in the form 

— = —n V Jr — x\ 


die minus sign holding so long as the body is rising, since 
lecreases as C increases. To integrate this equation write it 
IS follows: 

n (It =- —- . 

V7r — 

FTcnce 


J VA' — :c- 


icos'^ V -f 0 , 
h 


hiitially ; = 0 and .r = /q theiefore 


md we have 


0=0 + 0 




.4 1 . 4 . ^ ^ 


(«) 

'Kit = eos ~^' , 
h 

lienee 


(iri) 

= cos nt. 


Wo liiive doducecl this result uiovely for the interval tliat the 
body is risi^^^ When the body begins to descend, tlv/dt 
becomes positive and wc have 

= 

J Vlr--x- 

This integral can, however, still be expressed by the formula 

(.10) 7d = cos-'^’+C7, 

provided that, contrary to our usual agreement, we olioose tliat 
determination of the multiple-valued fuiietioii wJiieli lies be¬ 
tween TT and 27r. To dcteriniiie Owe have Trom (9) that when 
x = —h, t = 7 r/H. Substituting these values in (10) we get 

7r=:COS'"^( — 1 ) “h Cj = 0, 

and thus (9) and (111) liold throughout the descent. From 
tliis point on the motion re^ieats itself, — a fact tliat is mirrored 
analytically in ecpiation (111) by the puriodidtn of the function 
cos )d. Thus formula (III) holds without restriction. 

Turning now to a detailed discussion of these results we see 
that the time from C to 0 is = 7r/2 n. The same time is also 
required from 0 to C'y then from C' back to 0, and lastly from 
0 to C. Thus the total time from 6U)ack to G is 



n 


In descending, the velocity is the same in nuigiiitude as when 
the body was going up, only reversed in sense; and the time 
required to descend from O' to an arbitrary point P is the 
same as that required to rise from P to O', 

The time 7' is called the period of tlie. oscillation, if we 
consider the body at an arbitrary point P and time tlien at 




the instant; Tsonoiuls Iriter, the body will be at the same point 
and moving with the same velocity, both in magnitude and 
sense, — this fact is expressed by saying that the p/ia^e is the 
same, — for 

x = /i cos 

" = — /ni sin nfl + —^ = — /m sin 71 L 
dt \ 71 j 

Finally, we observe tliat the amplitude 2h of the oscillation 
has no effect on the period. 

EXERCISES 

1. One end of an elastic string is fastened at a point yl, 
and to the other end is attached a weight that would just 
double the length of the string. The weight being dropped 
from A) find how far it will descend. 

Assume the string to be 3 feet long and the mass of the 
weight to be 2 pounds. 11.2 ft. 

2. If the weight in the preceding question is brought to a 
point 9 feet below A and released, liow high will it rise ? How 
long will it take for it to return to the starting point? 

3. A slender rod is clamped at one end so as to be horizontal 
when not loaded. A ball of lead is then fasttmed to the free 
end and brought carefully to the position of equilibrium, 
the ball dropping by less than 3 % of the length of the rod. 
The ball being given a slight vertical displacement, show that 
the oscillation will be approximately simide liarmonic motion 
and determine tlie period. 

Xeglect the deviation of the patli of the ball from a vertical 
straight line, and assume that the force that the rod exerts is 
proportional to the distance which the free end has been dis* 
placed from equilibrium. 

4. A stefd wire of one square millimeter cross-section is 
hung up in Bunker Hill ^Monument, and a weight of 25 kilo- 


+ — 1 = h cos lit. 

71 ‘ 


gniinnu*s is fastoiUMl to its lowov end and carefully bvout;lib to 
rest, 'riu! weiglii is then given a slight vertical disphicoment. 
l){*l;i!rinine tlio period ol’ the oscillation. 

Given that the forcio rerpnred to doidde the length of the 
•wire is kilogrammes, and that the length of the wire i.s 

210 feet. - little over half a second. 


4, Motion under the Attraction of Gravitation. Pro}iloui, 
To iiiid the velocify wliicli a stone acquires in falling to the 
earth from intorsiellar s[)ace. 

Assume the earth to be at rest and consider only the force 
wliich tlie earth exerts. Let r be the clistanee of the stone 
from tlie centre 0 of the earth, and .v, tlie distance it has 
travelled from the starting point A, Then the force acting ou 
it is . 

i f= 

r 

and since/■= mrj when r=7i, the radius of the earth: 


P 


/ 



and 


/ = 


mrjlP 

f- 





Fin. (U 


Hence, from Xewton’s Second Law of Motion, 


(11) 




Furtheruiove, s r = whore I denotes the initial 
distance OA, and eousequeutly 


ds 

dt 




dt~ dC“ 


0. 


Equation (11) thus becomes : 


(«) 




V' 


To integrate this equation, we employ the method of § 3 and 
multiply by 2(lr/dl: 

i> <h' (/V _ R' (W 
*" at dP~ ~~ r- ~ Tc ’ 





Integrating with respect to t we g*et: 
iU- 

Initially dr/dt = 0 and r — l\ 

o = ^^+c, 


. Jdr ^ 2 f//; 


+ a 


I 


{V) 


c/i- \r I 


Since dr/dt is iiinuerically equal to the velocity ds/d(, the 
velocity Vat the surface of the earth is given by the equation : 


F- = 


'gii- 



If I is very great, the last term in the parenthesis is small, and 
so, no matter how great I is, F can never quite equal 
Here r/ = o2, A = 4000 x n2S0, and hence the velocity in ques¬ 
tion is about 30,000 feet, or 7 miles, a second. 

This solution neglects the retarding effect of the atmos¬ 
phere ; but as the atinospherc is very rare at a height of oO miles 
from the earth’s surface, the result is reliable down to a point 
cunq)aratively near the earth. 

In order to find the time it would take tlie stone to fall, 
write (b) in tlie form 


Hence 


dr 

dt 




rdr _ 
^ V Ir — ?*- 


and 


r nU 


Turning to the Tables, No. 1G9, we find 




= — ■\/1r — r + ^ j -f A. 


Ti,«» 


+ K\ 


fniliiLlly / = 0 and )■ = /: 
IIiiiiwi finally: 


0 = 10 - 
Sli 1 


sil 


+ 7r. 




(<^) 


V/ 

8 it* 


- . / 


TT . _i2r-r 

— sill ^- 

2 I 


Vlr — V- + 


EXERCISES 

1. A liole is bo rod tli rough the centre of the earth and a 
stone is dro])i)ed in. rind how long it will take the stone to 
reach the centre and how fast it will be going when it gets 
there. 

Assume that the air has been exhausted from the hole and 
that the attraction of the earth is pro^Jiortional to the distance 
from the centre. 

2. Show that if the earth were without an atmosphere and 

a stone were ])rojected from the surface of the earth with a 
velocity of or nearly seven miles a second, it Avould 

never come back. 

3. The moon’s mass is about and its I'adiiis about that 
of the earth. With what velocity would a body have to be 
[)i'ojecled from the moon in order not to return ? 

4. Taking tlie distance of the moon from the earth as 
237,000 miles, find the velocity with which a stone would 
reach the moon if it wore ]daced at the point of no force 
between these two bodies and then slightly displaced in the 
direction of the moon. 





5. Find how loni( it would tiikii »Snturn to fall to tlio sun. 
Given that the aeceleration of gravity on the surface of the 
sun is 1)05 feet per second i)or second, that the diameter of 
the sun is 800,000 miles, and that the distance of .Saturn from 
the sun is 880,000,000 miles. 

6. How long would it take the earth to fall to the sun ? 
(Mvon that the distance from the earth to the sun is 92,000,000 
miles. 

7. How long would it take the moon to fall to the earth ? 


5. Constrained Motion. If a particle is constrained to de¬ 
scribe a given patli, as in the case, for example, of a .simple 
pendulum, then the form which IS'ewton’s Second Law of 
Motion assumes is that the product of the mass hy the acceler¬ 
ation along the path is equal to the component, along the path, 
of the resultant of all the forces that act. 

Consider the simple pendulum. Here 

cZ“.s . 

^ — -nKj 

and since s = 16^ 

(A) 

This differential equation is characteristic for Sim¬ 
ple Pendulum Motion. We can obtain a first integral Fig. Gu 
by the method of § o : 



vw 




.,(10 (IH 2(f . .dO 

1 . —-sin 0 —, 

dt (It- I dt 

— J sin 6 dO = ^ cos 0 C, 
0 = cos a -f C, 


where a is the initial angle ; hence 

(B) (oos 0 — cos a). 

dt“ i ^ ^ 


p 




m 


The velocity in the path at the lowest point is I times the 
angular velocity fur 6> = 0, or — cos and is llie same 

that would have been acquired if the hob liad fallen freely 
under the force of gravity through the same difference in level. 

If we attempt to obtain the time by integrating (B), we are 
led to tilc equation : 

-=x/.ir-.— 

A^cos6^ — eus 

This integral cannot be ex[)rcssed in t('nus of the functions at 
]>reseut at our disimsal. it is an Mlliptii*. Integral. ^Vhcn 
however, is small, sin differs from 0 by only a small per¬ 
centage of eitlier quantity, Chaj). § 1, and hence we may 
expect to obtain a good apjiroximatioii to the actual motion if 
we replace sin 0 in (A) by 6 : 


(A') 


(It- I 


This latter equation is of the type of the differential equation 
of *Sini]de Harmonic i\lotion, § o, (I), vr liaving here the value 
g/{. Hence when a simple peudulum swings through a small 
amplitude, its motion is approximately harmonic and its period 
is a])proximately 

n 


r=:27 


'U 


A question that interested the mathematicians of tlie 
eighteenth century was this *. In what curve should a pen¬ 
dulum swing in order tluit the period of oscillation may be 
absolutely independent of the amplitude ? It turns out that 
the cycloid has this property. For tlie differential equation of 
motion is 

dhs 

on —: = — ouq sin r, 
di- ^ 


where s is measured from the lowest point, and since, from 
Ex. 8, p. 151, 
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s = 4asiii T, 

we have — = - .s. y \ 

(It 4(6 / y 

Tiiis is the differentital equation 

of Simple Haniioinc ^Motion, § S, ^ \ 

(1), and hence the period of the \ y>- 

oscillarioM ; _ 

r=2. Ji« = 4.^/i, ' •■ IN 

is iiu]Gp(mdent of the amplitude. 

Acvcloul ])ciuluhiin may bo coii.stvuotod by causing tlie cowl 
of tlic i)emluliuu to wind on the evolute of the path. Ihit tlie 
resistances due to the stiffness of the cord as it winds up and 
unwinds would be appreciable. 

We wdl close this paragraph with a general theorem. Sup- 
po.se a bead slides on a smooth wire of any shape whatever. 
Then its velocity at any point will be the same as wlnit the 
head would liave acquired in falling freely under the force of 
gravity the same dilfei'encc in level. 

AVc have already met special cases of this theorem in the 
inclined plane and the .simple pendulum. We shall restrict 
onr.selves to plane curves, but the proof can he extended with¬ 
out (lifficidty to twisted curves. , 

Kew'toirs Second Law of Motion Mves “1—r;—^- 


d-.s 

'in —- = nin cos r ; 

(ir- 


JIciicc 




rms' 5 mr 


—- = 2 (7.^;-p C. ^ 

(ll- ^ 

If we suppose the head to .start from rest at A, then 
0 2;/.r„ -p C, 


Fio. 07 




J^ul; the velocity tlmt a body falling freely a distance of a;~a^ 
attains is expressed by precisely the same formula, and thus 
tlic theorem is establislied, 

111 the more general case tluit tlie bead passes the point A 
with a velocity 'i?o have : 


v^;-=:2{JX^,+ 0, 

(?(') v^-rv=^2(/(x-~Xo). 

Thus it is seen tliat tlic velocity at r is the same that the head 
would have aiypiired at tlie second level if it liad been projected 
vertically from the first with velocity v^i, 

Tlie theorem also asserts that the sum of the kinetic and 


polentinl energies of the bead is constant, or that the ehavige 
in kinetic energy is etpial to tlio work done on tlie bead. 


If the bead starts from rest at .1, it will continue to slide 
till it reaclu^s the end of the wire or coaies 
to a point A^ at the same level as A. In 



the latter ease it will hi general just rise 
to the point and then retrace its path 
back to A. Ihit if the tangent to the curve 
at A' is horizontal, the bead may approach 
A* as a limiting position without ever reaching it. 


Fin. 68 


EXERCISES 

1. \ bead slides on a smootli vortical circle. It is projected 
from tlic lowest point with a velocity equal to that wliicli it 
would acquire in falling from rest from the highest point. 
Show that it will approach the highest point as a limit which 
it will never reach. 

2. From the general theorem (9() deduce the first integral 
(B) of the differential equation (A). 

6. Motion in a Resisting Medium. When a body moves 
through the air or through the water, these media oppose re¬ 
sistance, the magnitude of which depends on the velocity, but 



Joes not follow any simple iiiatlieiuatical law. For low veloci- 
ties up to 5 or 10 iniU'S per hour, the resistance R can be 
expressed approximately by tlui furniula: 

( 12 ) 

where a is a constant dopcndiiif^- both on the meiliiuu and on 
the size and shape of the body, but nut on its mass. For higher 
velocities up to the velocity of sound (1082 ft. a sec.) the 
formula 

(13) R^cv" 

gives a sufficient ap])roximation for many of the cases that 
arise in practice. We shall speak of other formulas at the 
close of the paragraph. 


Problem 1. A man is rowing in still water at the rate of 
3 miles an hour, when he ships his oars. Determine the subse¬ 
quent motion of the boat. 

Here Xewton’s Second Law gives ns: 


(U) 


(h) 

m - - = 

dt 


dt-- 


in (h' 
a r 


(15) 




i\) 
~ } 
0 


where is the initial velocity, nearly 4.V ft. a sec. 

From (15) we get: 

(It 

( 10 ) V=i'oP 

Hence it might appear that the boat would never come to rest 
but would move more and more slowly, since 

lim c = 0. 

t ^ c 

We warn the student strictly, liowever, against sueli a conclu¬ 
sion. For the approximation we are icsing, = holds only 



for 11 limitetl tiiuo and oven for that time i.s at best an apimxh 
Duaha. It \vili probably not be many niinntos before the 
boat is ilriftinj^^ sidewise, and the value of a for this aspect of 
tlH‘ boat would be (luiie dilYeront, — it indeed tlie approxima¬ 
tion — ('oiild h(i iisetl at all. 

To determine the distance travelled, we have from (1-J-j; 


and ooiiseqnently: 

(1-) 


flv 

mr— = — (to, 
(Is 


zv. -.s. 


Hence, even if tlio above law of resistance held up to tlie 
limit, the boat would not travel an infinite distance, but woidd 
approach a point distant 

_ t^lVo 

a 

feet from the starting point, the distance traversed thus being 
proportional to the initial momentum. 

ITnally, to get a relation between and t, integrate (IG) : 

] _ "( 

-j — I []t , 

dL 


( 18 ) 


a 




h''rom this result is also evident that the boat will never cover 
a distance of S ft. while the above approximation lasts. 


EXERCISE 

If the man and the boat together weigh oOO lbs. and if a steady 
force of o lbs. is just sufficient to maintain a speed of 3 miles 
an liour in still watei-, show that when tlie boat has gone 20 ft., 
the speed lias fallen off by a little less than a mile an hour. 

Pmhleni 2. A dro]) of rain falls from a cloud witli an initial 
velocity of v.*,) ft, a sec. Determine the motion. 

Wo assume that the drop is already of its final size, — not 




£(utlierini( furtlior moisture as it proceeds^ — and talsc us the 
hiw of resistance: 

li^cv\ 

(10 0 

Hence ^ 

ch) — 

v-~ = -^ -, 

a.s 7n 

ds — 

mg — cir' 

s = -~\og {iiirj - er) + C, 

Ic 


and thus finally 

(If) 


0 = - log {mg ~ cr/) + 0, 


'))i T mn — fr,,- 

i>- — -~ -7- • 

2(1 mg — Cl)- 


Solvinj,^ for v we have 


( 20 ) 


2f3 o 

^ mg - cv ,c 
mg — CO* ^ 

V- = ^ 

c c 


1711611 s increases indefinitely, the last term approaches 0 as 
its limit, and hence the velocity v can never exceed (or quite 
equal) v=: Vmg/c ft a sec. This is known as the limiting 
'i:elocit!i. It is independent of the height and also of the 
initial velocity, and is practicall}^ attained by the rain as it 
falls, for a rain drop is not moving sensibly faster Avhen it 
reaches the ground than it was at the top of a high building. 


EXERCISES 

1 . Show that if a charge of shot be fired vertically upward, 
it will return with a velocity about 3-^ times that of rain drops 
of the same size; and that if it be fired directly downward 



fnMu Ji IkiIIomu two miles high, the velocity will not bo appre- 
ciahly greaiiu*. 

2. Find the time in terms of the velocity and the velocity 
in terms of the time iu Problem 2. 

3 . Determine the height to which the shot will vise in Ex. 1, 
anti show that the time to the highest point is 



whore is tlie initial velocity. 


7, Graph of the Resistance. The resistance winch the atr 
inos[>h(*rii or water ()ppos(\s to a body of a given size and shape 
can in many cases be detenu inetl ex ])eri men tally with a reason¬ 
able degree of precision and tlins the grapli of tlie resistance: 

E=f{r) 


can be plotted. The mathematical problem then presents itself 
of representing the curve with s\i flic lent accairacy by means of 
a simple function of v. In tlie problem of 
vertical motion iu the atmosphere, 

= ’“r/ i/W* 



according as tlie body is going up or com¬ 
ing down, <s* being measured positively downward. Now if we 
approximate to/(r) by means of a quadratic polynomial or a 
fractional linear function, 


(.(/ -p Jj c -|- cv“ or 


a jSn 
y -P Sy ’ 


we can integrate the resulting equation readily. And it is 
obvious that we can so a]>prn\imato,:—at least, for a restricted 
range of values hiv r. 

Another case of interest is that in svhich the resistance of 
the medium is the only force that acts: 


VI 


dv 

dt 


-/(O' 






A convenient approximation for tlio i)urposes of integration id 
/(c) == a/;''. 

Here a and h are merely arbitrary constants, onabling ns to 
impose two arbitrary conditions on the curve, — fur exam[)le, 
to make it go through two given i)oints, —and are to bo deter¬ 
mined so as to yield a good apj)roxiinatiou to tint [physical law. 
Sometimes the simple values ^^ = 1, 2, o cun be used witli 
advantage. Hut we must not coiifiise these iip[)roxiinute for¬ 
mulas with similarly appearing formulas that re[)reseut exact 
pliysical laws. Thus, in geometry, the areas of similar surfaces 
ami the volumes of similar solids are i)i’oportional to the .s(puLres 
or cubes of corresponding linear dimensions. This law ex¬ 
presses a fact tliat liolds to tlio fmost degree of accuracy of 
which physical measurements have shown themselvos to be 
capable and with no restriction whatever on the size of the 
bodies. Hut the law R^air or ceases to hold, Le. 

to interpret nature within tlie limits of precision of physical 
measurements, when v transcends certain restricted limits, and 
the student must bo careful to bear this fact in mind. 


EXERCISES 

1 . Work out the formulas for the motion of the bod}’’ in eacli 
of the above cases. 

2. A train weigliiug 300 tons, inclusive of the locomotive, 
can just bo kept in motion on a level track by a force of 3) 
pounds to tlie ton. The locnmotivo is able to maintain a si>eed 
of ()0 miles an liour, the horse power developed being reckoned 
as 1300, Assuming that the frictional resistances are the 
same at high speeds as at low ones and tluit the resistance of 
the air is proportional to the square of the velocity, find by 
liow much the S])eed of the train will have drojpK'd off in 
running half a mile if the steam is cut off witli tlie train at 
full speed. 


8. Motion under an Attractive Force v»^ith Damping', Let ns 
begin with a concrete example and comsuler the motion of tlie 
particle of § o wlicu the resistance of the atmosphere is taken 
into ammut. \Ve will assume that this force is proportioual 
to the Yclocityj =: - /in. Ihuis (5) is replaced by 

( 21 ) 


and tills equation becomes, on introducing a;: 


(^0 


d- x , d:c . ^ 

—p K-p jroj = 0, 

(//' (// 


where K^'k/ n?, = X/ni/. 

DiiTcreiitial eiinatioiis of tlie type (9() are important in 
physics, They occur in tlie problem of the damped vibrations 
of a swinging magnet, but especially in the case of the sus- 
l)en(lcd coils of cl’Arsonval galvanometers. One method, too, 
of correcting for the influence of the atmosphere on the 
motion of a peiiduluin is to assume (a) that the moment of 
inertia is slightly increased, i.c, the length of the equivalent 
simple pendulum slightly augmented, and (6) that the re.si.sh 
ance varies as the velocity. The resulting differential equa¬ 
tion is then of the above type. 

To Sdlcfi a differential equation is to find a function wliicdi, 
when substituted in, satisfies the equation, lly the why of a 
differential equation is meant the order of the liighcst deriv¬ 
ative that enters. Tluus (9() is of the .second order. As the 
general solution of a differential equation of the fir.st order 
we Gxiiect to find a funef.ion coutaiuing one arbitrary eou- 
staut; as the general solution of a differential equation of the 
second order, a function containing two arbitrary con.stants; 
and so on. 

Til order to solve (9[) we make use of an artifice and inquire 
whether, in the function 
(22) ,a- = 

it may not be possible so to determine ni tliat this function 




shall satisfy (?(). (The present m has, of course, iiotliiiig to 
do with the earlier //t, the mass.) Hero 


and thus the left hand shhi of (Jl) becomes, on substituting 
e’'*^ for . 1 *: 

c""(7/r + K//i-f- ?/“). 

Hence we see that if m is chosen as either one of the roots 
of the quadratic eciuatioii 

^^d) d” Kill -j- ii~ = 0, 

ie. if iK± \/\K- — H-j 

(;i() will be satisfied by (22). Both of these roots are negative, 
and we will d(uiote them 1)\" — let < nu. 

More generally, the functiun 

(24) = 

also satisfies (ild, as is shown directly by substituting in; and 
since it contains two arbitrary constants, it is the general 
soUdiun of ("K) for the case that 

^K~ ir ]> 0 . 

This last condition would not be fulfilled in the case of § 3 
if the “string"’ were a steel wire and the weiglit a piece of 
lead, for k would tluui be very small. It (iould be realized, 
however, if the “string’’ is a spiral spring and tlie weight is 
provided with a collar, to a(d like an inverted parachute and 
increase the damping. To (hjtermlne A and B in this case we 
have that initially i = 0, x—Ji ; hence 

(23) h = A -h 23. 

Furthermore, from (24), 

— = - Wi, A e-"'.' - vuBe-”'^‘ 
dt - ’ 

and initially lIc/lU = 0; hence 



(I'd) 

From (IM) 

.' 111(1 honcc 


0 — 7/? j ^^1 “1- /II2 

{uul (20) and Jj can «at oiicci ]»» detcn'iniucul: 

__ nhih _ ij • - 

///.j — y/t/ v/Zo —///i’ 




'///o — //ij 


'Pho niotiuii is now coiuphd.oly determined. The particle 
.starts from rest and moves upward with increasing velocitv 
for a time, tlieii .slows up and ajpiroacJu'.s tin' point ;/; = () a.s its 
limit, when ^ = — priudieally, of conr.se, reaching tins ])(hnt 

after a c()ni[)aratively short time. All this we read off from 
(24) and (27) : 


lim .^•= lini (>lc ”'P + = 0 ; 
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CO 


dx 

''dt 



i 


dx 

‘dt 


< 0 , 


limy = 0; 

dt 

0 <^<OO, 


since i/ij <m 2 and consequently 


TJu‘ fAns'C ^K“ —?i"<0. If on the other hand 
r2S) —n-<0, 

the solntioii (21) becomes illiisoiy throngli tlie presence of 
i magi liar h^s in the exponents. Now in the algebra of im- 
agiiiai ies 

(jij q, y _ 2 sii2 <h. 

lIen(?o (24) becomes : 


a* = A e - (cos a/ ?r — k- i 4- a/ — 1 sin { k- t) 

-h B c -' (cos a///" — K“ i — a/ — 1 sin a/ t), 
and tills result can be written in the form 




MECHANICS 
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(20) ^ (a cos V }r ~ k- ^ 6 sin V?r' — \ /), 

where a and b are constants, to wJiicli arbitrary real values 
can be assigned. 

The foregoing explanation, by means of iiuaginarios, is in 
no wise essential to the validity of the final fornnila (L^D). 
The student can prove directly that the function (Lh)) reallv 
is a solution, no iiiatter what values a and b may have, bv 
actually substituting it in (?(). 

Another form in which the solution (29) may he written is 
the following: 

(.•JO) x=Ce - v.m(\/ir—\K't +y), 

where (7 and y are now the constants of integration. Instead 
of the sine in the last formula tlie cosine may i‘qually well be. 
written. 

Returning to the special problem before us, we iiave, fur the 
determination of C and y in (MO), initially: .r=/q ^ = 0: 

(:U) /i=C silly. 

Furthermore, 

= Ce - [a/ n' — \ K“ cos (V ^ k' I + y) 
-|sin(V»/-J.K-« + y)], 


and initially dx/dt = 0 : 




0 = 6 ' 


V ir - 


■ Ik’COS y — - Sin y 


From (32) it follows that 

cot y =:- - ■. 

2 V )r — \ K" 

If we take the solution that lies in the first quadrant 
0<y<^, then, from (31), C will he po.sitivo, and we shall 
have: 



fnr t.ho value y = 7r/4, and is tyijio.al foi- the ^s'h<»le class of 
ciivves (oO). 4’hc curves cut the axis uf abscissas iu the points 

i = A-=0, 1,2, 

V — IK- 

aiul hence the particle passes the ])oint = 0 for the first time 
(-r —y)/AAt““ \ k - secuiuls iVoni the start, and contiinies to go 



through this jiOLiit periodically, but until reversed phase, i.e. in 
opposite directions at intervals of tt/ — seconds; with 
the same i^hase, at intervals of 



Vn-— \ >r 


secoiuls. Tills latter quantity is called the period of the 
oscillation. Since 


V)/'- 


2-n- ttV" / terms of still \ 
H 4r/r ^higher ordoi’ in k-J 






US will be shown in the chapter on Taylor’s Thoorem, it is 
seen that, when nja is small, the period diJl'ers hut slightly 
iiom the value 



n 


wliich it lias for simple liarmouic motion, k — 0. Tiie effect 
uf the clamping is iu all eases to lengthen the peHotl. 

The amplitude, on the otlier hand, steadily falls off toward 
0 as its limit when ^=:co, and tiuis the particle praetieallv 
conies to rest after a longer or shorter time, according as kJ n 
is small or comparativedy large. But so long as the oscillation 
is perceptible, the ])criod is tlie same. 

7V/C 6 W.VC ;r — ]0. Here the quadratic (2d) has equal 
roots, and thus the two solutions 

e "S', 

become coincident. 7^1 = /Uo= J k. And similarly, 

e “ cos VH“ — K-1 reduces to e - 
, - 

while e - sin V a' — J- k- t 

vanishes identically. Thus wo fail to got a solution with two 
arbitrary constants entering in such a way that we can impose 
two independent conditions on the solution. It is found that 
in tlii.s case the general .solution takes the form 

Dclormining the constants I.) and E as iu the cases discussed 
above, we obtain: 

[ 00 ) x=h(\ 


(hi) 


(lx 

ill 



Tlie character of the motion is the same as in tlie case 


1 Tl;can, liownvcr, also be regarded as a liniiling 

ease under /r -‘f/c"> 0, the very first point of intersection of 
the eiirve with the axis of abscissas liaving receded to iuiinity. 


9. Motion of a Projectile. Prohleni. To find the patli of a 
]irojec.tih 5 acted nii only by the force of gravity. 

The degree of accuracy of the approximation to the true 
motion obtained in the following solution depends on the 
proj(‘ctile and on the velocity with which it moves, li'or a 
ciinnon bull it is crude, whereas for the IG lb. shot used in 
putting tlie shot it is decidedly good. 

Jiitherto we have hnown the path of the body; liore we do 
not. We may state Xewtou’s S(T.ond Law of Motion for a 
plane ])ath as follows:* 


a"x 

-- 

dt- 


m 


dl'^ 




where X, Faro the components of the resultant force along 
the axes. 



TC we. sup[iose the body projected from 0 with velocity at 
ail angle u with the horizontal, tlic integration of these equa¬ 
tions gives: 

dx /~i • 

— = G = I'u COS «, X = V()t cos a : 

dt 


* The form of Nuwt.on's Second Law t!iat covers all oasc.s, both in the 
plane ami in space, In- ihc motion constrained or free, is that tlie product 
of ilie mass by the vector acoeleraiioii is equal to the vector force. 



?/ = r,/siu (c^ l(jt\ 


'I'! = 

(It 


Eliminating t we get: 

:V = -^‘taua- 

Tlie curve lias a niaxiinuni at the point A: 

aiii-a 


_. 

2 t’o“ COS"« 


Vif sin (I cos a 




0 

Transforming to a set of parallel axes through .T: 

* = '''' + a-'i. y-y' + Vu 

y:^ - 


Ave fiiul: 


J tv t^US“ K 


This curve is a parabola with its vertex at .1. The height 
of its directrix above xi is v'cos-and hence the height 
of the directrix of (3o) above 0 is 

sin- a Vff cos^ a __ 

This result is independent of the angle of elevation «, and so 
it appears that all the paths traced out hy projectiles leaving 
0 with the same velocity have their directrices at the same 
level, the distance of this level above 0 being the height to 
which the projectile would rise if shot perpendicularly upward. 


EXERCISES 

1 . Show that the range on the horizontal is 

7?=^.siii 2 a, 

(/ 

and that the maximum range Jl is attained when a = 4d°: 

y 

The height of the directrix above 0 is half this latter range, 

Q 


2. A projectile is launclied with a velocity of c,, ft. a sec. 
and is to hit a mark at the same level and within range. SIkjw 
that there are two jiossihle angles of elevation and that one is 
as iiiiieh greater than 45® as the other is less. 

3. Find the range on a ])hine iindined at an angle ^ to the 
liorizon and show that the niaxinuun range is 

^ £/ 1 + siu/3 

4. A small hoy can throw a stone 100 ft. on the level. He 
i.s on top of a house 40 ft. high. Show tliat he can throw 
the stone 104 ft. from the lion so. Neglect the height of lii.s 
hand above the levels in question. 

5. The h(‘st collegiate record for putting the shot is 40 ft 
(F. Weak, Vale, 100;>); the amateur and world’s record is 49 ft. 
bin. (\V. W. Coo, Portland, Ore., 1005). 

T£ a man puts the shot 40 ft. and the shot leaves Ins hand at 
a height of 0 ft. 0 in. above tlie gvonnd, find the velocity with 
Avhieh ho launehe.s it, assuming that the angle of elevation u 
is the most advantageous one. r„=: 35.87. 

6. Ilow much better record can the man of the preceding 
question make tlian a .sliorter man of equal strength and skill, 
the shot leaving the lattor’s hand at a lieight of 5 ft. 3 in.? 

7. Show that it is possible to hit a mark B : provided 

9 

yi, + V a’// 4- //&” = 

8. A revolver can give a bullet a innzzle velocity of 200 ft. 
a see. Is it po.ssibIe to hit the vane on a church spire a quarter 
of a mile away, the lieight of the spire being 100 ft. ? 




EXERCISES 


X. A cylindrical spar buoy (specific gravity i) is ancl^oved 
so that it is just submerged at high water. If the cable should 
hn'iik at high tide, show that the spar would jump eiitircdy 
out of the water. 

2. A nuniber of iron weights are attached to one end of a 
long round wooden spar, so that, when left to itself, tlie spar 
floats vertically in water. A teii-kilograiinne weight having be¬ 
come accidentally detached, the spar is seen to oscillate with 
a period of 4 seconds. The radius of the spar is 10 centi¬ 
metres. Find the sum of the weights of tlie spar and attached 
iron. Through wliat distance dues the spar oscillate? 

Aas. (a) About ITo kilogrammes; (/>) 0.G4 metre. 

3. A chain rests partly on a smooth table, a piece of the 
chain hanging over tlie edge of the table. The chain being re¬ 
leased, find the velocity with which it will leave the table. 

4. Solve the same problem for a rough table, the chain 
passing over a smooth pulley at the edge of the table. 

5. A particle of mass 2 lbs. lies on a rough horizontal table, 
and is fastened to a X-)ost by an elastic band whose imstretclmd 
length is 10 inches. The coefficient of friction is 4, and the 
band is doubled in length hanging it vertically with tlm 
weight at its lower end. If the x^article be drawn out to a 
distance of lo inches from the ])ost and then [)roiocted directly 
away from the post with an initial velocity of o ft. a sec., find 
where it will sto]} for good. 

6. Show that if two sjdieres, each one foot in diameter and 
of density 0 ([ual to the.earth’s mean density (specific gravity 
fi.G) were placed with their surfaces \ of an inch apart and 
were acted on by no other forces than their mutual attractions, 
they would come together in about five minutes and a half, 
(riven that the s|)]mres attract us if all their mass were con¬ 
centrated at their centres. 




7. A particle is projected horizontally along the inner sur- 
face of a sinuotli vertical tube. Deteruiiiie its motion. 

8. A mail and a parachute weigh 150 pounds. Plow large 
must the parachute be that the man may trust himself to it 
at any height, if 25 ft. a sec. is a safe velocity with which to 
reucli the ground? Given that the resistance of the air is us 
the square of the velocity and is equal to 2 pounds per square 
foot of opposing surface for a velocity of 30 ft. a sec. 

Ana. About 12 ft. in diaincler. 

9. A toboggan slide of constant slope is a quarter of a mile 
long and has a fall of 200 ft Assuming that the coetHcient 
of friction is that the resistance of the air is proportional 
to the square of the velocity and is equal to 2 pounds per 
square foot of opposing surface for a velocity of 30 ft. a 
sec., that a loaded toboggan weighs 300 pounds and presouls 
a surface of 3 sq. ft. to the resistance of the air; find the 
velocity acquired during the descent and the time required to 
reach tlie bottom. 

Find the limit of the velocity that could be acquired by a 
toboggan under the given conditions if the hill were of iniinite 
length. 

(tt) 68 ft. a sec.; (6) 30 secs.; (c) 74- ft. a sec. 

10. The ropes of an elevator break and the elevator falls 
without obstruction tillTt enters an air chamber at the bottom 
of the shaft. The elevator weighs 2 tons and it falls from a 
height of 50 ft. The cross section of the well is 6 x 6 ft and 
its depth is 12 ft If no air escaped from the well, how far 
would the elevator sink in? What would be the maximum 
weight of a man of 170 pounds ? Given tliat the pre.ssure and 
the volume of air when compressed without gain or loss of heat 
follow the law: 

= const, 

and that the atmospheric pressure is 14 pounds to the square 
inch. 



CHAPTER XI 


THE LAW OF THE MEAN. INDETERMINATE FORMS 

L Holle’s Theorem. A theorem wiiich lies at tlie founda¬ 
tion of the theoretical development of tlic Calculus is that of 
Kolle^ from which follows the Law of tlie Mean. 

lionLKS TitKOUKM. //* ^(a;) in a funciion of x, continuous 
thiVtK/houi the interval a S x<b and vanishing at its extremilies: 

and if it has a derivativcj —everg interior point 

of the intercalj then ct>fx) viust vanish for at least one 
ic ith in th e inter cal: 

c^'(X)-(), a<X<h, 

For,Uie function must be either iiositive or negative in some 
parts of the interval if we exclude the special ease that (a') 
is always =0, for which case tlie 
tlieorein is obviously true. Sup- 
]>ose, then, that is positive 

in a part of the interval. Then 
<h(x) will liave a maximum at 
some point x = X within the in- 
tervnl, and at this point the derivative, 0'(;r) =tauT, will van¬ 
ish, of. Chap. Ill, § 7: 

c/)'(X) = 0, a<X<b, 

Similarly, if c^(.r) is negative, it will have a minimum, and 
thus the theorem is proven. 
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2. The Law of the Mean. Let the function/(rc) be contiii. 
nous throughout; Uie interval and let it Ilave a deriv¬ 
ative, iiiterior point of the iuterval. 

Draw the graph and let .L3fbe the secant connecting its ex¬ 
tremities. Then there will be at least one point A" within tlic 
interval at which the tangent is parallel to the secant Xd/. 

For, consider the distance from a point F of the curve to 
the secant, measured along an ordinate, PQ. This distanee 
(taken algebraically) will have a inaximnni or a mininmm 
value, and at such a point the tangent is evidently parallel to 
the secant. Now the sloi)e of the secant is 



tail Z NLM= 

b~a ’ 

and tho slope of the curve at 
■x=:X is /'(A). Hence 

b-a •' 


(A) m -/(a) = (ti - a) /'(X), « < X< h. 

This is the Law of the hleau. Another form iu which it is 
often useful to write tlie theorem is obtained by setting 

b — rt = /i, ^ = ff, -j- Ji. 


Then X can be written as a-{-Ok, where 0 is a proper frac¬ 
tion, or at least a positive quantity less than 1 * and avc have: 

(A') /(a + h) -/(a) = hf (u -p Oh), 0 < 61 < 1. 

In (A), a and b can be interchanged and in (A') h can be 
negative. 

An analytical proof of the Law of the iMean is as follows. 
Form the function 


^ (A ^ fik) (x - a) - [/(x) -/(«)]. 

' b — a 


^ AVu imiy Lb ink of Ihc socoiul term. $h, as representing Unit portion oi 
the interval h~ a ~ h which must he added to the segment a to take u< 
to X. 




This function satisfies all tlie conditions of Eolle’s Thooreiu 
ami hence its derivative, 

b — a 

must vanish for a value x — X between a and h: 

■.L(l!)-.£M^f(X) = 0, a<X<b. 
b — a 

Thus the theorem is proven. 

This proof luerel}^ puts into analytic form the geometric 
proof first given, for the function here employed is pre¬ 
cisely the distance FQ, 

3. Application. As a first application of the Law of the 
l\Iean we will give the proof of Theorem A in Chap. VI, § 2. In 
that theorem cl>’(.r)r= 0 hy hypothesis for all values of a*, or 
at least for all in a certain interval. If, then, a and 6 = .t, arc 
two points of tiiis interval, we have from the Law of the 
:\Iean (A): 

<h(.r0-<5(n) = 0, 

i.e. ^(;ri) = ch(a) for all poiuts Xi in question. Ifence <I>(.r) is 
a constant. 


Exorcise, Show that, if/(. j;) satisfies the (miiditions of § 2 
and if furthermore /'(a*) >0 at all points within the interval, 
then 

4. Iiidetei’minate Forms. The Limit Tf both the mimer- 
ator and the denomiuator of a fraction 


(1) 


/(•«) 

Fix) 


vanish for a particular value of a, 


a: 


/(a)=0, A(n) = 0, 


the fraotion takes on the form {]- and thus ceases to have aiiv 
meaning. The fracLiou will^ however, in general approach a 
limit when x approaches a, and we proceed to detonniue 
tins limit. 

Sometimes this cai\ he done hy a simple transformation 
Thus if 

/(^ 0 _ — 

>0r) a;--a-’ 


we need only divide numerator and denominator by 
we have: 


lim 4 
x=sa X~ 


— a 

— a 


lim —:— 
x^a x-\~ a 


2 a 


X — a and 


Again, if 

and a = 0, we have 


f (yc ) _ tan X 


T tan rr .. 1 sin a; ^ 

inn - — = hm--= 1 

;r i = l)COS.Q‘ X 


When, however, such simple devices as the foregoing arc 
not available, M'e can apply tlie Law of the IVTeau. Let h=x 
he any point near a. Then, remembering that/(a) = 0 and 
F (a) = 0, we have: 

fix) = (a; - a)/' (X), F (x) = (.« - a) F' (X'f 

where X and X' both lie between a and x, and hence 


JM ^ f'L^) 

F(x) F\X') 

When X approaches a, X and X' both approach a, too, and so, 
if f'(x) and F'(x) are continuous, as is usually the case in 
practice, 

X:iz a It 


if, then, F'(a) = 75 = 0 , we have; 

(-0 


1 • f 

lim 


X^aF{X) 


ria) 

F' {a) 



TliR limit ul' such a fi'actioii as the one above considered is 
referred to for brevity as the limit 

i.' T r loKO 

Example, lo find Inn 

Here /(.r) = log:r, /'(•«)=£.> /(I) =1; 

ir(;«) ==1- rr, F'(x) = - 1, = -1; 

lhnl^=-l. 


EXERCISES 

Obtain the following limits without clifEereiitiating. 



,. .r — a 

1 


1. 

hin „ —- = 

-o* 

7. 



3cr 


2. 

x-1 

lim- 7 = 

1 

8. 


x=l .f"—1 

n 


3. 

hm --- = 

2 

r\ 


.r — ur 

3 a 

y. 


4. 


6 . 


Hill 

X=1 


6. lim 


2* 

3 


— 1 
x^-^S _ 


'^'-2x>-{-32 20 

Vrt4^ — V a 


lim 

1=0 


2^ a 


lim 


tan X __ 
a:=0 siii.T 
sin 2x 


1 . 


lull - 

j:=0 


X 


Hm~=l. 


i; tniu/.i; 

10. lull-== a. 

J=0 X 

taii.T— sin a; 


11. lim 

1=^0 1 — cos ii: 


12. lim 


1 — cos X 1 


=u sin-nj 


13, Obtain the limits iu Exs. 2, 4, 7,9 by differentiation. 

* Tins limit is also called Llie “true vnlue” of the “ imleteruiinaLc 
fonir’/(3:) /F(x) for x = a. Both terms are based on a false cnnception. 
Ill the early days of the CalcuUis mallicmaticiaiis thought of tlie fraction 
as really haviri" a value o:— a, only the value eaiiiiot he coiuputetl 

because the form of the fraction eludes us. This is wrong. Division 
by 0 is not a process wliieli we define in Algebra. It is convenient, how¬ 
ever, to retain the term imJet.orminatP form as applying to such expres- 
si(ms as the above and others considered in this chapter, whicli for a cer¬ 
tain value of the independent variable cease to have a meaning, but which 
approach a limit when the iiulepcndcnt variable converges toward the 
exceptional value. 



Obtain the following limits by differentiation. 



1. 



at=W X 

20. 


1 

tlrj. 

•II 

H 


log a. 


xio X 

21. 

lini 


1 a 
= log:-. 


^“.1 ^~V2cos7r.'(; 


lim _ , 4343 _ 

*=> a; — 1 

22 . lim 

ar=l 

1 

siu.r 

23 . lim 

,t=ti 

1 -p a: 

24 . lim 


- 1 ?. c 
-18 


V.t; ~ Vtt 3 i 


cos ttX 


TT 

"2 


5. A More General Form of the Law of the Mean. The 

2iiet;liod of o.valiKiling Ynn f {x)/F{^)) set forth in § 4 is 
])licable when/’'and F'(a) both vanish, for then/'(a)/F'(a) 
ceases to have a meaning. ^Moreover, .since we do not know 
liow .V and A"' vary, —it is not at present clear that they can 
1)0 talam crjual to each oilier,—we cannot .see what limit 
J'’(X)/F'{X') approaelios. \Vc can deal with this and other 
ea.Si's that <ai‘is(i by tlie aid of the following 


(1 !■:\ 10n.A inz 1:1) Law o 1-' r 11 k M k\ k. If fQY) and F(x) are con- 
liaafufs (li nm/fhouf tht' intf^rrtil a^x^b and each has a dcrira- 
tire al all inha'lor p(>i)i(s of fht^ inlorval, and if moreover, ih 
(Icrint!ire h" (x) dnr.s* )a)t vanish u'ithin the intervalj then, for 
soine value .v = X ivHhin Ihfs inleroid, 

f(h)-f(a) ^/'(X) 

^ F{h)-F{u) FfXy 


a<X<b. 



£AW ui' ^iCAX. INDETKUMrXATi: FUiLMS 


Loi) 


The pi’0<^^ /'^IFoIIows. 

J f{b)-F{a) 


Form tlio function: 


This funct.^ ^on satislies all the conditions of Kolly’s Theorem, 
ami lieuce /its derivative, 


/ 




f O>)-f(a) 

F{b)-F(_a) 


F'ix) 


/'(•'O. 


iimst v,4iiisli for a value of x within the interval. 

i 


f(b)- f(a) 
F(Jj) — F{a) 


F'(X)-/(X) = 0, 


Hence 
((< X < h. 


% hypothesis, F’ (x) is never 0 in the interval. Consequently 
we are justified in dividing through by it, and thus we obtain 
Formula (B), q.e.d. 


6. The Limit ^ ^ Concluded. We can now state a more gen¬ 
eral rule fur determining the limit considered in § 4, Sup],)ose 
/’(a) =0 and F(cc) — 0. Let x be a point near a and set b = x 
in (B). Then 

F(,^ F\X)^ 


where now we have the same X in both numerator and denomi¬ 
nator, and X lies between x and a. When x a])proaches n, X 
will also approach a. Hence, if f{x)/F^{x) approaches a 
limit,/'(X)/i^'(X^) will approach the same limit, and so will 
its equal, /(.r)/ F(x). Thus we have: 


(0 


liiu = liin 

X = a F(^X) x=zit 


f'(x) 

F'ix)' 


If, then, it turns out on differentiating that/'(a) = 0 and 
P^(a)z=0j we can differentiate again, and so on. 


Example. To find lim ^ ^ 

a:=u 1 —coso; 



UALCULLS 




Here 


r(x) _ — r os a; " 

F'(x) sin X * ^ 

and l:lie now ratio is still iiuleteriiiluato wlici.TDiffer, 
eiiLiating again we luivu 

lim — -= 1. 

x = u cos ;r \ 

Ileiicc the value of the original limit is 1. 

3 

\ 

7. The Limit 'Idie rule for iiiuling the limit of dhe ratio 
(1) when both tlie iiuniorator and the denominator become 
iuhiiite for a; = r/,: | 

f (a) =: CO j F (a) = CO , I 

is the same as when both the numerator and the deiioiiliinator 
vanish, namely: DijFirntuUa (he numerator for a nein nmiern- 
to)\ the denominator for a new denuminatory and take the limit 
of the new ratio: 


(ii) 




/'(«0 


HniJim r,,, 
i = « F{X) x = a Ffx) 


To prove this theore?n let us first take tlie case that a = x, 
l.e. that the independent variable x increases without limit. 
Tn the Generalized Law of the i\rean (L), replace a by and b 

~ F’ixy «- < A < ., 

and write the left-hand side in the form: 


/fa) . 1 -f(x^)/f(,f) 

^ ^ Fix) ^ -F(,c>)/I^fc) 

It is easily seen that the second factor, which we will denote 
by A.: 

l~./fa')//CiO _ 

1-Fix')/Fix)- ’ 

can be made to approacli 1 as its limit, For, ns x and .V in- 
crense without limit, both f (x) and f(x')y and also F(.v) and 
F{x')y become infinite. Now x and x' are indepondeiifc of eacli 




other, W(5 mi\y, tliorofore, nlioosoi .r' so that, while still beeoni- 
in*' iiiHnito as l) 0 (!oines infinite, it hiereasos so nuich mure 
slowly than x that 


./■{■'•) ’ 




On the other hand, Xalways lying between .r' and a- and there¬ 
fore bocoining intinite with them, it is (dear that, if/' {x)/F\x) 
approaches a limit when ;r = (>o, then /'(X) / F'{X) will ap¬ 
proach the same limit. Idence, writing (d) by the aid of (4) 
in the form: 

/(.(O ^lf(X) 

y^x) kF’ixy 


we see that the right-hand side approaches as its limit the 
same limit that/'(.r)approatdies. The left-hand side 
must, therefore, also approach tliis limit, and the theorem is 
proven, when a = co . 

If .r approaches a limit a, we need only to introduce a new 
variable: 


Setting f(x)=f(ji + ^^ = <t^(;/), J’(.r) = = <I>('^), 

we have from the foregoing result: 

But 4>'(,/)=f(x)—}-, <t>'{f,)=F'(x)Zl, 

?r y~ 

. y ill) _ f f.r) 

d>'(//,) “ F\xy 


If, then, ^/’'(.r)/F'(j‘) a]^proa(du‘s a limit when x approaches 
approach the same limit when //=cc. 



Ilcncc </)(//)/^I’O/) will approach this limit., too. But 
= f(.v)/F{x), This completes the proof. 

Examplo., To find lim—. 

We have: lim~ = lim i =0. 

i=x e ' 


8. The Limit 0 • oo . If we have the product of two fuuc:> 
tioiis: 

J\x) • </>0r), 

one of whicdi approaches 0 as x a[)proaches o, while the other 
becomes iuhnite, we can determine the limit of this product 
by throwing the latter into one of tlie forms: 

m tM, 

1 1 ^ 

0(.7;) /(x) 

i.c, the form 0/0 or co /to , and then applying the foregoing 
methods. 


Example. To find lim .'tlog.T. 
Here it is better to choose the form 


rrlogir = 


log X 

lA’ 


for then the logarithm will disappear on differentiation: 

V log;r T 1/x T , . ^ 

lim =hin —= lim ( —.t) = 0. 
a: = U X X = 0—1/X’“ J=(| 


^ The tlieoreiii eontainefl in (’2) goes b<ack Lo I’llospifal, IGOC. The 
theorem of tliis paragraph is dim to Cauchy, lS2o and 1820, who proved 
it, however, only on the assumption that f(:r) / A’(.r) approaches a limit. 
Sti^z extended it in 187!) as in the text, showing that, if/'(.r) /F'(.r) 
approaches a limit, then/(a;) / F{x) will also approach a limit, aud this 
will be the same limit. 


EXERCISES 


Determine the following’ limits. 


1. lilll-- 

vla.s*. 0. 

0. 

lim.i; log sin .r. ^b/.s*. Q. 

. . .r'‘ 

2. hm 

Z sr « (' 

^l?us‘. 0. 

7. 

n cot X 

Inn — 

jr=n cot t).r 

3 . lim ;r cot tt.I’. 

Antt. i* 

TT 

8. 

lim.r'Mog.r, «> 0. 0. 

4. lin,te 

I - -O 

. h/.s. 0. 

9. 

lim X. 

l(.)g.r 

6, lim —, ?/ > 0. 

z - 2C 

Ans. 0. 

10. 

log Sin .0 

9. The Limits 0'\ 1"" 

, 00 ", and ( 

oo — 

CO. The exi[)ressioii 

i^) 

/(■'■) 

fMx) 



ceases to have a meaning wlien f(x) ami (j>(x) tal;e on certain 
pairs of values. If we write (ef. Formula (o) on p. 77) 

f(x) = 

we see that the expression (5) becomes indeterminate wlien the 


exponent of e takes on the form O-c/:. We 
comsider new limits of the types : 

are tlms led to 

(«) /(‘<) = o> <^(<0=0; 

0". 

11 

Y 

8 

r. 

('■) /(«) = '») <#>(«) =0; 

cc^' 

The limiting value of the exponent of e can bo obtained by 
the method of § S, and hence the limit of (o) determined. 

1. 

Example. To find lim (cos 

.(■ = 0 ^ ^ 


(cos .r'/' = c , 


X*n X' x^oo.D'COS.r 




'L'liis Iasi; limit caii be obtameiUiumediato.ly by a simple traiis^ 
fornialion: 

♦) .r“ cos a’ cos ;</' X 

TIeiico, ^vc see tliat the cx])Oucut of fi^becoiucs iiegcativcly 
iwUnitc if appioaches 0 fioiu the ])ositive side, and so 

1 

li>«(uosa')'“=0. 

I f, however, X approaches 0 from the negative side, tlie rx- 
poneut of 6 becomes positively inhnitc, and 

J- 

lim (cos CO. 

x-O 

A. conveuieut notation for distinguishing between these two 
cases is the following : 

_L JL 

lim (cosa;y"‘=0, lim (cosa;y‘=co. 

x = ()-f- x = 0- 

Tha Limit cc --cc. If we have the difference of two functions, 
each of whicli is becoming infinite, as 

logH“ I) — leg 

when x=^ccy it is sometimes possible to evaluate the limit by a 
simple transformation. For example : 

log(,(; + l) — logx' = log^l +y lim log +1^ = 0. 

iMore often, however, the simplest method is that of infiiiitfi 
serie-s, cf. (Miap. XIII. 


EXERCISES 


Determine the following limits. 

1. lim 1, 3. 


1^0 

2. lim (1 -l-siu ^bis, e, 

X i:.i> 


_]_ 

X = 1 

1 ini f"V^l "f~ 

X =S>0 


J.ns, “• 
e 

x), Ans. 0. 


4. 
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5. rnu(cot.r)^ 


1. 


9- Hiiif .I'Miiij: 


6. linif~4-lj. <?^ 


. I//.S*. — 1. 


7. lim(cosa-)- Ans. j._ / i_ 


8. Ans. t-v. 

x=«V a) 


— 1 . 


EXERCISES 


Determine the following limits. 


1. 

X •= ^ I .1' .1’' -}- I X 

2 . ]im - 

I =» 4 — 9 X 

3. lim:^M. 

X — X X" 

4. liiii :^+to+ _'■£, 
’■=“> \/<c + /3 m -I-A 

6. liiiiF— -1- - — 

X = X I ((, 4^ {^l —j~ 


11. li),i 

\to- <' a 

12. liin— 

13. lim sin a! (log;^;)^ 

14. liiii ziiL . 

— (.c~ay 

15. lim CSC-/J.C log cos ccv. 


6. \unV(i- — x-cot~-\.j~-y. 16. lim 

«=-i 7/-1-1 

7. 

Vl — x' ta 


8. lim 


X sin x‘ ~ - 
o 


17. Imi (1-^.r) tan^ 

18. lim a log.f. 


9. lim71 sin—• 

n = » fl 

10. lim^. 


19. lim- yAr-^\ .._. 

x = x 1 — -f- log X 

20. lim- Y! _ 

_,„ + 2Vi + .r + .c’' 



21. liin 


a- 


. 23. «>0,^>0. 
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Vi —X s!/i — xj 
22. liin csc.x sin (tan x), 

x:fco ^ a;'* 

25. lini G(o:)e~^, ^vllere G(x) is a polynomial. 


n>0. 


26. Show that 

-X 

liiii l:!; = 0, 

.< =0 ,r" 

?t being any constant whatever. 


CHAPTER XTT 


CONVERGENCE OF INFINITE SERIES^ 

1. The Geometric Series. AVe liave met in Algebra the 
Geojiietric rrogressioii: 

a -f 

the Slim of the Rrst n teviiis of which is given hy tlie formula: 

a — ro'“ 

,s* =-- 

1 - r 

Suppose, for example, that a= 1, v = A-. Then 

=1 

So =1+1 

s, = l+^ + [ 

= 1 + A -f -f ^ = 1 
etc. 

If we plot on a line the points which represent s,, % 
it is easy to see Iiow to obtain from its predecessor, 



--1 0 1 2 


Fkj. 75 

namely: . 9 ,, lies half way between and the point 2. Hence 
it appears that, wlieu n grows larger and larger without limit, 
approaches 2 as its limit. 

* Thi.s chapier Is in siibsiance a KjpnxUiotioii of Chapter T of tlie 
author’s fntroduHion to Injinitc Scries^ published by Harvard University, 
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In general, if r is nnmevically less than 1, 

|r|<l, i’.e. 

r*' will approach 0 as its limit ^vhen and we shall have; 

V a 

hm s,, == ---. 

«=» 1 —r 

^Yc, have here an example of an infinite series, whose value 
is n/(l — r) : 

(1) = a + ar + ar+ 

^ 1 — r 

and we turn now to the general clermition of such series. 

2. Definition of an Infiziite Series, Let •••be any 

set of values, positive or negative at pleasure. Form the sum: 

(2) = Kq -f -f • • • + 

When n increases without limit, may approach a limit, U: 

* liin s,^ = t/i 

11 rn-W 

In this case the series which stands on the right-hand side of 

(2) is said to converge and to have the value It is cus¬ 
tomary to express both of these facts hy the equation: 

( 3 ) ■ U= 11^ + + • * •. 

But if approaches no limit, the series is said to diverge. 

Such a series is called an infinite series. An infinite series, 
then, is a variable consisting of the sum of n terins.f It is 
said to be convergent if tlie value of this sum, . 9 „, approaches 
a limit when 71 = CO ; otherwise to be divergent. And in the 
case of convergence its value is defined as lim s„. No value 
is assigned to a divergent series. 

f/is often called tlie “sum” of the series. But the studcuit. must 
not tliat C/is not a sum, but is tlie limit of a sum. Similarly, the 

expre.^sion, “the sum of an infinite niunber of terms” means the 
of the sum of n of these ternis, as n increases without limit. 

t Bach term of the series, however, as Uo or ui or is independent 
of the number of terms n involved in the above sum. 
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Examples of divergent series are: 

1 + 2 + d -f* 4 -{- • • - ^ 
1-1+1-1.4- •••. 

A notation commonly employed for the series (.*1) is 
or, more explicitly: 

iitxO 

Thus the geometric series (1) would be written: 

CO 

Jar". 

M = 0 


3. Tests for Convergence. Consider the infinite series 

where n\ means and is read ‘^factorial Dis¬ 

regarding for the moment the first term, compare the sum of 
the next n terms, 




■ + 




with the corresponding sum of the geometric series, 
'S'„ = l+i + ^ + -"+ 5^2- 


— 1 liu'luis 




The terms of o-,, after the first two are less than those of S„ and 
hence 


Inserting the discarded term and denoting the sum of the first 
n terms of (4) by s,^ we have: 


, -1 + 1 + 2-1 + 3 --| + 


+ ;ri<'> 


no matter how large n be taken. That is to say, s„ is a varia¬ 
ble that always increases as n increases, but that never attains 


so large ca value as 3. AVe can make these relations clear to 
the eye by plotting tlie successive values of n as points on a 
line. 

! =1 

So = l4-i =2 

Sg=l-fl+i =2.5 

S4 = l + l + ^\ +^1=2.0(57 

^5 = 2.708, 5, = 2.717, sv = 2.718, = 2.718. 

Thus we see that, when n increases by 1, the point represouh 
iiig always moves to the right, but never advauees so far as 
the point 3. Hence cqiproaohea a limit e lokidi 79 not (jmitef 
than 3, and the series is convergent. To judge from the com¬ 
puted values of s,., the value of e to four sigaihoant hgiires is 
2.718, a fact that will be established later. 

The reasoning by which we have inferred the existence of a 
limit in the above exaiiqde is of prime importance in the theory 
of infinite series as well as in other branches of analysis. tVe 
will formulate it as follows. 

Fundamental PiiixcirT.E. is a variable ichich (1) ahaoji 
increases (or remains unchanged) ivlien v. increases: 

hut which (2) nemr exceeds some definite fixed number y A: 

K ^ A 

no matter what value n lias^ then s^^ approaches a limits U: 
lim = U. 

The limit U is not greater than A: U^A. 


II A 


.S, a.. 



----1-1-i—f-++ 


I 


Fig. 7(3 



CONVKrvGKNCK OF INFINITE SERIES 


'247 


EXERCISE 

State tlie Principle for a variable which is always decroasintc, 
but which roinaiiis greater than a certain iixed quantit}', and 
draw the corresponding diagram. 

Hy moans of the foregoing principle we can state a sinqile 
tost for the convergence of an infinite series of positive torins, 

DlKliCT CoMVAUTSOX TkST. Lot 
7/0 + 

be a series of ])osflive terms which is to be tested for conver- 
(fence. If a second series of 2)ositice terms already Icnoicn to he 
convey(jent: 

c7u “h fq + •••? 

can be found ichose terms are cjveater than or at most cf^nal to the 
corresponding terms of the series to be tested: 

then the first siwies converges and its value does not exceed the 
value of the test-series. 

hor let s„ = /^) -F ?q 4- ••• -}- 

4“ *•• 4“tq<-i) 
liin iSb = A. 

Then since S,^<A and 

it follows that . 9 ,, < A. 

Hence s„ approaches a limit A, q. e. d. 

Tt is frequently convenient in studying the convergence of a 
series to discard a few terms at the beginning and to consider 
the new series tlius arising. That the convergence of the 
latter series is necessary and suHicient for the convergence of 
the former is evident, since 

9„ = (?/„ 4- ?q 4- 4- 'q»-i) 4“ (u,n 4- • 4- ^q.-i) 



Hero u is nonstaut and ^vill converge toward a limit if 5 ,,. 
does, and conversely. 


EXERCISES 


Prove the following series to be convergent. 


2. + •**} 0^r<L 


1 . 1.1 


d2 + 2'^ + 3h + ‘"- 

Suggestion: Write s„ in the form 




5. 7^ + — + ^.+ •••• 
1*2 • -Jr 5-0 


6. i + i + L+.... 

2“ ' o- ‘ 4- 


7 . 1 + -+-+ •••, 

■>>' 3’' 


4. Divergent Series. Tf a series is to converge, then evi¬ 
dently it.s terms must approach 0 as their limit For other¬ 
wise the ])uints could not cluster about a single point as 
their limit. Hence we get the following exceedingly simple 
t(»st for divergence. It holds for series whose terms are 
positive and negative at pleasure. 

If fhf^ torms of a series do not approach 0 as llieir limits ihi 
series diverffps, 

* It Ciui be shown that lliis series converge.s when > 1 ; cf. JnfiniU 
.Vrr/r.s*, § C. 
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This coiuUtion, however, is only suflicieiit, not iieccssury, as 
the following example shows: 


1 4---h - 4-"-h ' 
2 3 4 


If wo strike in anywliere in tliis series and add as many more 
terms as the number tliat have preceded: 

-f-1 + 2 n 4- n* 

wo get a sum >4- h'or each term just written down is 
> 1/2/i, and there are n of them. Tf, then, we can get a sum 
greater than .V out of the series as often as we like, we can get 
a sum that exceeds a billion, or any other number you choose 
to name, by adding a sufficient number of terms togellier. 
Hence the series diverges in spite of the fact that its terms arc 
growing smaller and smaller. This series is known as the 
harmonic .ser/e.s. 

A further test for divergence corresponding to the test of 
§ 3 for convergence is as follows. 

Hikkct Comparison' Test. Let 


?io + ^h4- 

be a series of positive terms ichich is to be tested for divergence. 
]f a second series of positive terms already known to he divergent: 


fl()4-ai4- ••• 


can be. found mhose terms are less than or at 7tiost equal to the 
corresponding terms of the series to be tested: 

^ n„, 

then that series diverges. 

Tlie proof is similar to that of the test of § 3 for conver¬ 
gence and is left to the student as an exercise. 




EXERCISES 


Pi’ove tlie following scries to be divergent. 

1 . 1 ++ 

V2 V3 V4 

3. 1 + 1 + 1 + !+.... 

4. 1 + i + l + i+ ... 

2'' ,2'' 4.r ’ 


p<\. 


5. The Test-Eatio Test. The most useful test for the conver¬ 
gence or the divergence of a series is the following, which 
holds regardless of whether the terms are positive or negative. 
It makes use of tlie ratio of. the general term to its predecessor 
teHt-ratiOj as we shall call it. 

Thk "IhiisT-llATro TrosT. Let 

^^0 + • . 

be mi vifliiite series and let the limit approached by its test-ratio 
be denoted by t: 

]iiu!hi±l = ?. 

Then if (i | < 1, the series converges; 

diverges; 

“ 1/| = 1, the test fails, 

e shall prove tlie theorem in this paragraph, so far as it 
rehites to convergence, only I'or the ease that the terms are all 
positive. Tlieu?^0 and !/;=/. 

Siip])ose ^ < 1. Let y be chosen between t and 1: ^ < y < 1. 

Since the variable apin-oachos t as its limit, the ])oints 

representing this variable cluster about the point t and lienee 




ultimately^ — from a definite value of n on: iio 

to the left of the point y: 



Xow give to n successively the values m, etc.: 

7 i = m, <y, 

n = m + 1, y, 

^^m+l 

7! = m + 2, < y, < »,„^,y < I,,„ y‘; 

'hn + li 


Hence we see that the terms of the given series, from the 
term on, do not exceed the terms of the convergent geo¬ 
metric series 

^h«y + '/my“+ 

and there fore the given series converges.'^ 

Secondly, let | /1 >1, the terms now being either positive or 
negative. Then, when n ^ m, 

> 1 or ] !(„+, I > I l/„ I, 

?.c. all later terms are numerically greater than the constant 
and so the}^ do not approach 0 as their limit. Hence the 
series diverges. 

* 'I’he student should notice that it is not enough, in order to insure 
convergence, that the test-ratio remain less than unity when n ^ m. 
Thus for the harmonic scries ~ n/()i + 1)<1 for all values of 7u 

and yet tlie .series diverges. But the Umit of tlie test-ratio is not less 
than 1. What is ncetlcd for the iiroof is that the test-ratio siiould uUi- 
niately become and remain less than some coni>titnt quantity, 7, itself less 
than 1. 



Lastly, if I? I = 1, vre can draw no inference about the con. 
vergence of the series, for both convergent and divergent series 

may liavc the limit of their test-ratio equal to unity. Thus 
for the harmonic series, known to be divergent: 

a + 1 q ^ J: ’ 

while for the convergent series of § 3, Ex, G : 

Ihiil — and = 


EXERCISES 

Test the following series for convergence or divergence. 

1 14.2 3 4 

* 2 2'^ 2^ 2^ 

1.2 1 . 2.3 -1 . 2 . 3.4 


^Ins. Convergent. 


100-'*’ 100^* lOO-* 

1 1.2 1.2.3 

3 3.5 3 • 5.7 

QJJ qi 

4. 2. 2_+ .... 

95 ' ‘;l(j ' oi-i 


“f" 


Ajis. Divergent. 


oifto qioo ii«ft 

5 . _ q_ !L . ±_ _i 

o 92 ' oa ' 


.3 3- 

£ 4_ £_ q, .£ _ _t- 


for what values of x are the following series convergent, 
f()i‘ what values divergent? 


7. 1 H-a--}-4-• 

8. 4- X' 4- 4- 


. a’” 0*^ 

9 . 1 +?- + •* ... 


10. 1 4“ a’“ 4"-h-h ‘ 

2! 3! 


6. Alternating Series. Titkokem. Let the terms of an hr 
Jinite senes he alternately ])ositive a)id negative: 


^^1 — *4 H~ — 







jj (1) each u is less than or equal to its j^redecessor: 

(tndCi) lim7(„ = 0, 

ns: 30 

(he serie^H con verges. 

For example: 

Denote as usual the sum of the first n terms ])y <?„. Then, 
Avhen n is even, n — 'd ni, we Juive: 

8-20, = (^^0 - 4- Oh - 'ih) H- • • • 4- 

Thus s^m cal ways increases or remains unchanged when m 
increases. 

If n is odd, n = 2 ?>i -h 1, 

S,.,„ + l = ».l - ("l - " 2 ) -('(2,n-l - 

and we see that ,So„j+i steadily decreases or remains unchanged 
when m increases. 

Furthermore, So^ does not exceed the tixed value Sj. For 

«2m = - «2« ^ Sl-m + l < ■''■1 • 

Hence, by the 'Fundamental Principle of § ll, s,,^ approaches a 
limit. 

In like manner it is shown that is never less than s.,. 
For 

«2», +1 = S2m + M2„ > So„ > .S„. 

Hence also approaches a limit. 

Finally, these limits are equal. For, since 

S 2 m.n = ‘‘’■•Jm + lini = liiu So,,. + Urn n,„, 

m = X in = X y/i = X 

and, by h 3 '‘potliesis, ]im?;,j=0. Hence .<f,j a]iproaehes a limit 
when n becomes infinite passing througli both odd and even 
valuo.s, and the series converges, fpe. d. 

It is easil}’’ seen that the error made by breaking an alter¬ 
nating series off at any given term does not exceed numerb 
cally the value of the last term retained. 




7. Series of Positive and Negative Terms; General Case. Let 

be tlic sum of the hrst m positive term.s of the series (2), 

- T,. == - - 

the sum of the first p negative terms. Then can, by a suit- 
able choice of aiidp, be written in the form: * 


Tor example, if the ?i-sories is 

a — -2 i- -4- i- • •, 

the r-.serics will bo 
and tlie — ?t‘-series: 


_ 1 _i_ 1 _ ... 

2 4 G 

When ?i = oo, m and;; will in general both increase without 
limit, and two cases can arise. 

Case 1. Toth cr,„ and approach limits : 

lim (7,„= Vi lim = IK; 


i.e. both the v-series and the zo-.series converge. In this case 
the zi-serics converges, 

lim Uy and TK. 

7l:==OD 


Case 2, At least one of the vaviable.s o*,„, diverges when 
?i = co. Ill this case the ?aseries may still converge, as the 
above example shows. But if one of the auxiliary series con¬ 
verges and the other diverges, it is evident that s„ can approach 
no limit Example; 

+ + 0 </•<!. 

Absolutelt/ Convonjani Series. Let us form the series of the 
absolute values of the terms of the ^-series: 


^ Tf, for a siviMi value of ??, no positive terms have as yet appeared, we 
will umlerstaiul by o-y the value 0 . Similarly, tq = 0 . 




I I I "i" ***« 

Here | Un\ a certain t* if u,^ is positive, a certain lo if 

is negative, if we set 
s’r 


= i I + 1 -4- **• 4-1 I 

+ rp. 


tlieii 

jleiice the series of absolute values converges if both the 
r-series and the /u-series converge. 

Conversely, if the scries of absolute values coina^rges, then 
both the e-series and the /c-series eoiivcrgt^ and we have Case 1. 
For both of the latter series are series of positive terms, and 
no matter how many terms be added in either series, the sum 
cannot exceed the value [P of the series of absolute values. 
Hence by the Principle of § 3 each of these series converges. 

iSeries whose absolute value series converge are said to be 
absolutelf/ or unconditionalltf convergent; other convergent series 
are comUiionalhj convergent. 

We can now complete the proof of the theorem of § o, 
namely, for the case that 

lim Ul < 1- 


Here the series of absolute values converges, for 




'Ci-mI 

1 


and hence 


= 1- 


Consequently the u-series converges absolutely* 
Emmiile 1. To test the convergence of the series 


« _ 

*>» 


3 


Here 


((a n -f 1 

and hence the series converges ■when 
outside of this interval. 

_ Divt )'{}(>tit ■ 1 _ 


Inn ---- = • 


■l<.r<l and diverges 


Direro^nt 


< ourt/ye/ft 



At the extremities of the interval the test fails. But we see 
directly that for ^=1 the series is a convergent alternating 
series; for = —1, the negative of the harmonic scries and 
hence divergent. 


Example 2. The series 

l + nx + 2) 

^ ^ 1-2 ^ 1 . 2.3 

has for its general term, : 


0)3 4 -... 


* /»:! ' 


If n is a positive integer, the later terms are all 0 and the 
series reduces to a polynomial, namely the binomial expansion 
of (1 + xy. When 71 is not a positive integer, the value of the 
test-ratio is 




and lini =—rt*. 


Hence the series converges when — l<a’<l and diverges 
when |a)|>l. For the determination of whether the series 
is convergent or divergent at the extremities of the interval 
of convergence more elaborate tests are necessary. 


EXERCISES 


For what values of x are the following series convergent? 
Indicate the interval of convergence each time by a lignre. 

1. 1 ha’-f-2i)r-j--}-***• —l<a<l. 


2 . 

2! 3! 


A 71 S. — 00 < a < cc, i,e. for all values of x. 


3 . 

3 5 7 


Ans. — 1 < .-r < 1. 


4. 

2! 3! 4! 




5. 2 • lit + • 2.tr + 4.3ai“ + .... 


6 . 


,\v> 

r. . 9 ; + -. ^4-Ar + - 

Vo Vo 


8 . 10 .r 4-100 4-1000 4 - • 

10. l+,r + 2!.f- f 3!.^‘'‘4- **.. 


11* 1 — tnx 4" 


'in (m — 1 ) H I (vi — l)(m — 2 ) 


1 . 2 




12 . + 

3 5 

13. 1 +5 •»;+ + ' 


, * , 1 x-i , 1 • 3 , 

•'’'■ + 2^+2"r4 5 + ' 


15. 1 


a:- _ 1 ^ _ 1 •Oxo 
'2 2-1 ‘2 '- I U " 


8. Power Series. A scries proceeding according to mono¬ 
mials in X of positive and steadily increasing degree: 

a„4-«i.r + ao.r“H-, 

is called a scries. Such a series Jiiay converge for all 

values of x or for no value of x except 0; or it may converge 
for some values of x different from 0 and diverge for others, 
lathe latter case the interval of convergence always reaches 
out to equal distances on eat‘.h side of the point .u = 0. 

This latter statement is easily proven for such power series 
as ordinarily arise in practice. If wc assume, namely, that 
s 


the ratio of two successive coefficients, a„+i/a„, approaches a 
limit: 

]im = 

then tlie test-ratio test gives: 

lini — “ = lim x — Lx. 

n—<xt n~M Ct^^ 

Hence if Z = 0, the series converges for all values of a;; but 
if /, ^ Oj the series converges wlieii 

1L;b|<1, la. -lL|<a;<li|, 
and diverges outside this interval, 

9. Operations with Infinite Series. Since the value of au 
infinite series is not that of a fixed polynomial, but is the limit 
of a mriabh polyuoniial, we cannot expect that the ordinary 
algebraic processes that leave the value of a polynomial un¬ 
changed, such as rearranging the order of its teimis, will alwa^’s 
leave the value of the series unchanged. ISTevertheless it can 
be shown that the tei*ins in an ahsfohilely convenjent series can 
be rearranged at pleasure without changiug the value of tlie 
series. Moreover, any two convergent series can be added 
term by term; 

U = + **•? 

+ I’l "h • • •; 

F = + ■V^^ -p Vi -p 2t. H- . 

And two absolutely convergent series can be multiplied to* 
getber like polynomials: 

f7F = nor(,+ Uo'Ui d-Uji'ij-P -• 

Hence, in particular, for power series, if 

/OO = (-(u 4- + eux 'd-, 

^(1 “f "b b>)X- 

then 

/(.r) ^ (x) = ftobo + + (ii ^)) rr' -P (rtyb. -P hi -P a.ho )or -P •••. 
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The resultinp^ series thus obtained will eonveri;e at least for 
all values of x lyiog within tlie snialler of the two intervals of 
coiivcrgenee of the given series. 

It is even possible to divide one power series by aiuuher as 
if they were both polynomials. We shall make nse of this 
property in the next chapter when we come to develop tanr. 

An especially important operation with power series is that 
of dift’erentiating or integrating the series term hy term, f.e. as 
if it we.re a polynomial. For examide, take the geometric 
progression: 

—E = 1+:>; + .w- + .r+ .... 

1 — X 

Differentiating each side with respect to .r, we have 
= l + 2xi- 3 .r + 4.r' + ..., 

(i X) 

a result tliat can easily be verified by multiplying the first 
series by itself as explained above. 

Again_, integrating each side of the equation 

-—■ =1 X ,r" — • • • 

l~\-x 

between the limits 0 and we get, since 

h 

I = log (1 + ■V) I = lug (1 + h), 

J i“ X !q 

0 

the important series: 

J o 

Ey means of this series and others immediately deduced 
from it iiatui'al and denary logarithms are computed. 

In like manner we get from the series 


a series for tan"Di: 


4. -.17 7 ^ 

= tan Vi = /i — — + “7 -. 

o 5 

By means of this series the value of tt can be expeditiously 
computed with great accuracy. 

It is of value for the student at this stage, before pvoceecliug 
to the further study of series, to see how the simpler series are 
actually lused in practice as a means of coinputatioin He is 
referred for a treatment of this subject to the Infinite Series, 
Chap. II: ^'Series as a Means of Computation,’’see the foot¬ 
note at the beginning of this chapter. . 

The processes with iiihiiite series, of which we have given a 
brief account in this paragraph, are also taken up and estab¬ 
lished in the Injlnile Series, Chap. IV; Algebraic Tvansfonna- 
tions of yeries,” and Chap. V: 'MJontinnity, Integration, and 
Differentiation of Series.” In the latter chapter will also be 
found a proof of the theorein that a power series always repre¬ 
sents a continuous function throughout its whole interval of 
convergence. 



EXERCISES 


1. If Oo + fhH- 

is any absolutely convergent series and po)Pi>*‘* ^^'ly set of 
numbers, positive or negative, that nicrel}^ remain finite as n 
increases: \p,,\<G^ where is a constant, show that the 
series 

po + /3i + “ • 

converges absolutely. 

2. Prove that the series 


sin X — 



sin 5 x 

52 


converges absolutely for all values of cc. 




3. If + ••• ii,-f-avo any two absoliitelv 

convergent series, tlio. series 

o,, + f/i cos X -f cinO.os 2.r -I- ♦. . 

ami + /4>siu 2 x 4.... 

converge absolutely. 

4. Show that the series 


e"-'eos X + e“"^eos 2x - 

converges absolutely for all positive values of . 7 ?, 

6. AVliat call'you say about the convergence of the series 

1 4-/cos0-f/•-cos20^- ? 

6. If -}-••• 

is an absolutely convergent scries and if 


■}" + • * ' 

is a series such tliat ?/,./(?„ approaches a limit when n=y:., 
show that the latter series converges absolutelv. 


7. 

8 . 


State and prove an analogous theorem for di vergent series. 
Show that the series 

2.r , 2.r , 2.r 


converges for all values of x for which its terms all have n 
lueaiiing. 

9. Show that the series 


I _, 

6 + c'^i + 2c'^6+3(;'^ ■■■’ 
where a and c are ^ 0, diverges. 

10. Is the series 



convorgoiit or divergent ? 


CHAPTER XTTI 


TAYLOR’S THEOREM 


1. Maclaurin’s Series. The examples to which the student 
has heeii refennicl in tlie preceding paragrapli show how useful 
it is for the purposes of computation to be able to represent a 
function by means ol’ a series. Sncli a representation is also 
important as an aid in studying properties of the function. 
We turn now to a general method for representing any one 
of a largo class of functions by power series, ^for dei^elopimj 
the function iu a power series, to use tl^e ordinary expres¬ 
sion. 

Suppose that it is possible to develuj) a function in a power 
series: 

/ (,7;) = c’y Cj X + C;, fu*' d- • • •. 

What values will the cocfrieieiits have? Tf we set = 0 we 
see that 

/(0) = Qm 

and thus the fiv.st coefficient c„ is determined. 

To get the next coefficient, differentiate: 


/' (.u) _ -j-. 2 Co X -p 0) 0*30;“ -j- • • •, 

and again let .r — 0: 

/'(0 )=c, 

Thus Cj is found. Proceeding in this manner we obtain: 
/"(.r) = 2 * 1C 2 + 3 • 2Cjia- + 4.3 c.^x- + • • •, 

/''(0) = 2.1c„ 

202 
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;m<l so on; tlie general coefileieiit liaviiig the value 


ITenco we see that;, if ./'(■«) C'lHi be developed in powers of 
the series will have the form: 

(1) /(•'■)=/{") +/' (0,).r + -/^.w+ .... 

This series is known as Madauriir,^ S('rios, 

Tor example, let 

ITere = e", = d, ... (.r) = e^ 

ami /(0)=:1, /'(0)==1, /"(0)-l, etc. 

Hence the develu])niont will be as follows: 



This series cou\"erges for all values of x. 


EXERCISES 


7\ssnniing that tlie function can be developed in a !Mac- 
lauriiTs Series, obtain the following developments. 


1. sin:r = .r-|j + |:. 


2. COS .1* = 1 — ^ -f- 


41 


3. a-" — 1 -{- X log a -j--‘7—^ -|-- ^ -p 


I 


4. (1 + .rV = I + „.r + .r + .... 

Obtain three terms in (vaoh of the following developments 
o. tan .)* = .r -|~ x'* -j~ x'^ -j- • • •, 

6. sec X = J -f -}y .r -f -.dj .r^.... 


2. Taylor’s Series. It may, however, happen that no devol- 
opnieut according to powers of x is possible. Thus if 

/(rr)==logrr, 

/’(O) = —c<5. But a power series represents a continuous func¬ 
tion and so no power series in x can be expected to represent 
logo;. It is evident generally tliat, whenever the fiinctiQu or 
any one of its derivatives becomes discontinuous for aj = 0, the 
function cannot be develo[)ed in a INlaclaurin’s Series. 

A power serie.s is most useful for computation if the values 
we have to assign to its argument (i.e. the independent vnrh 
able) are small. Xow it may happen that we know the value 
of the function and of all its derivatives at a single point, 
a; = a;o, or at least can easily compute them. la such a case 
we can find the value of the function at points + near 
by if we develop /(.r), not according to powers of a*, but 
according to powers of h. Setting, then, 

ju “ Xq Ji f A = uj ajQ, 

we shall have, if a development be possible; 

/ (x) =f (.^0 -h It) = ~\-Cih cJr »• •. 

We can determine the coefficients here as in the case of Alac- 
laurin’s Series. Thus, setting h = 0, we find, 

/(.To) = Co. 

Differentiating witli respect to Ii and remembering thata’oh 
a constant, we obtain ; 

dh dx dh ^ ^ 

Cl -p 2cg/t + 3cJl' -h 

J ' O^'u) ~ > 

/"(*TJo+ /O = 2.1 c, 4- 3.2cy/i + 4 - 3 c‘/i“ -h • • •, 

/''(a;„) = 3.1c,, 
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and so on; 




If, can be clcvelopecl in powers of h, tlie series will 

liave the form : 

(.•!) /(-P, + /') =/(:.>•„) +./■'(.,•„) h h- +.... 

When h is replaced by x, (l^) bceoiiies : 

(••!') /(•»•) =y(-P.) +/' (■'•„)(•>■■ - ^P.) +'^^(x - .r„)= + .... 

These series are known as Ttnjlors Scrlea, 

For example, let 

/(.(.•) = log,r„ = l. 


/'(>) = !; 


/"W=^. 




/"'( 1 ) = 2 !; 


/(“'(a;) = (_ 1)/<">(!) = (- 1)" 1 _ j^ 

aiul the series will have the form: 

Iog(l +/i) = + .... 

w O 

This a.j,n-ees with the result obtained by integration in the pre¬ 
ceding chapter. The series converges for values of k numer¬ 
ically less than 1. 

Maclauriirs Series is a special case of Taylor’s Series, ob¬ 
tained by letting .rp = 0. l^iit conversely, Taylor's Series ran 
be obtained from IMaelaiii’in’s by replaeing.r l)y h as above and 
ilcvt;lo 2 dng/(.i\,-f-/v) in a iMaclanriu’s Series. 
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CALCL'LUS 


EXERCISES 


Assuming tluab the function can be developed in a TayWs 
Series, obtain the following developments. 


1 . 

//“ 1 ^ 

2. sin (.T.„ + h) = sin a;,, + li cos a-j — — sin a'o - ^ cos x’o + .... 

o 1 


3. COsf - + 

Vi 




V2 


2 ! 

i_,_Zv + i^ + 

2 ! 3 ! ^ 


4. = (« + hy — a” + n a"-‘7^ + 




5 . = 

V() y 2 2 22! 2 3! 

6. log a: == log 2 + ~ + - ZiV=_gI°- 

o 0*2 2 2^ t3 


Obtain three terms in the development of each of the fol¬ 
lowing functions. 

7. log (I + a;-), a-„=3. 

2.303 + .6 (x - 3) — .08 (.r— 3f + •... 

8. tan.T, .a:„ = ^- 10. 

4 a* 

9. log(c* + e--), a’o=0. 11. 10", x,=:0. 


3. Proof of Taylor's Theorem. Let the function /(x) be 
continuous throughout the interval a<x<0 and let it liave 
continuous derivatives of all orders througliuut this iutcrval. 
Let Xq be an arbitrary point of tlie intcrvul, which, once 
choseiij shall be held fast, and let /i be any second point 
of the interval. AVe will see if we can approximate to the 
value of the function by means of the first terms of the 
corresponding Taylor’s Series: 






-U ( 


(4) / G^n 4- h) ==/(.>•„) +/'(,r.j h -f- 




where A’ denotes tho on'or, /.e, the dil'tVnMice hetwiMMi the 
value of the fuiictiou and the value of the a|i[U‘««xiiuaiinii. 
In order to see how good this approxiniatioii is, we must have 
an expression for E that will throw light on the nunierieal 
value of this qiuiutity. Such an expression can be found as 
follows. 

Let us write li in the form : 


7.i»f 1 

A’ = -. 


i.o. let P= /.>- 

(it 4-1 j! 


(n H- 1) 

Then (4'1 becomes, on transpo.sing terms: 

(H) + h) -/(.>•,,) - hf (.r,)-0. 

We now proceed to form arbitrarily the following function 
of 2 ;: 

^ {z) =/(X) -fiz) - (X - z)f (-’) - (*)-••• 

_C^y‘ ■■ 

n\ 


Here X=a’oH-//, and X and P are constants. This function 
satisHcs all the conditions of Rolle’s Theorem in the interval 
x,i<z^X. For <^)(X) is obviously =0, and if we compare 
<^Ghi) ^'dth the left-hand side of (o), we see that vani.shos, 
too. Hence the derivative of 4)(z) must vanish at some point 
within the interval. Xow, on compiitiug the derivative we 
hud that the terms cancel each other to a large extent:* 


^z)r - (X - z)r (z) + (x - z)r c^) - 


{X-zY 




so that there remain finally only two terms: 

* 'fhe student is reijiiested to write nut the terms in this tUffereiitiatiOQ 
f(W ;i = 1, 'j and 8. 






n\ 


n 1 


R = , (a:,, + dh). 


Consequently the conclusion of Kolle’s Theorem: 

= Xfi<Z<X or Z^x^,-\-eh, O<0<1^ 

leads to the result, 

(6) />-'.(«;„+a), (H+l)!-' 

Thus we obtain one of the most important theorems of (he 
Calculus, Taylor's Theorem 'wUh (he Remainder: 

(7) /(a-o + A) =/(^-„) 

7,11+1 

-b 0<e<i, 

If we set n = 0, thus sto])ping with the second term, we cot 
the Law of the Mean: L ^ -oj 


/(‘to + h)—f (.Tq) H- hf^ (Xi) 4- Oh). 

If ?i = 1, we have: ^ - v . ■ 

/■(a-0 + I>) =/(;<■„) + hf (a,0 + + 6h). 

If we allow n to incrorise without limit, the first 71 + 1 terms 
of (7) become an infinite series, the Taylor's Series corre¬ 
sponding to the fnn(;t;iou/(a'). In order that this series should 
converge and rein'esent the function it is necessary and sufficient 
that 

(8) ^ limjfil^O. 

71 = CO 

When the condition (8) is satisfied, we sa,y that the function 
can be developed or expanded by Taylor's Theorem about the 
2 )oint a; = a’(,. 


^ In the foregoing proof we liave made no use of that part of ibe 
nsHinnptiou regarding/(x) w'liicU i*elafe.s to derivatives of higher order 
than 7/+ 1, and consequently our theorem is somewhat more general than 
Would appear in the text. 


/ 
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:2ij0 

4. A Second Form for the Remainder. A furm of the re- 
niainder which is obtained by setting 

R = hl\ 

and proceeding as in § 3, is somotiinos useful. Tlius we have 

/(.'•o + /<) -/O'm) - !if' (.Ai) - -l<P= 0, 

H I 

and we form the function of 

=/(X) -/(*) - (X-Z)/' (z) - _ 

where X=a-o + //. This function satisRes the conditions of 
Kollo’s Theorem in the interval and so its deriva- 

tive, (z) = - ” (2) + P, 

must vanish at some point Z~Xi^-]-6h within the interval. 
Hence, 

(9) Ji = - (1 - (av+ eh). 

5. Development of e^sina*, cos a*. The function can be 
developed by Taylor’s Theorem about the jiuint a’„=0. Here 

= = 

/( 0 )= 1 , /'( 0 ) = 1 , . . . /'‘>( 0 )= 1 , 
and the remainder R as given by (G) has the form: 




R— ^ 




(». + ])! • 


If 

A<0, 

< 1, and 




i'll +1)! 

If 

/i>0, 

fiOh ^ 

Jl. < -- ^ 1 



{■i+l)\ 

Xow 


liui =0. 

«=x (h 4-1)! 


For we 

can write 



_ A 4 A. h h 

4* 1) 1 1 ^ 3 n n 41 

No matter liow large Ji may be nuiuericallyj sinee it is 
and n is variable^ those factors ultimately become small, auil 
hence from a definite point n = vi ou 


'lA] 

n 



n > m. 


If we denote, then, tlie product of the first m factors, takni 
luinierically, by C, and replace each oC the subsecpieut factors 
by wc shall have: 


(n4l)! 


<C 


The limit of this last expression is 0 when n. = co, and conse- 
c^ueutly * lini / {n 4 1 )! = 0 . 

/I = 00 

We have, then, lim R = 0 and hence, replacing h by a;: 


( 10 ) 


= 1 4 n; 4 - 




The series converges and represents the function for all values 
ol OJ. 

To develop sinry we observe that 


/(a*) = sin a;, 
/(ry) = cos.'y, 

= —COSO), 


/( 0 )- 0 , 
/'( 0 ) = 1 , 
/"( 0 ) = 0 , 


and from this point on these values repeat themselves. 

It is not difiicnlt to get a general expression for the H-tli 
derivative, namely: 


* We might have given a short proof of this relation by observing dial 
j jg general term of a convergent series: 








formula obviously liolds foi- = 1 , 2 , :i, 4 , aiul fniiii that 
point on tlio right-hand luembor repeats itself, as it should. 
Thus ^ve find: 


7i* = 


(/d d" 1J ’• 


V -V 


Tlie seeond factor is never greater than 1 ninnerically, and 
the first factor, as we luive just Siam, approaches 0 as its limit. 
Hence lim A^ = 0 and we have, on replacing h by x: 

(^ 11 ) si n +i'--. 

I tJ 4 


In a similar manner it is shown that 


( 12 ) 


^ ;r- , 

cos ,f = 1 — - d- 

21^41 


EXERCISES 

1 . Compute the value of (cf. (diap. IV, § 7) to six signifi¬ 
cant ligures. 

2 . Show that can be developed by Ta 3 dor’s Theorem about 
any point a;,. 

3. Obtain a general expression for the //-th derivative of cos x 
and hence prove the development ( 12 ). 

4. Show that sin .r and cos a* can be develoijed by Taylors 
Theorem about any point a’^. 

5. Eemembering that 1^^ is equal to tt/ISO radians, compute 
sinl° correct to six significant figures. ]>y about what [tercent- 
age of either does sin differ from its arc in the uuit circle ? 


I 






6. The Binomial Theorem. Let 


wliere n is auy constant, intcgi'nl, fractioual, or incomiueusur 
able, positive or negative; and let a'o = l. 

Then /(I) = 1 and 

f(x)r=nx'‘-'', f'{l) = n, 

J"(x) = n (n - 1) a;"-^ /" (1) = « (n - 1), 


(x)=n(n — 1) • • • (iL — fc + 1 )rt;"'*, 

Eor the remainder li it is better here to employ the secoiid 
form, (9). Thus 

li = 7c)(i, + 6/t)’-*-' 

Ic ! 

•••- (t-Z O + ehy-\ 

7r! \i + ehj^ ’ 

The last factor remains finite, whatever the value of pro- 
, videcl I /t I < 1. Lor, since 0 < 0 < 1, 

1 - 1 /i I < 1 + < 1 H- ! 1, 

and bj’’ Chap. II, § 8; 

{A.Ji-ehy~^<{l^\h\Y~\ u>1; 

n<l, 

Tlie next to the last factor is always positive and less than 
unity, since k > 0 and 


Pinally, the remaining expression is the general terra of i 
series already shown to be convergent, namely (cf. Chap. XII 
§ T); 
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9. Applications. ^Ve sliall coiisiiler here only two or tlin*o 
aHplirations of Taylor's TluMinoa, roforriiiLf tho .student for 
further applications to tin.* Ittjinilo Seriea^ (’haps. 11, Ilf, and 
IV, 

(1) ToM for d/ioroaa, and nf Jnjlvrtitm. '\V(* 

ran in>w state wiiler sulHrirnt eoiiditions for maxima, muiiina, 
and points of infection than those ^dvru iu III. 

Snp])nse that the functinii /(.r), to<r(.|i,o]. ^vitli it.s first n de- 
riwitivos, is continuous iu the iieighhorhood of the jjoint .r = .f\, 
and that 

/(.h.) = 0, /^(.v) = 0, . . . /o. 

hut that /^“h.iVi^O. 

'i'hoii we sliall have, hy d’ayIor‘s Tlieorem with the Remainder, 
Korniula : 

(hS) /(.^u + h) - /(.r„) = A':/’"*) {.c, -h eh)/it !. 

If n is even, /d* will bo positive on both sides of the point 
A = .r=:.rn; and sinceis continuous, it will preserve 

the .sig2i it ha.s at thi’onghout a certain interval about this 
point: 

ao — < ^<^\) H- «, —a<h< a. 

Hence the right-hand side of (18) is positive, or else it is nega¬ 
tive, when 0 < I // ] < a and thus we are led to the following 

Tkst 7-'oa A ]\^AXLML^■M oi£ A If 

/'(>.,)=(), /"0o)=0, • . • = 

tho function f (x) trill hare 

a maximum at x* = :ro ?T(-r,,) < 0; 
a m in irn u m. ‘ • f "'•* ^ (;/*„) > 0. 

Tf, on the other hand, // is odd, the right-hand side of (18) 
will change sign with h and wc shall liave a point of inflection 
parallel to the axis of x. Aloro generally, since the condition 
for a point of inflection, he it parallel to the axis of x or not, is 
that tnn T—f (x) be at a ma.ximum or a minijnuji), we deduce 


from the test just obtained, applied, not to/(a;), but to/(a;)=:, 
tanr, the following 

Tkst 1‘'ok a Point of Inflectton. If 


/"O^u)-0, /"(a;o)=0, . . . = 

the cAtrve ?/=/(^) a point of inflection in the point (n^o, 


(2) Order of Contact of Two Carves. Let two curves, Oj and 
0>, be tangent to each other at an ordinary point P of either 
curve, and draw their common tangent P'i\ At a point M of 
/^Tiuhnitely near to F (by this is meant that M is taken con- 


veniently near to F and is later going to be made to approarli 
y-'as its limit) erect a perpendicular cutting Q in F^ and 0. iu 
Po. Pil/aiid the arcs PPj, FI\ are obviously all infinitesimals 
of the same order. It will be convenient to take Pd/as the 
principal infinitesimal. Denote by 11 the order of the infini- 
tesiimd Ffl\. Then the curves Ci and 62 are said to have 
contact of the n —1st order. 

For example, the parabola 



Cl: y — 

has contact of the first order with its tan¬ 
gent at its vertex: 

C 2 : 2 /== 0 . 


But the curve ?/ = Phas contact of the second order with its 
tangent at the origin; this point being a point of inflection for 
the latter curve. And the curves 


y=A 


y = 


have contact of the third order. 

Since we can always transform our coordinate axes so that 
the tangent FT will be parallel to the axis of a; — such a trans¬ 
formation evidently has no influence on the order of contact of 
the curves — we may without loss of generalitj^ assume the 
equations of the curves in the form 

C*!: ?/=/(•'«)> 

C.y. y=4>{x), 




\v]u*re ?/„=/(>„) = 4 >( a !) iiM(l =0, = 0. 

iluiioo, by Taylor's Theorem with Uie Jieiiiuimler, i7): 

C\ : y — !/(i = ,7-j J O’oj + * • * + y'‘^ -r oft), 

0 .>: y — (‘^'11)H— + ^ (/„ + Oli ). 


The intiiiitesimal P\Ps on whieh tlie orth*r of (Mjiitact of 
these curves depends is numerically equal to the ditierence 
between the ordinate // of 6h ami the ordinate y of <J.,^ i.c, to 


( 10 ) 




+ • • • 

+ — p'*"’ (•»o +e/o - i"" O'o + e'h) 


[Mow the curvature of these curves at the point y^,) is, 
since f (i\\) = 0 and f/)' (.ro) = 0: 

Ki-irOr,.)!, 

Hence the curves will have contact of the hrst order if tliC}’ 
have dilferent curvatures at P, or if they have the same curva¬ 
ture (^0), one curve being concave upward and the other con¬ 
cave downward. But if they have the same curvature and (in 
case the curvature of both is 0) if they both i)rcscnt their 
concave side in the same direction, then they will have contact 
of at least the second order. Thus at an ordinary point a 
curve has contact of the lirst order with its tangent. 

In particular, let Co be the osculating circle of Ci at P. 
Then Co has the same curvature as C\ and is concave toward 
the same side of the tangent. Hence it has in general contact 
of the second order with Ci; but at special points it may have 
contact of higher order. 

At an ordinary point of inflection the tangent line has con¬ 
tact of the second order with the curve. For here, if we take 
Co as the tangent lino, cj>(x) —0 for all values of ,e, and hence 
the derivatives etc. all vaiiisli. On tlie other 

hand, f" (.Cu) = 0, y’"' (a’u) ^ 0, Consequently (19) becomes 


/'"(a^o -h dh) and Inn ^ (a.„)^o. 

(3) Evaluation of the Limits co — co, etc. The limit of 


the fractioa 


3 : = a F{x) 


when / (a) =: 0 and F(cc) =0, can be obtained without the labor 
of differentiating whenever the numerator and the denoiniuu. 
tor can be expressed as i^owor series in terms of a; — 

For example^ to find 

X^ax — tail X 


By the aid of the series for sin x and tan Xy we have 

X — sin X _ -/j- xP -f- Ihgher powers of x 

X •— tail X —-b higher 2JOwers of x 

Hence/cancelling from the numerator and the denominator, 
we see that the value of the limit is -J-. 

The method of series is often of service in evaluating the 
limit oc ~ 00 . For example; to find 

lim (VI + x^ — a'). 

Here we can take out x as a factor: 


and then express the radical, since a* > 1, as a series in 1/x by 
means of the Binoiiiial Tlieoreiu : 





1 


+ .... 


X 



1 

x^ 


5: . l_p? . 


Hence 






the t<*nns of this power series in 1 /.r approach 0 
as their liiiiit, and since a power series re[»resents a fontinnuus 
fiinetioii; tlie value of the liiuit in question is seen to be 0. 


EXERCISES 

1 . Show tluit the function 

^ cos X 4- X sin x 
has a niaxiniuni when ,r = 0. 

2. Have the following" functions maxima, minima^ or ixunts 
of iutlecti(jn when .r = 0 ‘‘ 

(a) o sin .r — 4 sin Hx -f sin ,3 x, 

(b) 2 .r — oe"' -f 6 sin x -f ' ’ • 

(c) 1 r> cos.r — 0 cos 2.r cos 3;r. 

3. Determine all tlie inaxiiua, niiniina, and points of inflec¬ 
tion of the function 

7/ = — 4 sin .r -f -jV sin 2.r, 

and hence phjt the grajdi. 

4. Show that the curve v/ = cosa’ lias contact of the fifth 
01 ’di‘r at the point (0, 1) witli the curve 

5. Show that the curve ?/ = sina’ has contact of the sixth 
order at the origin with the curve 

6 . Dcteriniiie the parabola 

?/ = a -p bx 4- cx- 

so that it sliall have contact of the second order with the curve 
lf — o\ when .r = 0, 

7. The same when .r = 1. 




8 . Show that, when the function /(o;) is represented bv a 
Taylor’s Scries, the »i-th approximation curve: 

y = =.r(^-o) +/' O^b) - ^^’o) + • •• (a- - 

has contact of at least the ?i-tli ovdor with the curve ?/=/(.r) 
at the point (a^oj ?/o)- When will it have contact of higher 
order ? 


9 . Show that the carve 


yx -j- S 


can in general be so deternuned as to have contact of the 
second order with the curve 'V=/(a’) at tlie point (xqj Por 
simplicity^ assume .To ===0 and 2/0 — 

What cases are exceptions V 

10 . Show that 

0 


X 

w f 


* rt.3 ^*5 /)«7 


11 . Evaluate to three sigiiiticant figures 




Evaluate the following limits : 



TAYLOR’S TIILORKM 




14 . 


liin 

Jt«0 




15. 


\ 



1 , 16 . lim . 

1 . 

^• 1 /^s’.- 17 . lim (cusj*)-'. 

-^/e 


0 . 



\ 


18. Show that, when two carves have cmituot of even order, 
they cross each other j when they have contact of odd order, 
they do not cross. 


19 . If 


is 


/O'O < 

dx dx 


20 . If 

and 

is 


d/(.r) 

dx dx 

f 0 ^)) = 

f (-^'o + ^0 ^ ^ O'^'i > 0 ? 


21 . Show that sin( 4 -f 4 

is an infinitesimal of the third order, referred to a as principal 
infinitesiiiial. 

rt- 

22 . Determine the order of the infinitesinial cos a — e 

23. Show that the equation 

c/) si n (^ = 1 

has one and only one root lying between 0 and 7 r/ 2 . 



CIIAPTETl XIV 


PARTIAL DIFFERENTIATION 

1. Functions of Several Variables. Limits and Continuity. 
We shall cousider in this chaptei functions that depend on 
more than one variable. Tlius the area z of a rectangle is the 
^Dvocluct of its two sides, x and ?/: 

z = xy\ 

and the volume u of a rectangular parallelopiped is the product 
of its three edges ir, i;, and ^: 

It — xyz. 

Tf the numhor of independent variables is two, we can rep¬ 
resent the function 

( 1 ) ^=f{x,y) 

geometrically as a surface. 

Such a function is said to be continuous at tlie point (^To, yo) ^«) 
if a small change in the values of x and y gives rise only to a 
small change in the value of the function. And the function 
is said to approacdi a limit, when the point (x, ?/) a])proaches 
(•h)j if the point (x, y, z) of the surface (1) approaches a 
limiting point (a’y, yoj ^o) i^i space, no matter how the point 
(.r, y) in the plane may approach the point (.r,,, yo) hs 
limit. 

To formulate this latter definition in a more precise manner 
and at the same time in a way that is applicable to functions 
of more than t.wo variables, let e be an arbitrarily small positive 
quantity. If a ])ositive 8 can be found such that 

282 
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for all points (.)•, //), —ox(!Cpt', of cuiirs(\ v,iP —which lit* in 
the uoighhurhoud (if (.c,,* //u)- 

I — •'(I ■ < S, I // — ?/„ < 0, 

tliou f{x, ij) is said to {(j)j);‘oat7( ctij limits and we write: 
liia /(.r,//) = ;>,, 

This coueeption oiioe being made* precise, we can now rondor 
the former one accurate by saying: fix, //) is conttnauftts iit tha 
point (.i'o, //„) if 

lim f(,i\ y)-/r.r„, ?/„). 

2. Formulas of Solid Analytic Geometry. Tu what follows 
we shall need oiil}^ the simplest form alas of sol it I aiialyiic 
geoinetiTj and wo set them down here, referring the student 
for the proofs to any of the current texts.* 

Direction CW//c.s. If /3, y denote the angles that a line 
mahes respectively with the axes of .r, 
cosines satisfy the relation : 

(L*) cos“ a + cos- /3 -f cos- y = 1. 

The angle 0 between two lines is 
given by the equation: 

(.S) cos 0 = 

cos a cos fd H- co.s p cos p' + cos y cos y'. 

Tf /, Wj n ami v/i', n' are the diree- 
tiuii cosines of two lines, or (juautities 
proportional to tluun : 

/ = p cos «, m — p cos Py ?? = p ("OS y; 

then the ncicessary and sulTicient condition that the lines be 
perpendicular to each other is that 

*Cf. for example Bailey and W'ouds, Jnali/tic Geoinftnj, p. liToet^eq. 


tfy and Zy its directitjn 



r~pQosu', etc., 



(4) IV -j- 4- mV = 0. 

The oonclition for thoir being parallol is that 
(o) l\V — m' —n : nh 

Distance Between Two Points: 


(^) f/ — V {Xi 4* (,Vi — ?/())“ 4- (^2^1 — aio)-. 

Equation of Sphere. Let the centre be at {a, c) and the 
radius be r: 

(7) (x - ay -h 0/ - by cy= 


The Plane. Let OP l^the perpendicular dropped from the 
origin on the plane, let OP=p, and let «, y be the angles OP 
makes with the axes. Then the equation of the plane is 


ftj cos a-h y cos 



+ 2;cos y =p. 

The equation of a plane 
whose intercepts on the axes 
are a, b^ and c is: 

(9) ^ + = 

ct b c 

The general equation of 
the first degree: 

(10) Ax + Bi/+Cz + D = 0 

Pan be tlirown into the form 
(8) as follows: 



where A — + (7^)h Tf JJ was originally positive, 

cliange the signs of all the coefficients, so that D become 
negative: — D^O. Then 

(12) cos« = 4 cosy3=^, cosy = -, « = 

Tor most purposes it is sufficient to note that 



i'AUilAL riA J KJX 


lido 


(i;)) cos a : cos /5 : cos y = .4 : 7?: C. 

The angle between two ]4anes: 

u4a5 -j- 7>// 4- (^z -f- 7^ = 0, 
.47/?4-7?V/+6";s;-}- 7;' = 0, 
is given bj the formula: 

(U) eo.se = 

The planes are perpendicular if 

(In) . 4 . 4 '+ 7 > 7 i'-pCC'- 0 , 

and conversely. Tliey are parallel if 


(!()) .l:.4'=:=/i:7J' = C:C'. 

The distance d of the point P\ (.ri, ?/i, z^) from the plane (8) is 
(17) d=± (.I’l cos a -h Ui cos /3 H- cos y — p), 

where the lower sign is to be used if 0 and /^are on the same 
side of the plane, and the upper sign in case they are. ou oppo¬ 
site sides. 


77/e Straight Line. A straight line may be determined (a) 
as the intersection of two planes: 


(18) 


r ^'1 Jig Oz -|- 7^ = dj 


(6) b}’ its direction and one of its points: 


(19) 


_ ?/ - ?/i ) ^ ^ —gp . 

cos 13 


cos a 


or 


(19 ft) 


cosy 

‘IzrJ:? = ILz //o ^ 

I m n ’ 

where l\m:n=: cos a : cos (3 : cos y; 

(c) by two of its points: 


( 20 ) 

In the latter case 


r^.To 

a’l - .1*0 


y - ?/o ^ g - ^0 , 
i/i -Vo ^1 - ^0 



(21) cos a : cos |S: cos y = ajj — : ?/i ~ ^/o • — ^o- 

If (^Vo, ’/oi ^(i) ^ equations may 

be expressed in the form (19) as follows: 


( 22 ) 


X — 


y~ 

- i/i) _ 


7? 

; 

a 

A 

A li 

jy 

C 1 

O' 

Af 

A^ 


The direction cosines of (18) are thus given by the relations: 

(23) cos«:cos^:cosy= | C' | ’ 1 C' ^P | • | Iv \ ' 

If the line is given as the intersection of two planes perpen- 
diciilar respectively to the ?/ and the x, z planes :* 


(24) y = px -\-bj z= qx + c, 

its equations can be brought into the form (19) as follows: 


(25) 

Hence 

x~-0_y — b_^ — c 

1 p q 

r ( 


1 

cos (t — -. 

V1 +jr+ '/ 

(20) , 

cos /3 =- - - 

V 1 4“ jr -}- (/" 


cos y —.-“ zr ' 

^ V1 'h jr 4* q' 


Line Normal to a Flame. The equations of a straiglit line 
passing through any point (x’oj Z/nj ^o) of space and perpendicnhir 
to the plane (18) are: 

/o-N ^ ^ 0 ^ ? / — Vi) _ ^ —^0 

A B O' 


Flaue NorynaJ. to a Line. The equation of a plane passing 
through any point (.ryj 2/o> ^y) of space and perpendicular to the 
line (19 a) is: 

(28) I (x - (r„) + ni (y - //„) -h n(z — aj^) = 0. 

^^The p that fii^uves lipve has, of course, noLliiiig to do with the former 
p, the length of the perpendicular. 




Vdi'^uhle Pkiuo fhrodffh a JJniK The etjujithm of ;i v;ui:il>le 
plane tliruugli the line (IS) is: 

(1/11) -f" />\v "i” 4 ~ "h T" jyy “T (J*Z -r P > = 

where A* may have any value whatever. 

7V//’ee rianefi Ikrmafk a Line. The eonditinu that the three 
planes 

.-1+ 7i// -i- Cz -\- D = Q, 

.-T.r 4* B'y 4- O'z + 7/ = 0, 

^[".rH-7i"^ + C"::f4- 7r'=:0, 


all intersect in one and the same straight line is that 


(;i()) 


d B C 
A' IV C' =0, 

^.p/ j^n fui I 


and that they have one point in coninuni. 

The student should notice that, while one erpiation deter¬ 
mines a plane, it ahvays takes two eipialiuns in .r, y, z to 
determine a line. 


3. Partial Derivatives. If in the function (1) we hold y fast 
and differentiate with respect to .r, we obtain the partial dcrica- 
tice of z with respect to .r, denoted hy 

or 

cx 

Similarly, differentiation with respect to y, x being constant. 


jiives 

CZ 

or /,(■<■■,</)> 



Ihus if 


z — e~^ Sin Iff 



sin f/, -- — e"' cos ?/. 


ex 





EXERCISES 


L Mncl 


dx 


and 


— in each of the following cases • 


(a) 2 = 0)log?/; 

z ax“ 2h xy cy'^ \ 

(c) 2 = ~; 

^ x- + r 

(d) a;-H-?/'+ 2-= cd 


2 . Find all the partial derivatives of -when u = ax -\^hy-{-cz. 

3 . If ][}V z= 


where pQ^ Vq are constants, find 


dv 


4. (jeometric Interpretation. Geometrical!}^ the meaning of 
the partial derivatives in case there are but two independent 
variables is as follows. Holding y fast is equivalent to cut¬ 
ting the surface (1) by the plane y=yo^ The section is a 
plane curve: .=/(., 2 /.,), 


dz 

and — is the slope of this curve. 
dx 

the curve 


3z 

Similarly — is tlie slope of 

oy 


« =/C^o, 2/)- 


We thus have tlie slopes of two tangent liuc'.s to the surface 
(1) at the point (o’^, ?/o, 2 ^), and hence we can readily deternuue 
the equation of the tangent plane through this point. For the 
tangent plane at a point contains all the tangent lines at tlie 
point and is determined by any two of them. If, tlierefore, 
wc write the equation of the tangent plane with undetermined 
coefficients in the form: 


2 2 (, — ji(x — a’f)) -|- (?/ ?/o), 

we have only to require that the slope of the line in which 
this plane is cut by the plane ?/ = ?/y, i.e. 




Z — i',1 — - I (•« '''u) 

111' (s/c.r, fuiiiuicl for the 
pniiit (.'•,1. '/ii,)i — "’U will 

liciiiite this (luaiitity by 
siiiiihu-ly 

tlial the sillin' of thu lino in 
whii-h the iihiue is ent by 
tho piano — : 

be («/%)„. Hcnco 





AnA 

;in(l \v& obtain as the equation of tit e tutajenl plane: 


K'cxK 


( 81 ) 




Kcx 


fUjyt 


Fi'oiu (2S) it follows that the equations of the normal line 
((u- siin})ly the iLonnal) to the surface (1) at the point F\ 
(•'uj Uq) ^o) * 

it* “ .r„ ?/ — ?/„ ^ 


( 82 ) 


-1 


The direction cosines of the noi’inal are given by the relations: 


( 88 ) 


cos a : cos /3 : cos y = (— 

Vc.t,' j 


- 1 . 


EXERCISES 


Find the equations of the tangent plane and the normal to 
the following surfaces: 

1. 2 = tan”’i^ 

X 

y^^x — XqP 4" (.I’y 4" y^") (z — Zc,) = 8 | 


X — j n .V — .Vi I 




^ _ 







2. 


=z ax' 4- bif. 

Ans. For tlie tangent plane: = 2aa;oa; + 

3. ir- 4 y- + ;<;- = cr, 

4. Show that tlie surface 

z^xy 

is tangent to the Xj y plane at the origin. 

5. The sphere; ,= ^14 

and the ellipsoid: _l_ 2?/' + 2 :“ = 20 

intersect in the point (—1, — 2, 3). .Find the angle at whirh 
they cut each other there. 23° 33'. 

6. AVhat angle does the tangent plane of the ellipsoid in tlie 

preceding question make with the x^ y idaiie ? 59° 2'. 

7 . At what angle is the 'Surface 

^; = 3 xif — 5 x^y — 7 a; + 3y 

cut by the axis of a; at the origin ? 65° 41', 


5. Derivatives of Higher Order. The first partial deriva' 
tives of the fnncLion 


dx 


u=f(x, ij) : 

=L(s^> y)> 


on 


= /L0^; y)y 


are themselves functions of x and y, and can in turn be 
ditferentiated: 


V~=U{x,y) or u{x,y), 

OX-' 


0 

cy J 


c-n 
cy ox 


= y), etc. 


It can be shown that the order of diflcrontiation does not 
niatter, provided merely that the derivatives concerned are 
continuous functions ; 


(31) 


d~u __ c''~ n 
ox'ey cy'cx 




PARTIAL DIl'FLIIKXTIATK)y 


•in 


Tlio theorem holds for functions of any nuniLpr of variables.' 
Let u,s verify the theorem in some, special casc.s. 


f") 


?i = LS V ; 


rtf „ 

_ = V, 

rx 


r A/A . 

7 { 7- = —r'^^sin v: 

ct/\rxj ‘ ' 


(>>) 


fit _ . 

— = — V, 


Off _ loif ^ 
CX tf 


rtf _ X 

rz ffz^ 


c 

cx\ni) 

.r 1(»!4 2 
^ //' ’ 

= J.. 

CZ ex IfZ ’ 

r-u __ 1 

cxrz tjz 


— e*siii //, 


EXERCISES 

1. Verify the tluM)reiu for the other two pairs of cross deriv¬ 
atives in Q}), 

2. Verify the theorem in eacli of the following" cases: 

(a) u^z sin xtj ; (li) = log (.r//-) ; (o; if = y'. 


3. 

Trove tliat 

C'‘tt c'n r'u 



cx-ctj cy ex’ exey cx 

4. 

If 

u = log \ x‘ -\-y\ 

then 


0 j 

r 

p 


dxr rtf 


* The proofs of this theorem formerly given arc not riyornu>. For a 
critique of these see Gibson, Elctnvnttfrtj 'rroatise on Ou' Cnh'uhis, 
where a correct proof, due to Sfliwarz, is to be ft)Uiid ; (»r (bnirsai- 
Hedrick, ^alhvmath'al Andbjsis. vul. 1. 11. A simple proof can be 

given by integration ; cf, Whittemore. Bnifetin Amer. Alath, Soc., scr. 2, 
vol. 4 (1898), p. 380. 


KJ JLJ KJ KJ 


6. If 


then 
6. If 


then 


^x- + f+z-’ 


d^u ^ d- u ^ H'-u 
ay^ dz“ 


dll _ dv 
dx dy 


and 


_ dv 


d’^u d‘^ii _ ^ 
dx^^df'^ 


6. The Total Differential. Let ns form the increment of the 
function 

it=f(x, y): 


Ml =f(x, + A:r, y, + Ay) y,). 

If we subtract and add the quantity f{x^^ ?/o + Ay), we shall 
have; 

An ==/(a'o + A.^;, ?/o + Ay) — /(xq , y^ 4.’ Ay) 

+/(^n; yo + Ay) —f(xQ^ yo). 

Applying the law of the mean to these two differences gives: 

(3a) Ah = Ax/^(x^ + 6>A.r; yo + Ay) -f Ay/^(.To, yo + i9'Ay). 

How if/,.( t, y) and/j,(.T, y) are continuous functions of t, ?/, 
j:(x,-^eAx, yo +Ay) will approach y,) as its limit wlion 

At and Ay both approach zero, and liencc will differ but slightly 
from/,(To, yo) when At and Ay are numerically small: 

/*(to 4 Mt, yo Ay) =y;(To, yo) + c, 
where e is infinitesimal: 

lim € = 0. 

Ai^O, Ay = 0 

Similarly, the limit of. 7j, + ffAy) isf,(xo, yo) and 

,% + <9'A,y) = f^ (x„, yo) + rj, 

where rj is infinitesimal. 

Hence (35) may be written in the form; 


rAlLl lAl. iniM'MiLMiAl lON 




= ,■'-|- 7— A?/ H~ c A,f.* 4 - 7? AV, 

' c\i' cy ‘ 

where wo have (lroi>])Otl the suhsevipts aiul ivjiluced j\i.>\ //'i, 
/* (.r, }/) by the altenuil ive notaticMi. 

Koriiuihi (ob) is analogous to tlie seiMjiul formula on p. UL', 
and so it is natural to describe the linear terms: 


Cft 

cx 


\ I Cff A 

A.r + --A// 


a> tl'O pn)icipal jKirf of A//. The remaining ttn-jns form an 
iniiiiitcsiinal of higher order.* 


Dkkixitiox. AVe detine the tofal diif't'rfutllal of u as the 
principal i^art of A» : 

(‘AT) (Itt == I- A.r SifA 

" cx Cij ' 

Since this definition liolds for all functions ?/, we nui}' iu 
particular set K = a\ From (dT) follows then that 

(dS) clc = Aa\ 

Similarly, setting u = y, we get: 

(dO) (If/ = Ay. 

Substituting those values in (37) gives 

* If ^ Ls iin iiifiuiterfiiinil dcpoiuling on several, let us siiy two. iiitle- 
pendent variables, u and (3, and if we take these variables as the iiriiici- 
pal inhnitesimals, then ^ is said to be an iu/ntilesitual 0 / higher order Uiaii 
it and p if 

lim - r=0. 

i* is said to be of the seme order if 

/eg / . : <G, 

V «- -f jd- 

where /rand G arc constants, both positive or both negative. Instead of 
the above ratio we might ecpially well have used 

r 


I'he definition (37) and the tlieorems (38) and (39) can i 
extended to functions of any nuinber of variables. Thus ’f 
(i =/(x, y, «) we have by definition ^ 


ox oy oz 


and we conclude as above that 


cla = ^ax + ^^dy + ^-^dz. 

ox dy dz 


It is sometimes convenient to use the partial differentials of 
u obtained by allowing only one of the variables to cliange: 


We have then: 
(40) 


d.M = ^‘A.r = ^‘d.r, etc. 
OX cx 


(ill — a “|~ “h • • •. 


Geometric Interpretation. In the case of a function of two 
inde^jencleut variables: 

the iuereinoiit aiul the difforential of the funetion admit a 
simple geometric interpretation. If we pass a plane throiigb 
the point P : (:r„, y„, -^) parallel to the ;v, y plane and then 
draw a hue parallel to the 2 -axis and cutting that plane in the 
lioints .t; = ,Td- f A.r, ?/ = _,/„-p Ay, the segment of this line be¬ 
tween the above plane 2 = 2 ,, and the surface is (see h’ig. 81): 

LQ =/(.r„ + Am, ?/„ -t- Ay) —/(a;„, y„) = A 2 . 

The eciuation of the tangent plane at F is 



and the segmont of the line between the plane 2 = 20 and this 
plane is 
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2'Jo 


The (lifferenco : 


Ar + 


A// = ih 


A'i — (Iz = = e A.'* -j“ 

is an iiiiinitcisiiiial of hii^^lioi* onlt*!* thuu A,i‘ ami A//. 


7 . Continuation. Change of Variable, lii ilu* furogoing 
paragraph wo have assumed that and // ar(‘ the iiule^teiiiient 
variables. If eacdi dei)eiids on a third variable, t: 


( 41 ) = 

then // becomes a function of a single variabhs ^ and the dilter- 
ential of such a finietion has already been deiiiied, Chap. V, ^ 4: 

(4‘J) dx = Dt a Xt = H dt. 

Also: 

( to) (/.r = A a’ (/C dif — A }! dt. 

Hero dt — At } but d.v and d// are not in general er|nal to A.r 
and A// respectively. The question therefore arises : Will the 
theorem (A) still hohl ? We proceed to show that it will. 

Let Ax and A// be the increments that x and y receive by 
virtue of (41) when t has the increment A^ Then, substituting 
these values in (oG), we get the increment of it. Xow ilivide 
through by At and take the limit of eacli side: 


lim (—^ — ^ liin [^ \\n\f lim -f 
Sf^i>\At J r.i* \ A// C)/ :^i=i\^At J At At J 


The last limit has the vtilue 0, and hence 

cn 7 -. . cu 


(4-t) 

and 


D^x^~D,x-\- 7:-A^j 
cx cu 

an = - - dx -f ™ ov, 
cx cy 


q. 0 . d. 


Thus (A) is seen to hold oven whmi t is the independent 
variable. 

iMually, let x and y depend on r and .s: 


(4oj a: = (/) (/•, ii)y y = if/{r, ,s). 


If we liold s fast and allow r alone to vary, we have the case 
just treated, tlio independent variable now being r instead of/ 
Hence (4-1) is still valid, the derivatives with respect to mow 
being partial: 

dn ditdx , dll dij 


(B) 

In like manner: 


dr ox or dij dr 


on _ dn. dx j da di/ 
ds dx da dy da' 


Let us state this result iu the form of a theorem, 
plicable to functions of any number of variables. 


It 


IS ap- 


TirEOKEIU 1. If 


u^f{Xy yy a?, • • •), 
and if each of the arguments Xy y is made to depend on 


x=(f>(ry s, • . •); y = ^0') = s, 

then, if all the dericatives incolved are continuous: 


•)> 


(B) 


da ^ dll dx dn dy ^ da dz 
dr dx dr dy dr dz dr 


dn 


loith sim^ilar formidas for etc.y obtained from (B) by re2')lacing 


r by Sy etc. 

The number of variables in each class, (x, y, 2 :, »*•) and (r, s, •••), 
is arbitrary. If, in particular, there is only one variable, .r, in 
the first class, but several iu the second, we have 




dn dx 


dx dr ’ 


and if there is only one variable, in the second class, but sev- 
eral in the fi.rst, then we have formula (44): 


dll 

dt dx dt dy dt dz dt 
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29T 


Ex((tii})!p. Let 


V == 


and hciice 


X = log V r ~P .S'-, if = tail"' -. 


cx ^ ?• r V __ — ,s 

Ci' T" “F .S’- Cl' /*- T* 


0^ __ ^7L'Z_’F >>•- 
cr r 4- .v- 


from which expression x and ^ can l)e eliminated if desired. 


EXERCISES 
u = .r ~ }f 
a;= 2r~o,s‘ + 7, 


find 


Ans, ^ = 4.^4- 
cr 


2. In the preceding question, find 

Cs 

3 If n = xf 

jd X = a cos y = a sin 6y z = bO, 


1 — xy 

X = tan (2 r — .s-), y = cot {r s), 


^ 1 -1 oa 

find — and —. 
or cs 

5. If 
and 


M =/('^’, y ,«) 



X = 


sliow that 


ax' hf -h cz'f 1 
7/= aV+ b'y'^ c'z\ I 

z=za''x' -\-b'’y' J 


^ = a^ + a'|^ + a" 
dx‘ ox dy 


da 


aucl find and 

dij oz 

6. If x = rcos<l>, y — r shield, 


show tliat 


Suggestion. 



Compute first and in terms of |^Sind^. 

or ex cy 


8. Conclusion. We are now in a position to slunv that 
the theorem (A) is true no matter what the independent 
variables are. If 

y) 

and ,‘0, 


then, by the definition (37), 


Also 


, on on , 
da = — A?’ + t;- As. 
cr os 


ox . , dx 

= —Ar-h;r-As, 
Or ds 


Hence 


Or Oiy 


da j , da , 

•— dx + — dv = 

cx oy 

■dji djo_^dndj!\ fan dx M 

dx dr dy dr) \dx ds dy ds) 

cn. d)f 1 

= Ar -f- V- A.S = r//4, q. e. d. 

cr cs 
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We will state tlu* result as 

Thkoukm 2. //* 

and if af tho (nyffmrnf.s ./•, //, • is tnatfe fa iloin-nd im 

r, N, ‘ ; 

;t: = (/> (/•, -S • • Oi !/~^ (a ‘S • • *) ' Z — ,\ ,s% ‘ ‘ 

ihun^ if all tin* first partial dvrlraticns art' t'antimunis, nu' ^hall 
hacii: 

(/// = - — dx + - ^/v + d'. -f- . . ., 

ex C}/ ’ r.7 

no matter whether the independent \utri<d}h's arr x, v, . • • or 

i'y .V, • • •. 

The number of variables in each class, (.r, y. . . .) ami 
(/♦, ,s‘, . • •)> arbitrary. 

It is readily shown that the general theorems relating to 
the differentials of fuiietions of a single variable: 

d (ru) = ediiy 
d{n + c) = dll -{- (?r, 
d{uc) = H dr rduy 
/ rdu — ndr 

\rj r’-' ’ 

hold for funotions of sevei*al variables. !^^()I•eovev, the differ¬ 
ential of a constant, considered as a fuiictiuii of several 
variables, is 0: 

dc = n. 

Example, Let us work the example of § 7 by means of 
the above theorem. 

da = ye'.'0/.r -^.ce^Ub/y 

dx — — dr -f —7-^^— ds, 

r -f .s- 

ih/ -^-—^, (//•+ „ [ ..ds. 

/*' -p S' r -f- s~ 




Hence 


du 


_ ry — sx 
“ r'-f 




,.2 gli 


«7?’ ^,V 


Now dr:=^r and ds = As are independent variables, and 
consequently Ave can equate tlieir coefficients on the two sides 
of the last equation: * 

du^ ry-sx ^,, du ^ sy + rx ^, 

dr v~ H“ 6-- ' ds r^ -p 


EXERCISES 

1. Work the first four exercises at the end of § 7 by the 
method just explained. 

2. If 

show that — = —, 

ox da 

3. If ?i ==/(.«) and 

show that f- =2 

o.s dx 

9. Euler's Theorem for Homogeneous Punctions. A function 
u is said to be homofjeueoiia if, when each of the arguments 
is imiltiplied by one and the same quantity, the function is 
merely milltiplied by a ])6wer of this quantity. For defiiiite- 
ness we will assume three arguments: 

2/> 

(46) / (Xa-, Xi/, Xz) = X”/ (x, y, z). 

^ The reasoning here, given at grcuLer length, is as follows. Since rfr 
and (?s are both arbitrary, we may set := 0, dr ^ 0, and ilieu cancel dr. 
Thus the coefficients of (ir on both sides of the equation are seen Lobe 
equal. SimUarly, setting dr = ds we infer the equality of the 
coeilicieuts of ds. 


and 


du 

X = o r ~*f" ^ ^ “h 
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Tho expoiunit ?? of A is oallod the order of the function. 
Thus the ruiictions 


%i == a .r -I- hxy -f- ofy u — }j log (.r + f) — log x, 


(tx -j- bj f 
cx-\-d^' 


V.r + !f 


u z tan"', 


are homogeneous of order 2, 0, 0, 1, respectively. 

If in particular we set A = -, we have 


(17) 


^')= 5,.), 

X xj \xj 


Let the student verify this last formula for each of the 
functions above given. 

KunKu’s Tiiuokkm. If is homogeneous iiud hos coidinnous 
first partied derivalices^ than 


(<’) 


du cu . du 
cx eg cz 


■ nu. 


AVe have by (46) 


(48) 


/(■'■'i*') = y> ~), 

x' = Xxj if = A/Zj z' — Xx. 


Differentiate (48) partially with respect to A; 


(49) flips', !/', z')x +/„(.);', y', z')y+f,{x', y', z')z = »A.’-’/(.r, ;/, z), 

wliere f(x\ ?/', s') denotes as usual the partial derivative of 
/(•L h) 'vith respect to .r, tlie arguments being subsequently 
replaced by .r', ?/', :d respectively. Tf we now put A = l. 
(49) assumes the form (C), and the theorem is proven. 

We liave stated and ]■)roved the theorem for a function of 
three variables. But theorem and i)roof hold for a functiou 
of any number of variables, 



EXERCISE 


Verify Euler’s Theorem for each of the above examples. 


10. Differentiation of Implicit Functions. Let y be defined 
implicitly as a function of x by the equation (cf. Chap. II, § 9 ).. 

(50) F(.i:,y) = 0. 

To differentiate y we begin by .setting 

ur^F(x, y) 

and forming the total differential of v,: 


dii=®-d.r + ~c?y. 

CX OIJ 


This relation is true, no matter what the indepeiicleut variables 
are, § 8 , Theorem 2 . We may, therefore, in particular choose 
y so that the c-quation (50) is satisfied. Then = and we 


have: 



dF 

(51) 

dx dy dx 

or 

dy _ dx 
'(bi~ ^ 


dy 


In like manner, if ^ is defined by the equation: 


(52) F(:x, ?/, ;3) = 0, 

we can differentiate z partially by setting 
xi = Fix, ?/, z) 


and taking the total differential of each side: 

, oF . , oF . dF j 
(hi = --- (lx 4- - 4- — dz. 

cy oz 

This equation is true, no matter what the independent variables 


are. 

If in particular 2 be so chosen that the equation (52) is 
satisfied, then du> = 0 , and 




L.\LiL I AU lUl: IAU\:S L I A I U).\ 


cF . . ( F , , f F 1 rv 

- ux 4- -r - (h = 0. 
CX (U ‘ cz 


lint ilz now has the value: 


7 7 . 7 

(h = — <lx -I- (h/. 

cx cy 


I [cnee, eliininating (h, wo luive 


cx czcxj \c>} CZCl/J 


Here (lv = Ax and dn=^^)i are independent variables. AVe 
may, tlierei’ore, set (///= 0, d.r ^ 0, and divide through l)y dx: 


cF j cF cz _ Q 
dx cz cx * 


cF 

cz __ cx 
cx cF 
cz 


A similar equation holds for cz/cif^ x being replaced through¬ 
out in (o3) by //. 

Tlie student should notice carefully what the independent 
variables are in each differentiation. Thus cF/cx is the 
derivative of a fimetion of three independent variables, .>*, //, 2 , 
and the values of these variables are not in general such as 
to satisfy the e(piatioii (o2). At this stage of the work (52) is 
irrelevant, does not exist for us, has not as yet come into play. 
The same is true of cF/cy and cFjcz, Wlien we come to 
cz/cx^ however, 3 is a ftuidioii of the t/ro iiidei)endent 

variables, x and y,—atul sucli a function that (52) is satisfied. 

The generalization to a function u of any miuiber of variables 
is now obvious: 


F (a, X 






cF 

cu cF 


cn 

cx 

-1— r — = 

Cx CX 

= 0, 

cx 

~Tf 




cu 




Example, Differentiate 2 ; partially, where 


a- 


6“ c“ 


1 . 


Here 

and we have: 

I —0 , 

C“ ^o; ^ a“2^ 


2?y_,23^_Q 

c“ ’ ^y 6-;? 


Several Implicit Functions, We may have two implicit 
functions, and -y, of any number of variables, a*, y, , . 
detined implicitly by two equations : 

(55) { 

^ ' I (w, ai, y, • • •) =0. 

For definiteness, let the number of variables a;, ?/,*•« be two. 
Setting 

U = F(v., V, X, y), V = 4>(i<, v, x, y), 


and taking differentials, we have : 


(50) 


jrr oF , . oF , , 8F , , dF . 
iZ TJ = — da *i—~— (Zv -\ —r— dcu -i—— dy, 
du ov ox at/ 


clV= — du + dv • 

cu dv 


Sch , , 7 


no matter what the independent variables are. If we now 
require that u and v be so determined that the equations (55) 
be satisfied, we get: dU—0,dV—0'y and furthermore: 


7 du T , du j . - 
du = — dx + dy, 
ox oy 

j do . , dv . 

ox oy 

Substituting these values of du and dv in the right-hand sides 




of (oG), wo soe thiit tlie (‘(H'lliriouts of d.*: uiul //// an* etjiui) to 
0, and lieiice we i^ot, the two tMjiiathin.s : 

' i 

cF cn rF rr 'cF_ ^ 

cn ( X cr cx ex 

ca Cff on Cff ctj 

and two similar 0 (tiiations, in wliieh F is roplaecd hy <I». 
'riu'se latter equations the student sliouhl write out hn* liini¬ 
sei f. From the tlrst and. thiv<l of these four ot pint ions sv{‘ can 
solve for ck/cx and bv/cx^ and from the second and fourth, 
fur bn/by and dc/cy. Thus 

■ K K 1 

<i\ <l\. I 


(07) 


cu 

GX 


1 


with similar formulas for cr/cx, cit/cy, cr/cy. 
should also write those out elearl}' and neatly. 
The generalization is now obvious. Thus if 


The student 


(r,s) 

wc shall have 


F(n, V 


z/j 

• •) 

{it, 0 


u, 


'^{(t) 0 


!/> 

• •) 



K 

F., 





on \ 


^r 

'I',. 

bx 1 

1 

F- 

"F„r 





1 

' 'I'u 




: 0 , 


The determinant that a})pears in the donoiiiiiiaturs : 


( 60 ) 


cF 

cv. 

die 


cF 

CO 

~do 


cF 

'cF 

cF 

ba 

bo 

cv: 




cu 

bo 

cv: 

G<1' 


c^ 

ca 

CO 

cv: 


X 




is called the Jacobian of the functions or 

the foregoing it Las been tacitly assumed that all the partial 
derivatives are continuous and that the Jacobian does not 
vanish. 


11. A Question of Ifotation. Prohipni. Suppose 

?/), y = 

to find ^ • 

O.'C 

■Refore beginning a partial differentiation the first (piestiou 
which we must ask ourselves is: arc thp nidcpeia/eK/ 

variables? Hitherto the notation has always been such as to 
suggest readily what tlie independent variables are. In the 
present case tliey may be: 

(a) 01 and?/; or (b) oiand^; or (c) ?/and 2 . 

AVe can indicate which case is lupant by writing the independ* 
eut variables as subscripts, thus: 


/ \ n, 

(‘0 


OX 


(p) 


dx 


da ■ 


In case (c) has no meaning. 
ox 

Another notation sometimes eniYiloyed is to mark the vari¬ 
able or variables that are held fast, tluis: 


(«) 



p) 


dh 

dx 


Let the student com^mte 


da, 

dx 


ill cases (a) and (b). 


12. Small Errors. In the case of functions of a single vari¬ 
able we luive seen that the linear term in the expansion of 
Taylor's Theorem: 

/(o;) (a*,,) (.r-o^,)+ • * 

cau frequently bo used to express with sufficieut accuracy the 
effect of a small error of observation on the iinal result, cf. 
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Jiifutitf* § 27. This is iin*rist‘ly the 

tlit’tereiitial of the fiinetiuii, <.lfy for .r = 

The (liftVriMitial of a fuiietiuii of several variables can Ije 
used fora similar ])urj)()so. If .r, //, * • • are tie* observed <jiian- 
tities and u the magnitude to be computed, thou the preidse 
error in n due to errors of observation — A// = d//. etc. 

is A«. Ihit 

7 7 . 7 . 

(lu= - d.r-f—dv 4-• • • 
r.r o/ ’ 

will frequently differ from An by a quantity so small that 
either is as accurate as the observations will warrantj—and 
dll is more easily computed. 

Example. The period of a simple pendulum is 


To find the error caused by errors in measuring 1 and r/, or in 
the variation of / due to temperature and of y due to the loca¬ 
tion on the earth’s surface. 

Here dT=^(ll-'^J!^ rh/ 

^Ig y^u ' 
or 

d/_l (hj 
T “ 2 / 2 7 ’ 

and hence a small positive error of k per cent in observing 1 
will inerease the computed time by )ik per rent, and a small 
positive error of k' jier cent in the value of g will decrease the 
computed time by kk* per cent. 

EXERCISES 

1. A side c of a triangle is determined in terms of the other 
two sides and the iucluiled angle by means of the formula: 

c~ = d’ -\‘b' — 2 ab cos oj. 




Find approximately the error in c due to slight errors in measur- 
ing a, and o). 

The ]')ercontage error is given by the formula: 

ch ^ {a — h cos oj) da + (J) ~ a cos qj) db + ah sin ^ dt^ 
c ~ a- + 6“ — 2 ah cos cu 

2 . Find approximately the error in the computed area of the 
triangle in the i)receding question. 

3. The acceleration of gravity as cleterinined by an Atwood’s 
machine is given by the formula: 

2.S 

9 = -j- 

Find approximately the error due to small errors in observing 
s and t. 

4. Describe an experiment you have performed to deternhne 
the focal length of a lens, or the horizontal component of the 
earth’s magnetic force; recall the relative degrees of accuracy 
you attained in the successive observations, and discuss the 
effects of the errors of observation on the final result. 

13. Directional Derivatives. Let a function 

y) 

be given at each point of>a region .S' of the a*, y plane and let a 
curve C be given passing through a point P: (.t„, ?yo) of the 
region. Let be a second point of C 
and forjn the quotient: 

np> — 21 p 

PF’ * 

The limit of this quotient, when P' 
approaches P^ is defined as the direC’ 
tional derivative of u along the curve C. 
We set lip. — iip = AUf PP' == and write 

1 * Ak du 
lim —r = ’;:r:- 



r’lG. 82 






If, in particular, C is a ray iiarallel to the axis of au-l 
liaving the same sense, the directional derivative has the value 
of the partial derivative, if the ray has the opposite sense, 

the directional derivative is eciiial to — —. A similar reinaric 
applies to the axis of//. 

To coni[)iite the direetioiud derivative in the general case we 
make use of (30) or (37); lienee 


or 

((> 1 ) 


Y.c* \^A.5-u / 

rtt cn , cit . 

~ = — cos (4 4- sin u. 

C!; CX (.// 


The extension of the definition to space ox three dimensions 
is immediate. We liave: 


(62) 


d}( __dH 

CX 


eos + — eos 5 + — cos v, 
Cjj cz 


where y are the angles that 0 makes xit P with the axes. 


EXERCISES 


1. Tf a normal be drawn to a curve at any ])oint P and if r 
denote the distance of a variable iioiiit «pf tlie }»lane from a 
fixed jioint 0\ y, the angle between PO and the direction 
of the normal, show that 

((>3) = — eos y. 

Cu 

2. Explain the meaning of -- and show that 

Cr 


( 04 ) 


rn ^cr 
('!' Cn 


14. Exact Differentials. If in the expression 
(Od) yb/.r-i-Qd// 

7^ and Q are functions of x and y subject to no restriction ex- 






cejjt that, along with whatever derivatives we wish to use, they 
be coutiuuous, tliere may or may not be a function 

wltncia fntn.l flifPo.rP.UtULl: 


7 1 , 7 

uu =— 

<j.V. CiJ ' 


coincides with (65). If there is such a function, then 


da 


jSTow since 


ox 




~ = Q. 

ey 




dy\dx) dx\dy )’ 


we see that P and Q arc .subject to the restriction: 

dJ^^oQ 
dy dx 


(GG) 


It can he shown that conversely, when P and Q do satisfy 
(GG), there always docs exist a function of which (65) is the 
total differential.* In this case the expression (G5) is said to 
be an exact differentiaL 


Example. Consider the expression : 


Here 


(2 ax + by -h /) dx {hx d- 2c?/ -h d?/. 


cP 




dQ 

dx 




and hence we have an exacit differential before us. 
grate it, begin with 

^^ = P=:2ax + ht/ + l, 
cx 


To inte* 


and integrate each side with respect to a*, regarding ij as 
constant: 

u = a.r^ + bxy -f /.r -j- </) (y), 

the constant of integration depending, of course, on y. blow 
differentiate this expression for u with resjject to y: 


■ ^Cf. Goursat-IIedrick, Mathnnaticat Jnahjsis^ vol. 1, §§ 151, 152- 
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I 

1 , i» 

-. {//). 

C'/ 

Com paling this last exprossion witli 
Q = //.r-f 

wo see that (//) = - '-7/ +■ 

<i> (if) = ' 7 /' + 

I Feiico u = c(.r -h bxf/ + oy- + /.r + ///v -p C. 

If we have throe i nth‘pendent variables and the oxprossiun 
PrLc-\-Qfl!/-\- 

the necessary and suflieient condition that it he an exact diifer- 
ential is tliat 

(Cu) 

^ ' cy cx ’ cz cy ’ cx cz 

It is assumed that the partial derivatives are contiimous. 


EXERCISES 

Petermine which of tlie following expressions are exact dif¬ 
ferentials and integrate sucdi as are: 

1. (e^ cos }} - - jZ dx — (c^ sill v -f T sec- y) dy. 

\ ^ Vl ->7 

2 . (x y)dx (. 1 ' — y) dy. 

3 . yz (lx + zxe/-'' dy-\-xy e/-'' dz. 



EXERCISES 


1. If 

2. If 

pv'-^^=C, Hnd 

dp 

,,_cos?/ 

aT"' 

tinci 1^. 
dr 

x = r^ — s, y = e% 

3. If 

,j _ sin y _j_ ^ log _j_ ^ 

find^. 

dq 

x = pqr, 7/ = v-sin-'(yr); 

4. If 

It —2 xy 

and 

2 a; + 3 2 / + 5 2 = 1, 


explain all the meanings which may have, and evaluate 
this derivative in each case. 

+ Jr 0:*-= 3}Jj 

-^3x, 


V— 2nv 

= 3y, 

we^ + ?;.7; = ysiii ?i, 

It cos u =:;y2^?/2^ 


6. If 
dn 


find — - 
dx 

6. If 
and 
find 

dx 

7. If 

find ^-1. 
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8. I'min tlio Ofiuations 


it follo^s's that 


X =/(//, r), 0 

^ _ r.r rtf r.r rr 
1 _ . —r , 1 

(f// r,/; rc r./* 


r// c .;; cr c.r. 

Explain the meaning of each of the partial derivatives, ('(.in 

. cn on 
piite - - and — • 

CX O'J 

9. If I 

i y=o~Hc'^, 

find 


10. If u = if -\-z^ and z = .ry/, 
d}t 

explain all the meanings of 


11. If 


show that 


12 . If 


I y), 

1 c^(A//)=0, 

cz cef} rz c<fi 
^ ^.V cy ex 

dx r<ji 

d“ .V + ^ /), 


show that 


o Off 

— d-iS —, 

(7^ fT.t' C}f 




and obtain the general formula for ^ 




13. If 

M =/(.y + «■’'■) + <(!> (ij — ux), 

show that 

li 

14. If 

\.X’ j 

sliow that 

dn on „ 

+ =0. 
ox o;i 

16. If 

u—f{x + u, 2 / —u), 

£1 T 

tinfl 

dx 


16. If 

u=f{xu,y), 

find 

ox 



17. Use the method of differentials to find 7 ^', ^ and — 

CX d}J dt^ 

in terms v)^ 

y — ut). 

18. If u is a fvmetioii merely of the differences of the argu¬ 
ments a* 2 , • • show that 

du , , dn __ Q 

dx.^ a,^•„ “ 

19. If It and V are two functions of x and y satisfying the 
relations: 

d\i __ dv di{ dv 

dx d}/ cy dx^ 

show that, on introducing polar coordinates: 

cr = r cos ?/ = r sin </>, 

we have 

1 Cff _ r^o 

or r b<j)^ r ccji dr 
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20. If 


sliow tliat 
21. If 

show tliat 




/(.r, ?/) = 0 am] I - i = 0, 

r(f) c f iltf _ f f' ((f) 

irx ( if iiz (X (•; 

(^( yj, r, ^)=:0, 

fp f( rr 
cf cr rp 

Explain the meaning of each of the jiartial derivatives. 

22. Under the liypotheses of question l‘.l, show that 

CC~ )' C I' C<j)' 

23. If n =/(>, //) is homogeneous of order n, show that 

r- tf , r- )t , r- n . 

i'*- — + d xp T—r- d -!/- . n{n — 1 )fc 
cx~ f'n' 

24. If u in a fiinetion of .r, y, z and Xj z are coiineeted by 
a single relation, is it true that 

cy cz cy 

25. If 

r/U=(9(hS-j)dy 

is an exact differential, and if S and v can be expressed as 
functions of the indepmidoiit variables 6, p, show that 


cO __ __ cp rS 

cc cS^ cp 

State what the independent variables are in each dift’erentiatioiL 


i!L 

'To' 
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APPLICATION'S TO THE GEOMETRY OF SPACE 

1. Tangent Plane and Normal Line to a Surface i 
aWly obtained the equation of the tangent plane toTe 

(1) *=/(■>.•, :v) 

at tlie point (x„, ?/„, «„) in ciliap. XT'\'^, § 4 ; 

( 2 ) 

Also of the normal; 

( 3 ) 

If the equation of the surface is given in the implicit form: 

?/, z) = 0, 

then (2) and (;i) become by virtue of (33) in Chap. XIV: 

(s)/'' - +(f+(if) (. -.,) - 0, 

(G) 

(") cos : cos /?: cos y==. 

dx dy ' dz* 
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APPLICATIOXS TO THK GKOMHTllY OF ?>FACK 017 
Example, ('onsider the ellipsoid : 


Here 


9 ). 

a" 


a- h‘ c- 


^ (.r - .r.,) + (// - //„) -f- j;' U' - z,) =: 0 


or - r -h V H- —: == 1 

tr fr r- 

for the tangent plane ; and for the nornial; 


o X — . r „ 

cr-- 

.Tn 


'A. 


EXERCISES 


1, Pind the equation of the tangent plane and the normal 
of the cone: 

+ v, 

at the point ('J, 3). 


H/ns. 4x4-// — 3^ = 0; 


1 




2. How far distant from the origin is the tangent plane to 
tlie ellipsoid: 

a:‘^ + 3^=+2r = 9 

at the point (2, —1,1) ? LMS2. 

3. determine the angle behveen the normal to the cdlipsoid 
in the })receding (jnestion at the point (2, — 1, 1) and the line 
joining the origin with this point. 


2. Tangent Line and Normal Plane of a Space Curve. A 
curve in space may he given analytically 

(o) by expressing its coordinates as functions of a ]>araineter; 

(S) = z=^(f)] 

(b) as the intersection of two*cylinders ; 

(9) 2==l/r(.r)- 




(c) as tlie intorsecbion of two arbitrary surfaces; 

(10) F (Xy y, 2 ^) = 0; c& (x, y, z) == 0. 

A familiar example of {a) in the case of plane curves is the 
cycloid; also the circle. In the case of space curves we have 
the helix: 

(11) a; = acos^, ?/ = asin^, z = hB, 

This curve winds round the cylinder x?y- = its steepue.ss 
always keeping the smne. It is the curve of the thread of a 
screw that does not taper. Agaiuj if a body is moving under 
a given law of force the coordinalies of its centre of gravity 
are functions of the time, and Ave may tliink of these as 
expressed in the form (a). But the student must not regard 
it as essential that we find a simple geometrical or meclianical 
interpretation for t in (a). Thus if we wu*ite arbitrarily: 

(12) .'i; = log/, ?/ = siiU, 2 = 

V1 -h 

we get a definite curve, t entering purely analytically. 

Tu particular, we can always choose as the paraineter I in 
(a) the length of the arc of the curve, measured from au 
arbitrary point: 

(1,1) ®=/(s), 2 / = <(>(s), « = <//(.<!). 

The form (h) may be regarded as a special case under (a), 
namely that in which 

On the other hand, it is a special case under (c). 


The Direction Cosines. To hud the direction cosines of the 
tangent to a space curve at a point P: (.ro, Zq)^ pass a secant 
through Pand a neighboring point P ': (Xod-Ar, //o +A?/, Zy + AA 
The direction cosines of the secant are: 


cos «' — , cos 6' 

pjy 

and hence, for the tangent, 



A;/ 

pf' 


cos y' 


Az 

ppd 


Uui -= Inii { * 

• rr^u 'PP' PI‘'J 

witli similar formulas for cos/3, cos y. Hrm-c 

Hero tliG tauj^cut is thouj^lit of as drawn in tlu* dir»'cti*‘ii in 
which i)' is iucrcasin:-;. It* it is drawn iu the opiufsitc diivcU(»n, 
the iiiimns sign must precede 
catdi derivative, 

lh-(jiii (14) it follows at once 
Umt 

(ir>j (is' = d,/r 4- (hr + 

Tliis important {'ormula can he 

t)r(jveii directly 1 rum the rela- T 

tioii / K 

pjof- = A.r- 4- A/r + / 

y Klu. .‘s; 

If we as.siime the form (o), 




cos^ = 


vy ' i/)'4-•/''' // 

_..^ 

vy*' (0" + i^l' 'h 

J_ ^[(f) 

vy*' (/)’ 4 - <#>' tO' yh" 


r, 

•'’’= I v/W 




Applying these results to (91, we get 


cos a = -:—:—^-j 

■1 I dv'A 




(19) 


s = 




The p]qnatwns of the Tanijenl Line and the Normal Plm 
For tlie tangent line we liave, in case (a): 


( 20 ) 

and ill {h ): 

C^i) V-lk^ 


= 'iLzJb ~ ^ 


H , 


\dx^ 


J\l.) ‘A'W’ 

(:i; 


/ X 

{ , ) (*1/ ^o)* 


The normal plane is given by 

(22) /' («o) (a; - x„) + <f>' (to)(7/ - ?/o) + <//' (t„) (% -»„) = 0 
in (a); and in (l>) by 

(23) X ~ ,r„ + (—) (?/ - ?/o) + (—) (2 - 2:„) = 0. 


7 0 


{c/xj,: 


On the other hand, the tangent line in case (c) may I 
obtained most simply as the intersoctiou of the tangent plam 
to the surfaces at the point in question ; 


(24) 


Oc - .•,) + ( (y - y„) + (g) - ^o) = 

C7.r/(, \^///Q \^^/n 

Tliese equations niny be tlirown into the equivalent form: 


a; — 

^'n ___ 

?/- 

.Vd 

z — 

Zq 


F~ 1 



T-Tk 


'ib 

III 

<1^ 

<Ib 

10 1 'I’x 

'S'v 


TTenoe Ave see that the direction cosines of the tangent li 
to the curve of intersocTion of the surfaces (10) are given 
(,r, ?/, z) by the proportion: 

F F 


(20) cos «, cos jS: cos y = 



F. I 

! F, 

F, 



! ' 

’ I 






Tlie equations of the normal plane can now be written down 
once, 


% 
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EXERCISES 


Find tlin i‘(iu:itious ot* the tiiiigent Hue aiul the iiurnnil jdane 
f(» the fullowiiiL;- s[)aee (Mirves : 

1. The helix (^11) and tlu‘ curve (1-). 

2. The eiirve : i/' — ///.r, z' = m — x, 

3. T1 1 e eurV(^: 'J .r + if- -f ^- = 1), -- = 3 j-- 4 - 

at tlie point (^1, — I, li). 

4. Find the ;Lnjj:le that tlio tangent line in tiie preeeding 
(piestiun makes with the axis uL’ a*. 

6 . Coin[>ute the lengtli of the arc* of the Indix: 

X = cos 6j If = sin 6, T)Z ~ 0, 


when it has made one complete turn around the cylimler. 


6 . flow steep is the helix in the preceding tpiestion? 

7 . Show that the condition that the surfaces (lOj cut 
orthogonally is that 


(27) 


£F ^ cF nh cF ^ 
cx cx cif Cff cz rz 


8 . Show that the condition that the three surfaces : 


F(.V, Jl, 2 ) =0, $ (.<•, ij, z)=Q, 'I' !i, z)=0, 

intersecting at the point (.r^, be tangent to one and the 

same line there is that, in this ])oint, 


(28) 


cF 

cF 

cF 1 

cx 

^// 

CZ 1 



'c<i> 

fX 


cz 


a 4 / 

r'P 

cx 


cz ! 


It is assumed that in no row do all the elements vanish. 






9 . The surfaces 

a^“ + ?r-l-2:“ = 3, xyz^l, 

all go through the point (1, 1, 1). hhnd the angles at which 
they intersect there, 

10 . Obtain the condition that the surface (4) and tlie curve 
(8) meet at right angles. 

11 . rind the direction of the curve 

03 = 2 / = ^ 

in the point ( 1 , 1 , 1 ). 

12 . Find the direction of the curve 


xijz = 1 , 2 /“ = 

in the point ( 1 , 1 , 1 ). 

13. Find all the points in which the curve 
X = y = ^^ 2 ? = 


meets the surface 




and show that; when it moots the surface, it is tangent to it. 

14. Show that the surfaces 

j x“ . y 

XlJZ=ly " + 7 -. — - = 

0 “ c” 

ill general never cut orthogonally ; but that, if 

i+i-i-o, 

cr 0“ c 

they cut orthogonally along their whole line of intersection. 

15. When will the spheres 

+ f- + «- = !, {x - a)- + (y- hf + (« - <f = 1 

cut orthogonally ? 


16. Two space curves have their equations written in tl 
forjii (13). They intersect at a point P. Show that the aug 
c between them at P is given by the equation : 





1 LWxNo iu 1 ill*. 1 Ui* .‘SrALJ*; 




COSe = .r;X-f-//I///,-f;:;-', 

1 I 

where .»*i = - , ett*. 

r/N, 

17. The ellipsoid: .<*•-}-•>//*-r*= 0 and the sphere: 
.r +//“-f-intersect in llie point (L\ 1, Ij. Fiml tin* ini^de 
lK‘t,\veen their tuni^nMit [)liines at this point. 

3. The Osculating Plane. Let P : (r.,, v.,, :-.d he an arhiirary 
point of a spacij curve (S), and pass a [ilane 

(-0) -1 (-1* — .'“n) + B in — //uI + C (.V - — D 

through 7^ Then the distance I) of a [joint 

x = ?/= c/) (t, 4-/p), « = 4-/y) 

of tlic curve from tliis [)Iane will be in general an inlinitesinial 
of the iirst order with reference to PP' as ju-incipal inliiii- 
tesiiiuiL Tor 

±1) = ^ G ^' — + B (// 

where .r, z are tlie coordinates of P'. 

Jlenee 

^ jj ~* ^ r.^ i^i* ~h ^ — J f di 75 "h A ) — I L Q d" ch*. 

A\)plyiiig Taylor's Theorem with the Remainder to eacli 
braedvet: 

J (^j "b ) ~y (At) = ‘ (At) + 7 ;* J ' (Ai *T Bh)^ 

etc., 

and setting + B- + C' = A, wo obtain 

±r) = /i [Ar(Q 4- nCj,' (/„) 4 - iA,)]/A 

d~ —[-■!./ ^’(A» + ^^0 "b 75 'b Bih) 4- A' \p "(Ai + O.^Ji )]/A. 


lin, ±/'>^ -d/>W4 75 <j)\7,) + rt//a)^ 
r^r h A 


TTenee 





iiiiu Will uuu —yi LL -cx, ji, ^lujswvi tiij raiiuoni, uiiles 
F happens tu be a point at which /' (f,), (/,„) i// all ’vaais^ 

Wo exclude this case. On the other haiul, FF = a .9 and 
are iiitiuitesiinals of the same oi*der, since 

lim — =: D, 6’ = Vy ' (/())“+ cl>^ (to)- -p \p^ (t^y^ =jt 0, 

Thus the above statement is proven. 

Ifj however, A, and C are so chosen that 

(30) Af • Qo) -hBcj.’ (to) + C7^' (4) - 0, 

then lim ± D/Ji = 0 and 

in,, il)__ Ar^(Q-\-B<j.^^(t o)^Cr(ta) 

” 2A 


Now (30) is precisely the condition that the tangent line to ( 
be perpendicular to the normal to the plane (29), and hen 
the tangent will lie in this ])lane; z.c. the plane (29) is he 
tangent to the curve, and D becomes now in general ; 
infinitesimal of the second order. But if /I, By and Q a 
furthermore subject to the restriction that 

(31) Anto)^Br(t^)^or(io)^Oy 

then even Ynn ± D/h^ — 0 and D becomes an infinitesimal 

still higher order; — of the third order, a.s is readily shown, 

(4) + B ^ (Ai) 0. 

Equations (30) and (31) serve in general to define \ 
ratios of the coefficients Ay By C nniquol}^ The latter in: 
therefore, be eliminated from (20), (30), and (31), and tl 
we obtain the equation of the oseulating ’plane .* 


(32) 


OJ-ci’n y-Vo 2o 

ra,) <^'(/,) 

r(to) r(Q 


= 0 . 


The osculating plane as thus defined is a tangent ph 
having contact of higher order than one of the tangent phi 




APPMCATIOXS 'I'O TIIH (JKoMr/rUV op SPAC'K 


UiUru at randuiii. Thofo is ia only ono (tsmlatin*,' 

jilani* at a i>oiut. Hat. in tlu^ ras.* ot a straiudit liii.* ail 

1 aiiL,nMit pianos o.soulati*. Av^ain, if/"0„) = = u"i = n, 

tilt! saiiio is tniL*. Tlu* osculatiii;^ plain* ouls the curvo in 
; 4 fm*ral at the point of tan|^n!in'V: [dr tho nunn*ratui' at' tin* 
fXi»rossiuu for ± D cliaiiL^n-s sign whi*n h passes Ihrongh 
tho valuo 0. 

It is oasy to make a simple iinulel that ^viU sllo^s' tlie oscm 
lating plane approxiniat(*ly. AVind a jheee of stift iron wire 
round a broom handle, thus making a lielix. and then out tait 
an ineli of' tlic wire and lay it down on a (‘able. Tim jhece will 
look almost like a plane curve in the i>lane of the table, and 
the hitter will be approximately the osculating plane. 

The normal line to a space curve, drawn in the osculating 
plane, is Ciilled the prinrijud nonmd. Tiie centre of curvature 
lies on this line, the rndiiis of curvature being obtained by pro- 
je(‘ting the curve orthogonally on the osculating plane and 
taking the radius of curvature of this jirojectirm. 

If a bud}' move under the action of any foiTOs, the vector 
acceleration of its centre of gravity always lies in the osculat¬ 
ing plane of the path. 

W’hcn the eipiatioii of the curve is given in the form (9), the 
equation (oJ) becomes ; 


/oox (dz d-if 


(/// d-^ 
dx dx- 


u 






EXERCISES 

1. Find the equation of the osculating plane of the curve 
(lH) at the point t = -r, 

2. Find the equation of the osculating plane of the curve of 
intersection of the cylinders: 

X- -t- ir = d\ -{- ,T- = tr, 

and interpret the result. 




Suggestion. Express y, z in terms of t: 

aj = a cos y = a sin z = a sin t, 

3. Show that the centre of curvature of a helix lies on tlic 
radius of the cylinder produced. 

4. Show that the osculating plane of the curve 

y=:x\ -y 

at the point (0, 0^ 1) has contact of higher order than the 
second. 


4. Confocal Quadrics.* Consider the family of surfaces: 


(34) 


• + 


ir 


+ - 




L(j~ “t- A. -p A. c“ -p A 


= 1, 


a>6>c>0, 


where X is a parameter taking on dilferent values. Each sur¬ 
face of the family is symmetric with regard to each of tl\e co¬ 
ordinate planes. We may, therefore, confine ourselves to the 
first octant. 

If X> we have an ellipsoid, which for large positive 
values of X resojubles a huge sphere. As X decreases, fclie sur¬ 
face contracts, and as X approaches — the ellipsoid, whose 
equation can be thrown into the form: 




ftr_ 

a^ + X 



No fuvLUev knowledge of qiiaclvir, surfaces is here involved than tUeii 
mere classiHcaLion ^Yllen their equation is written in the normal form 




1 . 


See Bailey and Woods, Analytic Ooninotry, p. 316. It is desirable tlia 
the student have access to models of the three types here involved. 

'I’ho .student should work out for liiui.self, after a first reading of tliii 
paragraph, the corresponding treatment of the confocal conics in Uk 
plane ; 

. V'^ =1. 
cC- -I- X 62 + \ 



(l-.iUous down toward th(‘ \)lano :- = () as its liuiitj — more pr^'* 
ri.sely, toward tlu* sartaia* of (lu‘ ollipst? 

= 1 . ^- 0 . 

a- — r' (r — 


In so d()int,% it swi*t‘ps out tin* wliolo iirst octant just oik'O, a> 
we shall pvi*svutly sIk)W aualyticadly. 

Tad \ continue to iha-reasti. AVc then c;(‘t the family : 


(:io) 




--h 


Ir + /A 




Those are hyperboloids of one nappe, and they rise fneu ta.iii- 
oidenco with the ])lano ;i' = 0 for values oi ^ j)ist uud»*r — 
swee\) out the, whole octant, and fiat ten our auuiiu toward tlio 
])lane // = 0 as their limit when /t apiu'oaeln'S — 

Filially, let X trace out the interval tVoiii — b- to — u'-. AVo 
then get the liyiierbolouls of two nappes: 


a'- 4-1/ — 4 - 14 — (r- -f- r J 


^1. 




These start from coincidence with the plane tf — O wlioii v 
is near — /r, sweep out the octant, and ap[u‘uach the plane 
X = 0 as c approaches — 


Thixjkkm 1 . Throinjli t'arJi point of the fr.st ortHfit jfosaeti one 
snrjacc of each famihfy ojnt onhi one. 

Let (a*, y, be an arbitrary point of this octant. Then 
y> 0 , z^O. Hold .r, y, .1: fast and consider the function 


of X: 




The function is continuous except when X= —c-, — try or —cr. 
Ill the interval — r < X < 4- ^ have 
/( 4 -x)=-l, liin^ 


* Tlie iiuialinii liin /(.«•). lim /(/i isexi-laiiu'il in Chap. XI, § 0 . 





Hence tlie curve 


crosses tlie axis of abscissas at least once in this interval. 

On the other hand 

_ t _^_<r0 

(cr + A)'^ (/r + Xy + 

Hence/(A) al^vays increases as A decreases, and so the curve 
cuts the axis only once in tliis interval. We see, therefore, 
that one and only one ellipsoid passes through the point P. 

Similar reasoning applied to the intervals ('-6“, — c-) and 
{—d\ — shows that one and only one hyperbola of one 
nappe, and one and only one hyperbola of two nappes pass 
through P. 


Tnnonni^i 2. The three quadrics throiu/h P intersect at right 
angles there. 

The condition that two surfaces intersect at right angles is 
given by (27). Applying this theorem to (34) and (3o) we 
wish to sIlow that 

^2^ 22L + A + ^ ^ = 0. 

cd -p A H- jUL 6" + A 6“ + /x c- + A c“ + /x 


How subtract (3o) from (34) : 


(/x-A) 


- + 


4 -: 


|_((:t- A)({,r + fx) (6“ + \)Qr -p fi) (c“ + A) {d -p /x) 


= 0 , 


and since ^ —A.=?t0, this proves the theorem. 

Tlie three systems of surfaces that we have here investigated 
are analogous to the three families of planes in cartesian coor¬ 
dinates, to the spheres, planes, and cones in spherical polar 
coordinates, and to the planes, cylinders, and planes in cylindri¬ 
cal polar coordinates. They form Avhat is called an orthogonal 
system of surfaces, and oiuiljle ns to assign to the points of the 
first octant the coordinates (A, ;x, v), where 

— r < A < -p cc', — < ,7. -— e\ — a- < r < — 1)‘- 
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5. Curves on the Sphere. Cylinder, and Cone. In r to 
study tho iimpiTlies of curve.s drawn on tho surfnre of a spinor, 
■\vt* introdiu'o as uonnlinatns of th^‘ points of tin- Mtrfa«*»‘ tin? 
lonicitinlu 6 and iho latitinU* <f). Any curve can tlicu be n-pre* 
sontcd by the e{|uatiun 

FyO, (j!>j =0. 

To detenuino tlio aiiL^de w Indweini this curve and a parallel 
of latitiulcj draw the meridians ami the parallels of latiliidc^ 
thronuh an arbitrary i^oint P: (7b* and a mdi^hborim: pnint 
P'• S(j)) of this eiirve. We tints obtain a small 

curvilinear reetan^le, <d’ which the art^ PP is tlie diai^'onul. 
We wisli to dotennine llie an;^de 

w = Z d//VA 

Xow consider, alongside of the 
curvilinear rii^dit ti'iaip^de Jl/^P' a 
rectilinear right triangle w]ios(i 
hypothennse is the ciiord PP’ and 
(uie of whose legs is the. poi’pen- 
(licnlar P^fl lot fall from P (ni 
tlie meridian plane through P\ 

The angle ' Ku;. 

ai’ = Z^f^PJ^’ 



of tliis triangle evidently approaches w as its limit when F 
a])proaches P. 

I/" P' 

AVe have: tan o)' — —— 

PM, 


Xow differs from 7^1/—« cos <7>,i Iw an infiiiitesimal 
higher order ami likewise ^f,P' dilfers from d//'''= o A6 
an intiiiitcsimal of liigher order, IlencCj by the theorem 
Chap. V, § lij we obtain: 


V P' 

lim tan tu' — lim " ’— 
/•'-/* 7CVi 


«A(^ 

= lim--—: 

o cos Ay 


of 

by 

of 


tail a> = 


- 77, 
9 





(;38) 


tan ( 


cos (ji cW 


In ovdov to obtain the (liifcvential of the avc of the curve 
(:17) we write down the rythagorean Tlieorem for the triangle 


divide tln-ough by and tlien let hB approach 0 as its 

limit Since tlie cliurd P/^^ differs from the arc A.s' by an 
inhuitesiiual of higher order, wc have: 


m 


liin 

P':^P 



^ — liin f — 1 = a“cos'c/>., 4- a'liin 

sf = cr cos" </> + a- (Dfl 
diP = cr [ coS“ </» dO' + d0' ]. 



Jih\i))ih Lini^s. A vliimh line or loxodrome is the path of a 
ship tliat sails without altering hei' course, Le. a curve that 
cuts tlie meridians always at one and the same angle. If we 
denote the complement of this angle by co, then wc have from 
(oS) for the determination of the curve; 

— dB tan 0 ), 

cos rj> 

^tan.= J^ = logtang+--)+a 

Tliis is tlie ecpiation of an equiangular spiral on the sphere, 
which winds round eacli of tlie poles an infinite number of 
times. 


EXERCISES 

1. Sliow that the total length of a rhumb line on the sphere 
is finite. 



2. The cartesian coordinates of a point on the surface nf a 
sphere are given hy the (Mpiaiions: 

X = a cos eos 6^ // = a cos (/> sin ;; = </ sin </>. 

Deduce (39) froin these relations and the etpiatiuu: 

th- ~ (br -f (Itj- dz\ 


3. Taking as the coordinates of a point on the surface uf a 
cone {pyO)y vdiere p is the distance from Urn vertex and V is 
the longitude, show that 


(41) 


tan (i) = — ^ ^— * 
piWiiiu a 


4. Obtain the equation and tlie length of a rhumb line on 
the cone. 


5. The preceding two questions for a C 3 dindcr. 

6. Mercator's Chart. In mapping the earth on a sheet of 
paper it is not possible to preserve the shapes of tliC countries 
and the islands, the lakes and the peuinsv\his represeided. 
Some distortion is inevit^ible, and the prohlciii uf cartography- 
is to render its disturbing effect as slight as possible. This 
demand will be met satisfactorily if we can make the angle 
at which two curves intersect on the earth's surface go over 
into the same angle on the ina]). For then a small triangle 
on the surface of the earth, made hy arcs of gi-eat (drclcs, will 
appear in the map as a small curvilinear triangle having the 
same angles and almost straight sides, and so it will look very 
similar to tlie original triangle. What is true of trhinglcs 
is true of other small figures, and thus we should get a map 
in which Cuba will look like Cviba aud Tcelaud like Iceland, 
though the scale for Cuba and the scale for Iceland may be 
(iuite different, 

A map meeting the above requirement may be made as fol¬ 
lows. Regarding the earth as a perfect sphere, construct a 
cylinder tangent to the earth along the equator. Then the 
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3^52 

inerifliaiiR shall go over into the elements of the cylinder and 
ihe parallels of latitude into its circular cross-sections as fol¬ 
lows: Lot P be ail arbitrary point on the earth, Q, its image 
on the cylinder, 

(n) Q shall have the same longitude, 0, as P. 

(b) To the latitude 0 of 7' shall correspond a distance z of Q 
from the equator such that the angle w which an arbitrary 
curve C through P makes with the parallel of latitude through 
7^ and the angle o)i which the image Ci of (7 makes with the 
circular section of the cylinder through Q sliall be the same. 
IS^ow from (38) 



the constant of integration vanishing because z=:0 corresponds 
to (p = 0. 

Thus a point in latitude 60° N, goes over into a point distant 
1.32 units from the equator. 

The cylinder can now be cut along an element, rolled ou( on 
a yilane, and the ma]) thus obtained reduced to the desired scale. 

This ]nap is known as Mercator’s Chart* It has the 
propert}^ that the meridians and the parallels of latitude go i 
over into two orthogonal families of parallel straight lines. 
Furthermore, a rhumb line on the earth is represented by a 
straight line on the map. 

Krcuiui’, tlio latinized form of whhse iinine wa.H Mercator, com- 
Uleled a map of Lhu world on tlie plan lie re set forth in IGOO. 






We rail attention to tlio fact tliat the above map cannot he 
obtained by j)rojeetin‘>^ the points of the sphere on the cylinder 
along a bundle of rays from the centre. 

EXERCISE 


Turn to an atlas and test tlie I\rercator\s charts there fcnuul 
by actual measurement and coiiipulation. 



CHAPTER XVI 


TAYLOR’S THEOREM FOR FUNCTIONS OF SEVERAL 
VARIABLES 

1. The Law of the Mean. Lot f y) be a coTitiniious func¬ 
tion of tho two iiulei)onLlent vaviables x ami //, having continuous 
first partial derivatives. ^Ve wish to obtain an expression for 

y Vi) + 

analogous to the Law of the Mean for functions of a single 
variable, Chap. XT, § 2. One such expression has been found 
in Chap. XIV, § 0; but there is a simpler one. Eorui the 
fuiiction : 

^(0“/C’n ~t~ ?/o + 

Avlicre ?/„, h, k are constants and i alone varies. Notice tliat 
ch(l)=y(.v„H- //, y^, + k), <&(0)=/(;r,„ //y). 

If wc apply the Law of the Tilean, p. 230, Formula (A’), to 
«!>(/.), setting ^ = 0, = we get: 

$ (1) = ^ (0) -f 1 . ci>' (^). 0 < ^ < 1, 

Now ^*(/) = Jx C’o "f Vi) + "h k/y (.I’o + thj ?/n -j- tk). 
Hence /Cb-h^b + = 

(1) Vn) T ^^fxi^'i) “b ^^b Vo T Ok) 4- k fy (.Ty d- dhf ?/o + Ok), 

where 0<^< 1, and this is the form we sought for the Law of 
tlie lilean for functions of two iiidependent variable.s. 

The extension to functions of n >2 variables is obvious. 
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2. Taylor's Theorem. AVe olitaiii Taylor'.s 'I'Ikm.ivmii witli tin- 
lleiiuiiiuler it' we write the curn-.siiinidiiig tlieurem fur 

4)(1)=4>(0)+<I>'(0)+ ... (),H-’ <1> 

It- > (/< -h 1 I! 

«^ik 1 then substitute for and its tlerivati vt*s I heir valut'S. 'rims 
wlieu 117=^1 we get 


(^) J O’o "h Vi) H~ ^0 —J Chi) ?/o) 4 - !-o) 

+ y)i-2hkj:,ix, y)-fAv;c(X, 

where X — V— 0h\ and O<0<-^ j. 

The student sliould write out llie forniula for the iiext ease, 


The general toriUj !, can he exiu-essed synibolii'ally as 


_1 
71 1 

and the remainder as 


CX Cl/ 






(M + 1)! 


h~ + lC:. 

CX cij 


.'/)' 


jr = / , • ( 5 * 


The extension to functions of ?/>2 variables is immediate. 

If tlie remainder converges toward zero wlieii n hoeuines 
iiihiiite, we obtain an inhiute series Avhuse terms are homo¬ 
geneous pol^moinials and which converges toward the value of 
the function. If fiirtliennore the series whose terms eomsist of 
the monomials that make up the terms of tlie latter series (con¬ 
verges for all values of h and k within certain limits: h >.< IL 
I A’|< A" we say that the function can be docolopul ia a poi>:i:r 
ao.rio.s in h = x — and k = y ~ yx)\ 

(3) f Qc, y) = 2 c„,, (x - .7-,r (?/ - !h:r, 

or that it can be developed by Taylor's Theorem. A series of 
the form (8) is often called a Taylor's Series. Ihit it is not in 
general feasible to show that the vemaimhu' coinaM-gos toward 
zero, and so other methods of analysis have to be employed to 
establish a Taylor's development. 




3. maxima ana miiuma. xim lunction .///) will liave 
luaKiuuuu at the point u^i) it’ the tangent pUiuo of th 
surface 


a=/(x, y) 


at (r„, ?/„) is parallel to the x, y plane and tlie surface lie 
below this iilaiie at all other points of the neighborhood g 
Hoy ao). Hence we see that at ?/u) 


0) 


r=“> 



A similar statement holds for a minimum. 

The necessary condition contained in (4) can be extendei 
at once to functions of n >2 variable.s. For, if aii^’ one of th 
first partial derivatives, dtt/oXj for example, were a 
(■h)i Jh)} •'•)» fiinctioii/(x, ? 4 ,, a function o 

X alone, would be increasing as x passes through the value a\ 
or else it would be decreasing, according to the sign of du/d.x 

The conditions (4) are frequeiitly sulhcieiit to determine 
maxiinuin or a luininunu. 


Exampla 1. Given three particles of masses iiu, 
situated at the points ZZ.s)* "-I'o find tli 

point about which the moment of inertia of these particles wil 
be a minimum. 

Here it is clear that for all distant points of the plane th 
moment of inertia is large, becoming infinite in the iiifinit 
region of the plane. Furthermore, the moment of inertia is ; 
]) 0 .sitive con tin nous function. Hence the surface 

,( = 1 = mi [(.); - ,x,) = + 0/- ?/,)=] + w,[(.(,•-a-.,)-+ (?/ -i/.)-] 
must have at least one minimum, and at such a point 

^ 7 \ 

■ ^ = 2 [mi (x - X,) + 1 ) 1,2 (X - ; 0 o) + (x - x^)] = 0, 

^ = 2 [»i, {y - 1/,) + m-i (?y - y..) + (]/ - 2/3)] = 0 - 





But tlifise equations dolermine the oon\\v of ‘^Tavitv t.f tlu* 
particilos and are satislied by no other iMiint, lienee [\iv emtiv 
of gravity is the point about wliieli the nutiiieut ut‘ imu-tia is 
least. 

The result is in aceovdauee, with Ilje g(‘neral tlienrtuu nt 
Chap. TX, § l;q and it holds for any system of partieles 
whatever. 


Auxiliary Variahlcs. As in the case of funetions of a >inLrle 
variable, so here it frequently hajfpcuis that it is best to expie>s 
tlie quantity to be made a nuixinium or a laininmui in terms 
of more variables than are iieeessary, one or more relations 
existing between these variables. The student must, therefore, 
in all cases begin by coiisidoriiig hou' tutttiy uulrinmlrnt rorec- 
hlcs there arc, and then write down uli the relations between 
the letters that enter; and he must make up his mind as to 
Avhat letters he will take, a.s indcpeiuleut variables before he 
begins to differentiate. 


Exauiiila 2. AYliat is tbe volume of the greatest reetangular 
parallelopiped that can he inscribed in the ellipsoid; 


a- Ir 


1 ? 


AVe assume that the faces are to he parallel to the coordinate 
planes and thus obtain for the volume*. 

But Xj y, z cannot all be chosen at pleasure. They are con¬ 
nected by the relation (o). 8o the number of iiulepemleiit 
variables is here two, and we may take them as x and y. M e 
have, then: 

Y = 8//('* + .‘4A=0, 

C.V \ c.rj 

^J=Sx(z+A]=0. 

cy \ cyj 

From (d) we obtain: 



noit'.hor x — 0 nov ?/ = 0 can lead to a solution, and Mm 
only reinaiiiing possibility is that 


crz 


or 


= 0 , 

or 

(r 


h'Z 


■ IT. 




Tims the parallelepiped whose vertices lie at the intersections 
of these lines with the clli[>.s()id, /.e. on the diagonals of the 
circiunscribfid parallelopipetl x= ±(tj ± is the 

one required,* and its voluuie is 

jr— 


EXERCISES 

1. Eequired the parallelepiped of given Yolumc and mini¬ 
mum surface. A cube. 

2. Required the parallelepiped of given surface and maxi¬ 
mum volmuo. Ans. A cub(a 

3. A tank in tlie form of a rectangular ]mrallelopiped, open 
at the top, is to be built, and it is to hold a given amount of 
\vater. Rind wliat proportions it should have, in order that 
tlie cost of lining it may be as snnill as possil)le. How many 
independent variables are there in tliis prol)loin ? 

Alls, Length and breadth each double the dcptli. 

* The reasoning, given at. lengtli, is as follows. is a continuous 
positive fuiJcLion of x and y at all such points of the quadrant of the ellipse 



for wdiich :r>0, y>0, and it vanishes on the boundary of this region. 
Hence it must have at least one maximum insido. Hut we find only one 
point, x~ a / y = h/\/S at which H can possibly be a nuiximum. 
Hence, etc. 






4. Find tho sliovtost distnncn hetwetni tin.* liiu‘s 


I f ;i = + 7, 

\ ■i=^>.v, \ ;• = /. 

5. Show wilhoiiL iisiiiir tlie (’iilouhis tliat tlu- function 

+ 4 -7 

has a niiniinuin. 

Suggestion. Use p(jlav euordiiiates. 

6. Find the iiniuiiiuni in the pro(*oding problem. 

7. A Inindml teiienioiit liousos of given (mhieal mntent are 
to be built in a factory town. They ai‘o to have a recrangular 
ground plan and a gable roof. ImiuI the dimensions for which 
the, area of walls and roof will be least.* 

8. A torpedo in the form of a cylinder with equal conical 
ends is to be anade out of boiler plates and is ju.st t(j Hoafc 
when loaded. The displacement of the torpeilo being given, 
what must be its prO])ortions, that it may carry the greatest 
weiglit of dynamite? 

xbos. The length of the torpedo must he three times the 
length of the cylindrical portion, and tho diameter must be Vo 
times tlie length of the cylindrical portion. 

9. Find tlie point so situated that tlie sum of its distances 
from the three vertices of an acute-angled triangle is a mini¬ 
mum. 

A}is. The lines joining the point with the vertices make 
angles of 120° with one another.! 

10. Find the most economical dimensions for a powder 
house of given cuhical content, if it is built in the form of a 
cylinder and tlie roof is a cone. 

* The problem is idPiUical with that of finding the best shape for a 
wall-tPiit. 

t For a complete discussion of the prnhlein for any triangle see Goursat- 
Hedrick, ^[(fihefiuUiral vol. 1, § 62. 




a two-f^tallou iniWi can. Assiuno the iipper imvfc of tlie can to 
be a complete cone. 

4. Test by the Derivatives of the Second Order. We proceed 
to deduce a sutHeieiit couditiou for a maximum or a mini mum 
in terms ol tlio derivatives of the second order. Suppose the 
necossavy comlitions (4) are fulfilled at (a’p, Then from 
(2) wo get: 

(0) /(.ro + h, y,) 4- Jc) y,) =. 4 (AJi^ -p 2Bklc ^ 

wliei’e A d" .Vo d~ —fxy d" .Vo d~ 

^“.4- (‘^’o d" Vo -p d/i), 

and for a minimum the difference (6) must be positive for all 
points .r = .rod-7^^ // = y,)-p7r near (.r^, y^) except for this one 
point; wlxerc it vanishes. 

Dofivita Quailvatic Formn. A hoinogeneons polynomial of 
the second degree iii any number of variables is called a qiiad- 
mtic Jorni^^ and is said to be (U^Jinite if it vanishes only when 
all the variables vanish. Thus 

/rd-/^4 

arc examples of dchnitc quadratic forms iu two and three 
variables I'cspectively; 

Ji\ 3 /r -p 7 -p 2 = (3 h -p k) {h -p 2 k), 

regarded as quadratic forms iu two variables, are not definite. 
A definite quadratic form never changes sign. 

TiiEOEn:M. In onhr that 

U=AF^-]^2nhk^ Ck!^, 

-For some purposes it. i.s ih'sirable to define an algebraic form merely 
as a polynomlnl. IJut we are cojirernccl here only with homogeneoii.s pol}'’- 
noinials. iSloreover, we exclude the case that all the coefficients vanish. 





whoTP. 7?, n trrp nn}piH>mh'nl </{'}( (t,ul A*. <f (Irflalft (ttnn, if 
is necesmri/ a ml aujlir.ictit fh<tt 

(7) 

Tluit tliis C5onflition is sutUcimt is :it nwm For, if 

it is fulfilled, surely neither .1 nor C’ e;iu vanish, and r.ui 
write: 

Hence U can vanish only Avheii 

-.1 /t + 7>' k = 0 and Zr = 0, 

i.p, only when h = /r = 0 , ([. e. il. 

We leave the pruuf that the condition is ne(*essary t*) the 
student. 

When tlie condition (7) is fuHilled, .1 and C necessarily huvt* 
the same sign, and this is the sign of C. 

CoiiOLLAKY. 7/ ^d, 75, O tlopead on 11 <iml Ic in omj iuontti t 
ichatevery and if) for a pair of ralifps (A, A') not Itnth '^t-ro, th»s »•»*/»- 
dition (7) is fulfilled j Uienfor these values U has thr samn sh/n as 
A and C. 


Ap])Ucation to Maxima and ^lininia. Returning now to equa¬ 
tions (G), lot us sui)pose that 


(«) 



C- U o'- ^ Q 
6.r cf 


at (. 1 * 0 , 2 /n) that these derivatives are oontinuoiis in llie 
vicinity of this point. Then tlio relation ( 8 ) will liold fnr all 
points near (;r„, y,,) ‘i^od furthermore, for such points, both 

— and ^-7 will preserve the sign they liave at (.r„, %), Hence 
cx^ Cjf- 

the right-hand side of (O') will vanish only at (.c„, ?/„), and at 
other points in the neighborhood will have the sign common 
to these hitter derivatives. AVe are thus led to the following: 




Jful llidiioint (x^^J 
(a) 


(^) 


f) f( Q ^ il 0 

dx cij 


' ^ ^11^ < 0 

dxdffj ^.r cf/^ 


avd if the derivatives^ of the seco}td order are continuous near 
fxaj yo), then ii will have a nuixininvL at (.I’l,, y^^ if 


(^i) 

and a minimum there if 

(«.) 


dx‘ 

f^> 0 . 


Conditions (b) and 0^) are not necessary, but only sullficiont. 
u may have a ]naxi]iuun or a ininimum even when tiie sign ol 
inequality in (b) is replaced by the sign of equality. But if, in 
(h)j the sign of inequality is reversed, u has neither a maximum 
nor a minimum. 

When/depends on ??. > 2 variables, the method of ])roeedvn‘e 
is similar. First, the, algebraic theorem about quadratic forms 
lias to be generalized. Thus for three variables, 


(0) r anoX^r -f' 2fq4a’pro-{- 


and the necessary and sufficient condition that U be a positive 
dehnite quadratic form is that 


( 10 ) a,, > 0 , 


rtjj 


> 0 , 


a\\ ^^2 ^hi) I 

j > 0, 

fi'M ! 


where ay — cq-f. This form of statement suggests the general¬ 
ization for n = ?n 

If U is to be a negative dofmite quadratic form, the first, 
tliird, fifth, etc. inequality signs in (10) must be n’versed. Foi 
a proof by Cibbs, arranged by Saureh cf. the An)tals of Mathe¬ 
matics) sei‘. 2, vol. 4- (1902-()o), p. 02. 



TIh^ <‘aso i)l‘ implicit tiuictiuns, trcatctl \\y iiiislti- 

plicrs, is in (.r(jurs:it-l Icdi ick, . 1 »#?/*/>;,s-, 

voL 1, S Gl. 

EXERCISES 

1 . Show tluit tho sui’fjicc 

luis neither a maxiiimm nor a luiniiiiuin at the oriLcin. 

2. Test the I'linetion 

.t- +;; .r- _ xif -f r» //- - 4 ir 
for maxima ami minima. 

3. Determine the maxima and minima of tliesnrfac’O 

X- - 1 - 'Jf/- + oz- — Lhn/ — ‘Jt/z = li. 



CHAPTER XVII 


ENVELOPES 

1. Envelope of a Family of Curves, Consider a family of 
cirelos, oC equal vatliq whose centres all lie on a right, line : 

(1.) {x-a)- + y-=l, 

where the parameter a runs through all values. The lines 

(2) 2 / = l and y = 

are touched by all the curves of this family. 

Again, let a rod slide with one end on tlie 
floor and the other touching a veidical wall, 
the rod always remaining in the same vertical 
plane. It is clear that the rod in its successive 
positions is always tangent to a certain curve. 
This curve, like the lines (2) in the preceding 
Fr{. 8() example^ is called the m v(Aupe of the family of 
curves. 

Turning now to the general case, we see that the family of 
curves 

(:)) /(; k , y, «) = 0 

may have one or move curves to which, as a varies, the succes¬ 
sive inombci's of the family are tangent. When this is so, two 
curves of the family eori'esponding to values of a differing but 
slightly from each other ; 

(“I) ?/) ” C, t (,r, //, -j- Art) = 0, 

;l!i 








will nsnally intersect near the points of contact of these curves 
with the envelope, as is illnstnitcd in tlie above cxaniph's. So 
if we tleteriuine tlio liinitiic^^ pt)sition (jf this iioim Pni inter¬ 
section of the curves (1), we shall uljtain a |Miiut of the enve¬ 
lope. Now a third curve throlp^dL P is the followiiii^^: 

(o) 0 !/} 4“ J (a’, //, = S.(cj^ (".r, V) "T 

For, the coordinates of P satisfy the e*quati()n of this curve. 
Hence, allowing to approach 0, we get - 

(6) /a UN/A ^^n) = 0. 

Thus the coordinates of a point of the envelope, when one 
exists, are seen to satisfy the simultaneous C(piations: 

/U, n, u )={\ 

|-=Ja(-''. .'/) «)=0. 



Conversely, the locus (7) will be tangent to each cnrv(^ i3) 
provided that ej'/dx^ cJ/ctj do not both vanish along this loriis. 
To jirove this, observe that the slope of a curve of the family 
(3) is given by the equation : 


( 8 ) 


^ 'll! = 0 , 

OX cij dx 


In order to find the slo])e of the envelo])C, we may think of 
equations (7) as solved for x and [/: 

(9) X — ily{(i)y 7jz=ilj(a), 


* 'riie reasoning, in detail, i.s as follows. We assume that the cnnrdi- 
iiatcs ,i;, if of tlie point P vary continuously as Ak iippri>aches ii, and 
approacli a deiinite limiting ])oint. The coordinates of P satisfy (d) ami 
hence 

/a T ^*^^0 = 0 - 

J'inally, we a^^sinne/„ (.c, y, a) to he a coiithuious function of .>*, y, and «, 
and so 

iim (X, y, «u + ^^a) =j \(.»*, y, «o) = 0. 



Then tlie slojui of the envelope is 

% = fLClf). 

dx 4,'{u) ■ 

Now take the total differential off(x, y, a) : 

dS=%dx + %chj + %aa. 

OX C}J cci 

If .r andy satisfy (9), then d,f=Q, dx = (u)du, dy=f'(u)da, 

aiicl|l = 0. Hence 
oa 

(10) 0=ltd.n + ^dy or ^ + 2Z'l^_n 

Thus (10) gives the same slope that (8) does, and the envelone 
IS tangent to the family. ^ ^ 

Example 1. Applying the formulas (7) to the family of circles 
(1) we get; 

da 


i (x — a) = 0, 


The elimination of « between this equation and (1) gives 
y = 1 or y = 1 and y = — 1. 

Example 2. To find the envelope of the family of ellinses 
wliose axes coincide and whose area.s are constant. 

Here, 



(«) 

ib) 


- + )C = 1 , 

ft- 

TT Cib = k. 


It is more convenient to retain both parain- 
Fig. 87 Qt&vs, rather than to eliminate, but we must 
be careful to remember that only one is inde- 
joendent. If we choose « as that one, « = and differentiate 
wuli respect to a, we have ; 



11(1 hence 
('•) 


\ = 0 , 


It- _ 2 If- dh 
((•' b‘' da 


a- Ir 

U'tween (<(), (h), and (c) wo ctiii a and h ami tlins irot 

siuj^le e(|iuit:it)U in .c ami //, whicdi will he the (Mjuatinn nt tin* 
nvelope. To do this, solve (({) and {>:) for o' and 6'-, thus 
ottiiig 

a~ = 2 . 0 % //■ = - //•, 

, 11(1 tlieii substitute the values of a and b from these equations 

u {b): 

±2^xi/ = k, 

. pair of equilateral h3q3erbolas. 

The equations 

a- = ± aV2, }/ = ± 

miiibined wdth (h), give the (coordinates of the points of the 
fuvelope in which the, particular ellipse corresponding to that 
lair of values of a and h is tniigcnit to it. This remark ap[»lies 
,mnerally whenever the (Coordinates .r and // of a ])oint of the 
nivelop(j arc obtained as fumitions of u. 

EXERCISES 

I)} mrh of (ho folhirinff drau: a ratfrjh fhjare to indi- 

utle (ho rttrnos of (lie Ju/nilff and fho foicelopr. 

1. Find the envelope of the family of parabolas: 

if- ~ o fU' — ( 4'1 

2. Circles are drawn on th(c donhlo ordinates of a pa¬ 
rabola as (lianiet(?rs. Show tlnit their envelope is uii equal 
parabola. 

3. Show that the envelope of all ellipses having eoin(ddent 
axes, the straight line joiiiiiig the extremities of the axes being 
of constant length, is a s(puire. 




4. i^ind the eiivejope oi srvaii^ai: iiuea (irawu perpenaiculav 
to tlie normals of a ijaraboki at the jioiiits where they cut Uie 
axis. 

5. Show that the envelope of the lines in the second exam¬ 
ple of § 1, p. 34-k is an arc of a four-ensped hypocycdoiiL 

6. The legs of a variable right triangle lie along two fixed 
lines. If the area of the triangle rciuains constant, find the 
envelope of the liypotlienuse. 

7. Find the envelope of a circle which is always tangent to 
the axis of x and always lias its centre on the parabola ?/ = ;r, 

8. AVhat is the envelope of all the chords of a circle which 
are of a given length ? 

9. Find the envelope of the family of circles which pass 
through the origin .and have their centres on the hyperbola 

10. A straight line moves in such a way that the sum of 
its intercepts on two rectangular axes is constant. Find its 
envelope. Draw an accurate figure. 

11. The streams of water in a fountain issue from the 
nozzle, wliicli is small, iu all directions, but with the same 
velocity, t’o. Show that the form of the fountain is ap^jroxi- 
mately a paraboloid of revolvitioii. 


2. Envelope of Tangents and Tfomals. Any curve may be 
regarded as the envelope of its tangents. Thus the equation 
of the tangent to the parabola 


( 11 ) y- = 2mx 

at the point (.Xo, yo) is 


or 


Wi / \ 

,V(. 


( 12 ) 


vix 


2 / = —+ 


Z/o 


2/o. 

2 



Tcncc the envelope of the lino.s (12), wlu‘re //„ is rocranh'd as a 
)aramoter, must be the parabola (11), ami rhe student can 
‘eadil}’’ assure liimsolf that this is the ease. 

The ev(diite of a curve was delined as the h.cus of tlir^ 
•entres of curvature, and it was sliowu that the iioriual to 
he (airve is tanL;‘eut to the evolute. Hence the ev(dute i.s the 
m\'’Glope of the normals, and thus we have a new method for 
leterininiiijt the evolute. 

For example, the equation of the normal to the paral)ola 

2/ = ar 

it the point {Xoy ?/o) is 

a;-~.T(, + 2roO/-?/n) ==0 
H' a:-h2;ro?/-a-„-2.v==0, 

ind we get at once as the envelope of this family of lines: 

?; =3.ry-l- .r = 

Dr 

EXERCISES 

1. Obtain the equation of the evolute of the ellipse: 

X z=z a con cf), }j = b am (f>y 

as the envelope of its normals. 

2. Obtain the evolute of the cycloid : 

X = a (6 — sin $), ?/ = a (1 — cos 9). 

3. Obtain the coordinates (j,, y^) of any point on tlie en¬ 
velope of the normals to the curve y=/(.r): 

and show that the result agrees with the formulas of Chap. 
VII, § 3. 




3. Caustics. AVhon rays ot light that are nearly parallel 
fall ou the coucavo .side of a napkin ring or a water glass, a 
portion of the table cduth Ls illuininated* Let us 
detenuine the equation of the boundary. 

Sii])pose we Jiave a narrow sejni(‘ircular band, 
on the polished concave side of whic.h a bundle 
of pai’allol rays fall. TJie rays ai-c reflected at the 
same angle with the nornuil as the angle of iii(!i- 
deucc, ami we wish to And the envrdope of the roflecitial rays, 
''fake tlie radius of the band as 1. Then the equa¬ 
tion of the reflected ray is 

sin /9 = tan 2/9(.r — eos <9). 

To get the envelope of the family, we differentiate 
with respect to 0 : 

— cos 0 = 2sco-2^?(:r — cos 0) 4- tail 2^ sin i 

2aj = 2cos — cos^2^cos 0 — cos 26* sin 2<9 sin 0 

= 2cos 0 — cos 2 0 (eos 2 0 cos 6^ -j- sin 219 sin 0) i 

= 2 cos $ — cos 2 6 eos (9, 
or : x= ] (o cos 6—2 (ios''^ 0). 

Substituting this value of x in (13) we get : ' 

y = siii'^0. 

But these are the equations of an e])icych)id of two cusps, i.e. ' 
the one in which a = 26, 6 = ■}, p. IdO, (9). 

EXERCISE " 

If the band i.s a complete circle and a poinl.-source of liglifc 
is situated on the cii’cuiiiferenoe, draw accurately a figure 
showing the I'eflected rays and pi’ovc that their envelope is a i 
cardioid. 


y\ 
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OH AFTER XVIIT 

DOUBLE INTEGRALS 


1. Volume of Any Solid. Tn Thai). wo have 
ho volumes of a miiiibei- of solids movo or less 
hapo. It is not dillieult to generalize and (d)tain a iiiethujl 
or computing the volume of any solid whatso«*ver )jy intogra- 
ion. A suggestive example is given hv a ])rohlein of naval 
architecture, — that of determining the displaeenient of a shiji. 
'Icre, the plans of the ship, drawn on pa[)er to scale, furnish 
he areas of cross-sections which are near enough together so 
hat a good approximation for the voluimM)f the slii}) between 
w'o sneoessive cross-sections may be obtained by considering 
his part of the ship as a cylinder whose base is one of the 
;ross-sections and whose altituile is the distance to the next 
me.'* 

Lot ns now conceive a solid of arbitrary shape. A.ssuine a 
ine in space, wliose direction is taken at jileasnre, and cut the 
olid by a variable jilaiie perpendicular to this line; see Fig. bO. 
)enote I lie di.stance of an arbitrary’ point on the line frtmi a 
ixed ])<)int of the line by .r. The area of the cross-section made 
)y the above ])lane is a fnmgion of ;r, which wc will denote Vy 
l(.t*), or simjily ^1. Let the iidnimnm .r eorresjKinding to om^ 
)f the above jilanes he x = (i, the maximnni, .r =//. l>ivide the 
nterval from <t to b into v e(pial ])arts by the point.s 

* It is pn.ssihh-' Ut approximate to the volume better by means of 
iiorc elaborate fiu'imilas (Siinpsmi's Ibih' s but this simplest approxima- 
ioii is more sugge.slivu for oiir pn-sout purposes. 




-U "} -IJ 7 -H I - - ± - - --Oti. [Joints 

Ijerpeiuliculav to tlie line. Then the volume in ciucstiou is 
given ai)[)roxim(ately by the sum ; 


A (.r,)) Ax + ^'1 (.t'l) A.ii + • ‘ • -f- A.”!;, 


and the limit of this sum^ when n becomes infinite, is exactly 

tlie volume sought: 



(1) 


V 


h 


Example, To compute the vol¬ 
ume of the elli[)soid: 


a** 0 “ c- 


Here, tlie cross-section made by 
an arbitrary plane x = x' is tlie ellipse 


0' C" 






crT-h ■ 


a- 






Its semi axes have respectively the lengths 


H I-~, 


A'l- 


’ a- ■> ( r ■ 

and beiiee its area is, the accents beinp- su])j)resscd: 


The volume V is, therefore, 


A = TT be [1 — — 1 * 


V 


= 7r be I j 

e./ 


(lx 


= 7 rbc( X -!—; 

dcr’ 


: 'J TTUbC, 






2. Two Expressions for the Volume under a Surface: First 
Method. \\\* turn now to the pn^hleni of e<i!u[aimi '4 Ui»: 
Volume uiuler any sm-faeo, 


(-0 


'/)• 



Kn:. 'Jl 


(liven, namely, a region S of the 
(.r, ?/)-plane and a function /’(,<•, y), 
single valued and continuous 
throughout aS'; for the [trestait 
we will assume, furthorniure, that !/y 
f is positive. iMvct a cylindrical 
column on S as base and consider 

the volume of the part of this column capped by the surface 
(1?). It is this Volume I'that \vv wish to comimtc*. 

Our first metluid is that (d’ § 1. We (‘ut 
the solitl by a plane .r = .r' and compute the 
area A of this cross-section, !N'uw A is 
merely the area under the curve 

2 = <^ {>)) =/(.c', if) constant) 

between the ordinates ccjiTesponding to 
the abscissas y = I'o y = Yy Hence 



^1= p' :v) rf-/. 

Dropping the accent, which has now 
served its purpose, we have: 

P 

(M) A(x)^ I f {^',11)^11 y 



where we must remember that o: is constant, y being the vari¬ 
able of integration, and that Y^J and I" are functions of x. 

It remains only to integrate .1 with resijcct to x between 
the limits rr = a and a* = 6, where ti is the siuallest abscissa 
2 a 







obtain; 


o 

V= jA{x)clx. 

a 

ms i.,t i„tee.d i, ^ ^ ^ 

f> Y-, 



dx / f(x, y) dy or 


I r, 

« jY 


■) y) dy dx. 

" ■* 0 

It IS railed the itemtecl inteqml of f(x ?/) 6iot ti i , 
integral; the latter will be explained la’teib s ! r 

Instead of integrating first with regard to I aniTtr^’"’™' 
regard to we miglit lia\re reversed fht i ^ ^ 

.Via . 'we 

/3 

^'=JdyJf{x,y)dx. 

For example, let us compute the volume cnr nPP r 
paraboloid: TOiume cut off from the 

4 9 

l^y tlie (,r, ?y)-plane. Since the surface is nhvinn.ci 

with respect both to the (a- ,1 and hI T symmetric 

fient to compute the part of Ihe volumft^aj lies"' '^ 1 '" 7^' 

■ -^->t, and then multiply the result by 4. To g:t" W 

* Another form sometimes employed is to he avoided, namely: 

h y 


J* J ./ (^j V) dx dy. 

« Jo 


for thouglit of as an abbreviation 

I y)dy]dx. 


r 

SU^ 


« Jo 





to hold .r fast, io. lo cut tlu' solid i>y the piano .'‘—.i-'. aiai 
(ioinpute thn area of the siH-tion. 'this is tho aioa un'ior tijf 
curve 


z= <^(//) = t 


4 


■C 


the limits of intei^ration determined as fnlldv.s. Ti:e 

(a*, //) plane, whose iMpiation is ;i = 0, cuts the ^ul•l'a'•e in tiu- 
ellipsc 

0 = 1-*'*'-^, 

4 U 

and the region S is the i)art of tliis 
elli\)se lying in tlie tirst rpiadraiit. 

The segment of the line .}• = .#*' whieli 
lies within >S' has for its niininunu 
ordinate ru = 0, for its maximum 
wdiere 


Thus 




0 


= -K4-y^)V4: 





Hence, dropping the accent, we get: 

Tin ally, integrating A from the sninllest ./• in S to tlie 
largest, we have (see Tu6/e.s, Xo. 1di); 



1 

Id 


X- (4 — x-y + () aA — X- 


4-24sLir^ 


and so the total volume is 0 77 = 9.42. 







just consideredj'at 

the volume removed. 

columu stand., on 

^=y\ y^x^ 

as base and cut off by the surface 

:i» :xix? «-* 

«=na]l pieces, called .lenm^is of arTof f 

denote the area of any one of them b; JeTf 

arbitrary point of the 7dh element Pn ^ 
on this element as base and of heinlit f P.‘'' 

.he volume of this column is ^ 102. 

/(•'®i') l/i) A.6f,.. 

»,s::.t‘; ::c: . 

w 




i f(p^}{i yk)^Sf.^ 


of the elementary areas annronlh ^^^“^eter of each 

that the limit of (4) is ° “ ‘^^sar 

, ’"=;»|/(%,«.)A«.. 

obtX “ ““ ““™‘‘ iot the volume we set out to 



AVe remark that it is not important tliat the oleimnaarv 
areas just iill out tlie rogion .S', 'rims wo might diviiio \hr 
plane by parallels to the ^(jordiuatc 
a.N.es into reetangles whose sides are 
of length A.r and A//, and then take 
as tlio olemcmtary areas p/) all the 
rectangles that li<‘ wholly withiii .V; 
or (//) all those just inentioned ami 
ill addition such as contain at least 
one point of the boundary of S in 
their interior or on their boundary ; or P*) any set iutenuediate 
between (a) and (h). In each ease the sum (4) would elearlv 
have as its limit the volume V. 

4. The rimdamental Theorem of the Integral Calculus, d ust 
as in Chap. IX, § 2, we equated the two expressions for the 
area under a curve to each other and thus obtained an analyti¬ 
cal theorem regarding limits, so here we equate tlie two expres¬ 
sions just found for the volume under a snrfaee and tlierehv 
deduce a corresponding theorem for functions of two iiidt*- 
pendent variables. 

PirXDAMEXTAL ThKOUF.M OP TIIK IXTKOTiAL CACeULL'S. Lt f 
■/(x, y) be a couliiitanfs funrlioti af x innl y thrnufjhnnt </ n-tfion N 
of the {x^ yypluiie. Dicitle aujiou up into n j/ierv.s (jf m'en 
A.So, A/S'i, AaS'„_i and form the su/n : 

/(•ho Vii) )-{-./ (.r,, ?/i) A.S'i + ••• +y )AN,_,, 

ichere (Xf., y^.) is any ]}(ii)it of the k-th elementary area. If n non- 
he alloiced to increase ivithoid limit., the niaxininm dianadcr of 
each of the elemods of area approachinff 0 us d.s limit, this suni 
trill approach a limit ichirh is (jicen by the formnda: 

x,y)dy or 

loherethe Uniits of itUeijratioti are detenmned as described in § 2. 



//Ob 







/3 ;i" 

((i) liiu = J //(•‘'> = Jy)(h. 


Djcrrxrriox oi*' Tin-: Doi.’Jjt/e LNTKtJKAL. Tho limit tl'nt 
I lids in the first mom her of (()) is called fhe doKhIa 'Dilefjnd , 
ir fmictiou / taken over tlio I’egioii and is written as 


ini lows : 

( 7 ) 


liiii ^/(.4, ?4)A‘‘>( = f I'fdS. 


It is indopeiKlent of tlie parfcinular system of coordinates used, 
and applies equally well, wliel.lier cartesian or polar coordinates 
are employed. Tlie iterated integral, on tlie othoi- hand, has 
been obtained at present only for cartesian coonlinates. 

The double integral is also written in the form: 


«.■ j'fj 


frdr ddy 


the latter form referring to polar coordinates (cf. § 7). 

The Fundamental Theorem can now be written as follows: 

h y” 

(O') j 


with a similar formula when the first integration is performed 
wilh n^sp(M';t to .r. 

We liavc hitherto assumed that tlie boundary of S is out by 
a [)n rail cl to I ho axis of // :it mo.st in two 
points. If this is iiot tlie case, there is 
still no dithcult^^ in tho deliiiition of the 
double integral. For tho ])uvpose of 
evaluating tho same, however, by means 
Fig. 91) of the iterated integral, S may be di¬ 

vided n[) into regions, for each of which 
tlie above is true (.see Fig. ^Ib), and then, ina.snincb as the double 
integral extended over all ^ is evidently ecpuil to the sum of 




the double int:egr;il.s of tlu‘ siinu* function PNt.ui.l.M uv.-r th- 
different divisions of .S', it is sutiicicnt to lii- ili.uiO* 

integral for oaeii of tliesc* divisions l>y means of iCn. 

Wc have further assumed that the fuiHUi(,ny is in 

S. If it were negative, the saim* ivastajiim' would ^ri;I 
only both expressions for F would yield 
the negative value of the volume. They 
would, therefore, still be erpial to each 
other. If, linally,/changes sign in .S’, 
divide S nj) into regions in wliich •S i.s 
positive and tho.se in whic^h it is nega¬ 
tive. The Fundaineutal Theorem liolds for each reuiou hv 
itself, and so it holds for the combined region. 



EXERCISE 

Show that the abscissa of the centre of gravity of a homo¬ 
geneous plane area is given by tlie formula: 

_ //"“ 

X — —:-, 

A 

5. Moments of Inertia. Consider the nmnieut of inertia of 
a plane lamina of variable density p about a point O in it.s 
plane. In accordanee witii ('h:ip. IX, i; 14. we divide t!ie 
lamina up into small pieces, of area A6’;. and of mass Ad/, and 
form the sum: 

>1 1 

k--\) 

where r,. is the distance of a point //,d of the J:\\\ elemen¬ 
tary area from 0. AVe can write the mass Ad/ as the pimduirt 
of the corresponding area A.S'/. b}" the average density of thi.s 

>1 1 

/= lim y 


Hence 






-Vi IX, 

ticukr point (x^, tlion tho limit of tliis sum is by detiui. 
tiou the double integral 



If, however, this is not the case, wo need only to apply I)^, 
hamehs 'Jdieoreui, setting 


== Pk AS';,, jSa = ^fcVV ASfc, 

where p^. is the value of p in (av,, yi). 

Then liin = 1, 

?1~<‘C (i. 


and lieucG in all cases 



Example 1. Tho density of a rootanglo is proportional to 
tlie sqiuiro of the distance fioin one corner. Find its moment 
of inertia, about that (‘Oi'Ue]*. 

Here, pz=:\r'\ 


and Ivence 


ti 



j J rUlS— I (lx I (x:'+ 2.c-!f+ if')(li/= ! a''6-l-§-(f’6-’* + ia5®; 


•!;> 


The Jiiass of any lamina, is easily s('Cmi to be 



In tlic present case, thond’ort!, 


-- aJ I rdS ^['1' (,ir + Z/=). 



Ileiloe 


1= + 

I'n/r 4-//■'■) 

It is soinfitiinos more convoiiieiit to us(‘ tlu* fdriiiuki’lMii <.f 
tlic inoinoiit of iuertin as a (IduIjIi! inlei;ral, even tlir 

sity of Uie lamina is eoiistaut, ojj .: 


Example. 2. To fnid the inoiuont of inertia of :i trianvoilar 
lamina of constant density ahovit a vertex. 


Here, 


s ^ 

J ^r(is=i I (If I + 




FH5. l‘S 


y' = /'.r, 




1= p [Z" - /' + i (/"■' - v]^' - + ?'- + >'l" + '"-)• 


EXERCISES 


1. Determine by double integration the iiioment of inertia of 
a right triangle of constant density about the verrex of tin* 

right angle. /,-) 

t) 


2. Compute the moment of inertia about the foems of tlie 
segment of a parabola cut off by the latus rectum. 

3. Show that the moment of inertia of a lamina about the 
axis of ]j is 

1 = 



4. Find the moment of inertia about the axis of // of a 
niiiforiii lamina bounded by the parabola //- = 4o.r, the line 
==3(^, and the axis of x. Work the. problem both ways, 
integrating first with regard to .r, then with regard toy: and 
then in the opposite order. 






an external axis lying in its plane 1; 
thus generated is the same as that of TlZglTT 
rmon S enclosed by the curve and whose alM / ' 

U.uck ,U ^ o/S 

r=2^h.A, 

lohere h denotes the distance of the centre nf 

the axis, and A, the area of S. ^ ^ from 

6 will conliM0 ours0lves rn fiio 
curve is met at most in two points boundary 

of rotation, which we wUl ^e VV 
Divide the area into strips ofteadth t 

axis of y, and approximate to tlte voln ' Parallels to the 

=Wl. fc VO.™ " : IT"™'*'' ‘»»«h 

:s. r-'i;-r- 


~ 7rx,fy'^^y'^) =2^xfy',:. 

y'—^(x) beiiiP- fhu . _ 


- '2//0^33-f A ^.2 

being the equation of the In . , ’ 

~J C*) that of the upper one. Hence and 


V 






anZllf -“Piificd by DuhamePs Theorem, 

tlio result of Ex 4 „ ,7, 


FuKilly, tlio fcinu (if Hio ])vn(if is s()m(‘wh;vt i.v 

means of double iiitei^rals, t he abeve r(‘strietiiriMiu tie* i.ii v, 
as well as t.be use; of l>ubaim‘rs TluKueiii, beiii;,^ tlieii ume-.-,— 
sary. AVo have at ouee: 


F= liiu -V.t'A.S' 


-’fj 



TiiKOiiPi^r IT. If a jihnw rln.'H^d (tr imt clnshtl rottftr 

about an axifi not ruttiiuj H (hal hiiu'j in if.'i tlu^ or^a /A** 

surfare tJiua (jeiun'UtHj is tbo sumu us (hat i>urt if tln^ rulindt'\rat 
surface hariuif the (ficeu cur re as (jriuo'ofrix, u'/tirh lit s ist u 
tiro puralM 2)lan(is tchosv ilisftmcc uptirl is /Ae tUstOftcv iran-rstd 
bp the centre of graritp if the (jicen <.vo‘re; 

S ~ 2 irh ' I or (:)/(•/. 

The proof is similar to that of the first theorem, and is left 
as ail exercise for the stiidmit. 


7 . Polar Coordinates. We have com]mted the volume V 
under the surface r'=f(x, p) bv iterated iiitei^ratioii, usin;.; 
cartesian coordinates. Let us now compute the same volume, 
using polar coordinates. To do this we 
divide the solid up into thin wedge- 
shaped slabs (the slab not extending in 
general clear to the edge of the wedge) 
means of u. 0(|ually spaced planes 
through the axis of 2:: 0 = ^0 = 0 ^^ •••, 

^11 = A and a[)proxiniate to the volume 
of the /i-th slab, AF)., a.s follows. Let be tlio area of the 
section of the ])lane 6 ^ = 0 *. with the solid, and let this sfciiuu 
rotate about the axis of through tlie angle A^. Then, ly the 
iii'.st tlmoivm of Pappus, ^ (i, [lie volume generated is SO • 
and the sum of such vulmnos, 

A K-UA6, 

A=0 



Fig. OU 






totality of these pieces, we see Lluit the volmno of tlie solid 
thus obtained approaches Fas its limit, wlioii m = co. Hence 


( 11 ) 


F= Um j. 


hAdd. 


Fui'tlierniove, let rrs consider the product hA corresi)onding 
to the cross-section made by au arbitrary plane 0 — 6'. Writing 
tlie equation of the surface in the form 

»=./'(*> ?/) = 


and recalling the general formula, for the centre of gravity: 

7 > 

J*y:}! dx 






^ve have I^ere to set 

x=r, x — Ji, y = F(r, O'), a r*, b = A’, 


and we thus obhiin: 


r" 

IiA= JrF{y, 0')(lr. 


Substituting 

fonnnla: 


and hence the 


this hist expression in (1.1), we got the final 



Tkuoukm : 


p >•" 

(12) JJ F(r, d)dS= I"(10 IrF(r, 6)dr. 



() 


The first integration is perforuiod on 
the sui)position that 0 is liekl fast ami 
that r varies rroin the smallest value 
r\ which it lias in corresponding to 
the given value of 0 to the largest 
value, r'h 


u 


_ _ X 



ri(}. 


The InrerHe ’Onle.r of Iniogradon. If instead of using the 
planes 0^ On wo luul divided tlie solitl n[> hy the (wlin- 

(Icrs /*=?•„ = a,/‘i, /‘jj =/;, we sliouhl have been led to the 
result: 



h fl' 

JjF{r,e)(lS= j d,-j rF(r,0)<lO. 


Here, the first integration is performed 
on the supposition th.at r is hedd fast 
and tliat Q varies from the smallest 
value, Q\ wliitdi it has in S eoiTcspoiul- 
ing to the given value of /• to the largest 
value, 


Example, To find the moment of inertia of a uniform circu¬ 
lar disc about its centre. Here 


liTT <t 



and hence I~ Mr/2. 

This problem we have solved before by single integration. 
The solution by double integration is sim[iler in form, tlioiigli 
in substance the two solutions are closely related. 


EXERCISES 

1. The density of a circular disc is proportional to tlu^ dis¬ 
tance from the centre. Find the ra<liiis of gyration of the disc 
about its centre. 





segiaeut of the parabola: 

__ m _ 

1 —cos^ 

bounded by the latus rectum. 

3. Tlic density of a square lamina is proportional to the 
distance from one comer, hind its moment of inertia about 
this corner. 

4. Find the moment of inertia about the origin of the part 
of the first quadrant bounded by two successive coils of the 
equiangular spiral 

r = 

the inner boundary going through the point ^ = 0, r = l. 

5. Find the moment of inertia of the iemniscate: 

r- = Cl' cos 2 0^ 

about the point r = 0. 

6. vShow that the abscissa of tlie centre of gravity of any 
plane area is given by the foi-iiiula: 



*7. Find the centre of gravit}" of the Iemniscate of question 5. 


8. Show that the area of any plaiui region is expressed by 
the ititegrals: 


yl 




dnie. 


9. Find the area hounded by the curve 
0 = sin r 


and tlie portion of the axis of .t* l.)e(:\veen the origin and the 
point X = TT. tt. 


8. Areas of Surfaces. Wo liave dotenniu.Ml iIm* aiva ua.l.T 
cl [)ltiue uuiNti tiiid iht* latoial an^a ut a .siivtiuM* ni r(*\nia: itiji i»v 
means uf .siiupli* iiHogntls. The -enend cf tiiaiiu- ihe 

area of any curved surface is suIvimI by ihmble iiiic^u’atuai. 

Let the equation of the surface be 

^ .V) 

and let the projection on tlic :r, y plane of the part 2 <*f this 
surface wliuse area is to bo cuinimted, br the ivejdu 
Divide S up into elementary ciroas and erect on the perimeter 
of each as generatrix a cylindrical surface. Ly lucuus »d ihesv 
cylinders the .surface 2 isdivideil into elementary piee»*.s. of ait-a 
(/c = 0, 1, ?i —1), and we next consider how we may 
approximate to these partial areas. Evidently this luav l.>e 
done by constructing the tangent [)hino at a point i.r.. //,. of 
the /i-th elementary area and conqjntiiig the area cut out uf this 
plane by the cylinder in question. Now the orthogoual emss- 
scction of this cylinder is of area and hence the uhlique 
section will have the area 

A 5, secy,, 

where y^. is the angle between the 
planes, or between thoir nonnals. 
d’be desired approximation is 
thu.s seen to be 

2 ) A.S^.sceyi, 

A• = () 

and consequently is equal to the limit of thus .sum. oi*^ 



Tt i.s a funclnmoiital iirineiple of eliMtiunuiry ^^coinetrv to ivoo' all cen- 
luctrical truth hack directly to the (leliiurit)n.s and aximns. 'Wliat air the 
axioms on which lids rormtihi depends*.' 'flic answin' is; Thr 
itseff is an ((xinm. The jn.stifieation for this axiom is the same as f.a* any 
other iiliy.sical law, mimely. that the physical .science, here ccoiueiry, Vaiilt 
on it is in accord with experience. 






( 1 - 1 ) 


A = JJ son y dS, 
8 


The angle y is tlie angle b^^tween the normal to the surface 
and the axis of Hence by Chap. XV, § 1: 

1 1 , (i'C GZ" 

(to) sec y = \/l 4-— +- 


If the equation of the surface is written in the form 


we have 
(IG) 






dF\ 



I oz 


Example. Two equal cylinders of revolution arc tangent to 
each other externally along a diameter of a sphere, whose radius 
is double that of the cylinders, hhnd the area of tlie surface 
of the sphere interior to the cylinders. 

It is safficient to compute the area in the lirst octant and 
multiply the result by S. Wc luive to extend tlie integral (14) 
over the region S indicated in Fig. 104. Here, 



aj" + IT “h 

and by (16) 

a a , . o 

sccy == - = - - ^ , r-' = X- 4*7/-. 

^ V tt" — r 

Since the integrand, secy, depends in 
a simple way on r, it will ]n‘obably be 
well to use polar coordinates in the 
iterated integral. AVe have, then: 


•J 

■A= f (\o.oy(IS = fdd 

J J pJ J '\/id — 






-V.l = « 


' j {1 — sin OjdB ■■ 


^■1 = 4 7r(r — 8 a". 





I'rf;. 1*ii 


Objection may be raised to the t'ovoi^oiiv^ solution on tlh* 
ground that the integrand, sec* y = it/ \ ir — dues not; l einaiii 
iiiiite throughuiit >S', but be(;uiues inhiiite at the point 0=iK 
r = a. We may avoid lliis dilHcult y by cuiuinitiug Mrst only ,vn 
much of the area as lies over the angle 0< tt/-, whore the 
])ositive quantity a is chosen arbitrarily small. The value ut 
this area is 


i-J ^(1 — sin 0) dd = — cos 


and its limit, when a approaches 0, is 



EXERCISES 

1. A C 3 ’linder is constructed on a single loop of tlic curve 

r — acosvO as generatrix, its elements being perpendicular to 
tbe plane of this curve. Determine the area of the portion nf 
the surface of the sjdiere ;r +//“-p 2 " = 2which the cylinder 
intercepts. LN 77 — 21 

ti 

2. Compute the moment of inertia about the axis of r of tlie 
surface whose area was (hdermiued above in the text. 

3. A square hole is cut through a sphere, the axis of the hole 

2ii 





CioniOKiin*^ wii.n a ciuinieier ui lug 
surface removed. j,. 

Vcr 

4. Defceniiiue the area of the surface 

z = <^^.y 

iiicluclod within the cylinder 

X- ?/- = a^, 

5. A cylindrical surface is erected on the curve r = ^ as 
generatrix, the elements being inu pendieular to the plane of 
this curve. Find the area of tlie ])ortiou of the surface 

z = xy 

which is bounded by the y, z plane and so much of the cylindri¬ 
cal surface as corresponds to 7r/2. 


r Ilia T-ne area ot tlic 

_r- — 8 sill"'*-..A' 

- b'^ a“ ~ 62 * 


9. Cylindrical Surfaces. If the surface $ is a cylinder, the 
area can be expressed exjdicitly as a siin]dc integral. Let the 
elements of the cylinder be parallel to the axis of y. The equa¬ 
tion of the surface then becomes: 


Hence 


(17) 


z — 


h y>t 


A=J^J sec yds = I dx j '\/l +f'(xy dijy 

s ft y' 

b 

A=j 


EXERCISES 

1. Two cylinders of revolution, of equal radii, intersect, their 
axes ciiLtiug each other at right angles, hiliow that the total 
area of the suidace of the solid included within these cylinders 
is IGcr. 

2, Obtain formula (17) directly, without tlie use of double 
integrals. 






3. AVrite out, foviuula riT) whon tlio oleiucuits i.f the rylimh-r 
a.re perpenclicuilar {(i) lo the fj piano; (/;) to the y. : piano. 

4. Show that the lateral area of that ]iart (*f oitlier iif the 
e^^liiiclers di.scussed in the example of § 8 wliioh is 

ill tlie sphere is 4a’-. 

5. The area of a region S of the j’, // plane may ho \vriit**u 
ill the form: 



F>y means of the last formula compute the area of the rogii»n 
coinnion to the ciride aiul the parabola: 

+ //■ =11) (t'i ir = d 

6. Deduce from formula (14) the formula of Chap. TX. § 8, 
for the area of a surface of revolution: 

h 

= 2 TT / ,v V I 


10. Analytical Proof of the Pundamental Theorem. Carte¬ 
sian Coordinates. In the sum : 


n -1 

(18) 

* = fl 

whose limit is the double integral 




0^ -riJ-i,! 

Fig. 103 


we may choose as elementary areas rectangles with sides A.»% 
A//, thus making A*8h = A//, and then add all those terms 

together which correspond to rectaugle.s lying in a column 
pakllel to the axis of y. This puvtial sum can be represented 
as follows: 





where we have assigned new indices, ^ and,;, to the coordinates 
of the point (a;;,., /a.)} and where fnrthemoro we have chosen 
the points (rc*, ?a.) of this column so that they all have tlie 
same abscissa, ov. 

If, now, holding a;, and A.r fast, we allow q to increase witiv 
out limit, Ay approaching 0 as its limit, we have 

1 

(20 ) Ak lim V f{x„ ?jj) = As; //(,xv, y)ch/. 

Hext, we add all the limits of these columns together: 





and allow p to increase without limit, Ao; approaching 0, This 
gives 

li'ii V A.t / / {Xi, y) dy = ((lx if (.r, y) ily, 

'S) t/ t/ t/ 

/i « 

nc. the iterated integral of the Fundamental Theorem. 

This method of deduction is less rigorous than the former 
one, for we have not proven that we get the same result when 
we take the limit by columns and theii take tlie limit of the 
sum of the columns, as when we allow all the A6Vs to approach 
0 simultaneously in the ma.niicr prescribed in the definition of 
the double, iiitegral.* It is nevertheless useful as giving uf 

^ For a cou\plcile, analytical treaUneat of the subject of this paragrapl 
along the lines here indicated, which in point of elegance and rigor Icavcf 
nothing to be desired, see Goursat-Iledvick, 3Ia(/i(mrUical Analysis 
Chap. YI. 




additional insight into tlio struc-tnre of tlio iterutod 
for it enables us to think of i1h‘ first, integration as tMtiar'-i'*';.,!- 
iug to a SHfitnmdon of tit vtnm'nt.'t in (IS) b»j i'nfn tnns, aU'l »>1 
the seeoud integration as cor res] kjoi ling to the s*f/ntintfi>nt tf 
thesf! colitntii.H. iMureover, when we conn* to |i(»lar <*oiii*t;inaT»'> 
in the next [laragraijli, it lielps to ex[)laiu and luako c\ifh‘ni 
the limits of inU'gration. 


11. Continuation; Polar Coordinates, Let tlie region .s’ 
be divided up into elonioutary areas hv tin* circles /* = /*, 
and the straight lines 0 = 0jy — = A(y. Then 

= /\A/‘ \0 -f }, A/"’A0, 


and hence, in taking the limit of the sum (IS). AN, may, hy 
Duhaiiiers Tlieorein, be replaced by /^A/-A(^. Writing 


we hav'^e, therefore, 


/(•<-',.'/) = ^X'’, 



r,\r\e. 


In order to evaluate this hitter limit, we may rejilafe (i\, 0;) 
by ()•;, 6j) and, holding 6j last, ailil tugether tlmse terms that 
correspond to elementary areas lying in tlm angle between the 
rays e=6j and $ = thus getting: 


At? 2 '■‘ •i''- 

1 = 0 


The limit of this sum, ns = X), is 
eJFir, ^,) rdr. 





Next, add all the limits thus obtained for the successive 
elciiioiitary angles together and take the limit of tins sum. 
We thus get 
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lim 
7 = 00 



P r 

/* 

^^.) 7‘rL*= /f?^ / F{rf 6) vf?r, 


) 

i,e. tlie first iterated integral, ( 12 ), of § 7. 

Tf on the other liand we hold Vi fast and add the terms 
that coiTespond to elementary areas lying in the circular ring 
bounded by the radii r = and r — we get 



^r'''^F{r„6j)rAe, 

J=l' 

and the limit of this sum, when 7 = 00 , is 


a'! u! 



Adding all these latter limits together and taking the limit 
of this sum, we have: 

o'i h 0" 

)• Ar J F(i-„ 6)d6= Jrdrj F()-, 6)d0, 


te. the second iterated integral, (13), of § 7. 


12. Surface Integrals. The extension of the conception of 
the double integral from a plane region jS to a curved surface 
(5 is immediate. Let a function f be given, dehned at each 
point of and lot it be continuous over vS. Let ® be divided 
lip into a large number of small areas, — ol e men la nj areas ^ — 
and let /I be the value of / at an arbitrary point of A^*. 
Form the sum: 

n-l 


The limit of this sum when n grows larger and larger is the 
surface integral of f over the region 0 : 






EXERCISE 


Sliow that the volunio of a closed surface is given hv the 
surface integral: 

V—~i I /• cos (IZy 

where r denotes the distance of a variable point /^lf the sur¬ 
face from a hxod point 0 of space and </> is the angh* that the 
outer normal of the surface at makes with tin* line (jP 
produced. 


EXERCISES 


1. Find the volume cut out of the first octant by the 
cylinders 


2 = 1 — ;i;“j .r = 1 — //-. 

2. Compute the value of the integral: 


A ns. 


jj" 


extended over the interior of the circle 

ar + r = l. 


3. Evaluate 


O.40. 




3ay) (IS, 


where iS is a square with its vortices on the coordinate axes, 
the length of its diagonal being 2a. lab 

4. Express as an iterated integral in polar coordinates the 
double integral 

If-- 

a 

extended over a right triangle having an acute angle in the 
pole. Give both orders of integration. 



6 . ExpvafiS tiie Iterated integral 



as a double integral, and state over what region the latter is 
extended. 


6. The same for 


(a) 

(^) 


b CSC 0 

frclr-, 


J\ 

2 (I V'2n_ 


7. Change the order of integration in the following in¬ 
tegrals : 


(n) 

(&) 


I dx I fix. 'li)dn\ 

0 

a y+« 

.N f{X) y) dx. 




8. Tlie density of a square lamina is proportional to the 
distal me from one coriiGr. Determine the mass of the lamina. 

.765 Xa't 


9. Find the centre of gravity of tlie lamina in tlie pre- 
ceding question. ^ _ u f" v'^ - ^ 4 q log H + )1 

8[ V2 + log(H-Vii)] 

10. Two circles are tangent to each other internally. De¬ 
termine the inomciit of iiuu’tia of the region between them 
about the point of tan gen ty. 





11. Find tl^e attviictiou of a uiiitnnii cinMilar ilix* au a 
particle situated in a line perpendicular to tin- [.Ian.- of tin- 
disc at its centre. 


12. )Solve the same [)rol)leiii for a nM-taic^ular disc. 


Ans. 


K -tail * - 

(lb /, 




Ir¬ 


is, Determine the attraction of a uniform I'm-taii'^^h* tm an 
exterior particle situated in a jiarallcl to two of its .-idios. j.los¬ 
ing through its centre. 


Ann, 


m ^r 

K - 

‘2 all 


liJK 


h -f (f 
'h-~i 


/# + X f // — ii r -t- A- ; ^ 
If A (// -r n r T J 


14. The intensity of light issuing from a point so\iri-c is 
inverse!}'' proiiortiunal to tlie sijuarc of the distance fmm tlit‘ 
source. Formulate as an integral the total illuniinaliun of a 
plane region by an arc light exterior to tlie plain*. 

15. Compute the illumination in the foregoing (piestion on 
the interior of the curve 

the light being situated in the perpendicular to the plane of 
the curve at r = 0. -L‘bns. liA.il — h cot"V#». 

16. One loop of the curve 

= d’eos nO 

is immersed in a Ihpiid, the pole being at the .surface and tin* 
initial line vertical and directed downward. Find tlie j*ressurc 
on the surface. 

‘ 

17. One loop of the Icmniscate 

/■- = a* cos 26 

is immersed as the loop of the curve iu the preceding que.stinii. 
Find the centre of pressure. 

Ju6‘. Distance below the surface = n \ 2 



double integral. 

19, The curve 

cos d = 3 — 3 r 4- 

rotates about tlie initial line. Find the volume of the solid 
generated. 2^^ 

30 ’ 

20. Find the volume cut from a circular cylinder whose axis 
is parallel to the axis of by tlie a*, y plauc and the surface 

xy = az. 

Assume that the cylinder does not cut the coordinate axes. 

Ans. 

a 


21. A cone of revolution has its vertex in the surface of a 
sphere, its axis coinciding with a diameter. Find the volume 
common to the two surfaces. Ans. 47r„cF(l. — cosh<). 


22 . 

23. 

24. 


26. 


Deterinitie the volume of an an el i or ring. 

Determine tlie area of the surfa,ee of an aiielior ring. 
Find the moiueut of inertia of an anchor ring about its 

Find the area of that part of the surface 


/Ims. Af 








2 = tan“^ 


y 

X 


whicli lies in the first octant below the plane ^=: 7 r /2 and 
within the cylinder x- + ?/' = 1. 

26. Obtain a formula for the rxmlre of gravity of a curved 
surface of variable density. 

27. Obtain a formula for the eompononts of the attraction 
which a surface of constant or of vai’inble c 
particle of matter not lying in the surface, i 



uty exerts on a 




Hence show that the t‘ove<‘ with which a homo;^v*ucuus 
of the surface of a si)here 13 ’iuK wholly in luu* iuuiii>piu'U' and 
syininetrical with referenec to the diaiiiet(*r perjieiniieular tn 
the base of the hemisphere attracts a [»arricle sitiiatcil :tt tlje 
centre of the s[)h(H*e is proportional to the proji-rtiMii i.t the 
piece on the base. 

28. Find tlic iiioinent of inertia about the origin of the 
portion of the first (paidrant hounded hy the curve 

(.r + 1) (// + 1) = -!. 

correct to three significant figures. 

29. Find the voUiuie of a eohiiuu capped hy the surface 

.r = av/, 

the base of the coliniin being the ])ortion of tlie first quadrant 
in the ;r, y plane which lies between two successive coils of the 
logarithmic spiral; 

r — 

Ans. (..--M-l). 

SU ' ^ 

30. Find the abscissa of the centre of gravity of the above 
coUnun. 

31. A scpiare hole 2h on a side is bored through a cylinder 
of radius «, tht' axis of the hole intersecting the axi.s of the 
cylinder at right angles. Find the volume of the chips cut out. 

_ h 

^l/us. Ah- V tr — h‘ -\-Ayrf>^\\\~^-' 


32. A square hole 2h on a side is bfirod through a sphere of 
radius a, the axis of the hole gt)ing through the centre of the 
sphere. Find the volume of the chips cut out. 


An,^. 


S /r 


V(r-+ V- ('* ^ 


h ___ 


8.r 
- - - sni 


-I 




((* - 





CHAPTER XIX 


TRIPLE IRTEGRALS 

1. Definition of the Triple Integral. Let a fiinction of three 
independent variables,,/'(■*'■>begivoni, continuous tliroiighout 
a region V of three diincnsioual space. Lot this region l)e 
divided in any manner into small iiicces, of voliiino AKj, ami 
let {Xi., y,,, 2 ,.) be an arbitrary point of the /c-th piece. Form 
theprodiict/(%,, t/^, 2 ,,) AF^. and add all these products together: 

(1) 5/(A, 1 /,... 

Wlien n is made to grow largnr and larger without limit, 
the greatest diameter of ea(di ot tlu^ elementary volumes 
approaching 0 as its limit, tlic sum (1.) approaches a limit, 
and this limit is defined as tlie Irljile or vobnue iido(fnd of the 
fuuchiou/throughout the region V\ 

^ ^ 

It is not essential that the totality of the oleinentary volumes 
should just iill out the region V, \V^o might, for example, 
divide space up into small rectangular parallclopi|)eds, the 
lengths of whose edges are Aa*, A//, A^, and consider such as 
are interior to F, or such as have at least one iioint of Fin 
tlu'ir interior or on tlieir boundaiy. 

The integral is also written as follows: 

880 





The proof involved in the al)ovo delinitituu tliut tlu* mish 1 • 
actiuilly approach(‘S a liinit, has to be tliibarui 

lines for tri[)le integrals, from what was possibh' in lie* im-v 
of double integu’als. There, we were, able to represent tlu‘ .-uni 

k-0 

by a variable volume which obviously apprnaehed a fixed 
volume as its limit. Here, wo .shouhl need a four dimensional 
space in which to represent geometrieally tin* sum d i. It 
is necessary, therefore, to fall bark on an analytical iironj. 
Such a proof will be found in (loursatd ledviek, 

Analj/sis^ Yol. 1, (diap. VII. The pro(ds of tliis ami the later 
theorems of this chapter belong pro[)erly to a later stag.- of 
analysis. The theorems thenis(dves, howevi-r, are easily in¬ 
telligible from their analogy with the cories})oiuling theorems 
for double integrals, and it is our purpose here to state them 
ami to explain their uses. 



EXERCISES 

1, Show that the mass of a body, of variable density p, i.s 
M= 


and that 


wltere r denotes the distance of a variable point from the axi:^. 




on a particle exterior to it. 

2. The Iterated Integral. In order to compute the value of 
the volume integral defined in § 1 we introduce an iterated 
integral. The method is that of Chap. XVIIT, §§ 10,11. Let 
the region Fbe divided np by planes parallel to tho coordinate 
planes into rccta\igular parallelepipeds whose edges are of 
lengths A.l Ay, Aa;, and let us take as our elements of volume 
these little solids. Then AF* =: Aa* Ay As:, and the sum (1) 
becomes 

(3) l/k, «*) Ay Az. 

k=0 

We will select from this sum the terms that correspond to 
elements situated in a column 2 ^arallel to the axis of z and add 
them together, see Fig. 108: 

« 1 

wliere we have assigned new indices, f, y, and ?, to the co¬ 
ordinates of the point (oJ;., and where furthermore we 

have chosen the points (ny., y*, z^) of thi.s column so that they 
all lie in the line x* = :r;, y = i/j. If, now, still holding ?/,•, Ax, 
and Ay fast, we allow 6* to increase without limit, Az ajDjproach- 
iug 0, we have 

s-l 

Ax Aylim ^ 

where z' is the smallest ordinate of the points of V on the line 
x==.X{, y = yj, and z" is the largest, — we assume for simplicity 
that the surface of V is met by a 2')arallel to any one of the 
coordinate axes Avliich traverses the interior of Fin two ijoints. 
Next, we add all tho limits of those columns together: 


/(■■’'i. yj,Zi)Az = A£A!/ jf(x,, y,, z)rh, 


where wo liave set 






7-i. , 

t. I 




iind take the limit of this 
sum. The region S of the 
.r, // plane over which this 
summation is extended con¬ 
sists of the projections of 
the points of F on that lOs 

plane, and lienee the limit of this sum is the douhle integral 
of y/), extended over S: 

it 

lim I j j dx j a>(.(\ yir/y. 

» V 

AYe are thus led to the final result: 

FuXDAJMEM'AL TiiKORKM ok TIIK IxTl'OUAL C’AU’rM'S: 


CO 


V a z* 

h y" r" 

= / fix j di/ jj'(x, II, z')ih. 

fj tJ *J 


Another notation for the iterated integral is as follows: 

h ,1/" s" 

f I j f(,x, y,z)dz(hjdx. 

il !)' z' 

Any other choice of the orders of integration is equally 
allowable. 

An example or two will serve to illustrate the process. 

K.mmple. Find the moment of inertia of a tetrahedron 
wlioso faee angles at a vertex 0 are all right angles, about an 
edge adjacent to 0. 







edges as the axes. Then 

k ^ i y 

j IJ^■^' + 11')jI<-hi f(:x-+ij^dz, 

V 0 ^ 0 

whore the limits of integration are as follows. Pirst, the limit 
z’ =:0 and the limit z'^ = Z is the maximum ordinate in 7cau. 
n^sponding to an arbitrary pair of values y; la, the ordinate 
of a point in the oblique face of tho 
tetrahedron : 

a h c 



Ilenoe Z = cfl ~A, 


and the result oC the first integration is: 

z 


K®, ?/) = J 


5- + ?/■) dz = (:«- H- ?/-) z 


= (j(a;H?/)fl ---f] 

u \ a hj 


= c 



r.v+ ?/ 


ir 

h 


IMext, this latter I'unetiou must be integrated over the sur¬ 
face /S oonsisting of a triangle bounded by the positive axes of 
X and y, and the line 

a 0 


This double integral may be computed by iterated integration, 
the limits of integration for y being y' = 0 and 


and tliose fov x, 0 and a. Tho remainder of the computation 
is, therefore, as follows: 


j dy I (s= + r)d* = ^ 


G.r- { 1. 







a r z 

0 0 u 

j_uV(f/- + /r) 

f(T.* 

The stwdenfcan verify the answer hy slieiii;^ the t^ti-ihr. 
(Iron up hy planers parallel to t.lie u\ // piano and omphtyiie^' lie* 
result of Kx. 1 at the end uf § 5 in Chap. XVlll. 

EXERCISES 

1. Find the centre of gravity of the above totrahedvou. 

2. Doteniiiiic the iiiunieiit of inertia (jf a reetaugular paral- 
lclopii)ed about an axis ])assing through its (‘entre and parallrl 
to four of its edges. 

3. A square coUinm has for its upper base a iilaue ineliii**il 

to the horizon at an angle of 45° and raitting ulf iMpial inter¬ 
cepts on two opposite edges. How far is the centre of gravity 
of the column from the axis? <r 

IjJi 

3. Continuation; Polar Coordinates. In space there are two 
systems of polar coordinates in coinnioii use, namely, Sjjherical 
coordinates and cylindrical coordinates. 

Spherical Coordinules. Let P, with the cartesian ctm u’dinates 
as y/i 2 , be any point of space. Its si)hcrical coonlinates an* 
defined as indicated in the figure. If we think of /Lis a prunt 
of a sphere with its centre at 0 and of radius r, then 6 is the 
longitude and 4> is the colatitudc of P. 

We have 

X = r sin (/> cos^, 
y = r sin (fy sin 9^ 

Z = rV09,(jy. FlO. 110 

Wo propose tln^ problem of computing the volume integral 

(5) li.ug /(A, '!h, = j 

2c 







this pvu-poso we wUi divide tne region v up laio eieiueutavy 
volumes as follows. Coiistriud (a) a s(‘.t of spheres with 0 as 
tlieir common centre, r = their radii increasing by Ar; 
(6) a set of half-planes the angle between two successive 

planes being M] and lastly (c) a set of cones = their 
semi-vertical angle increasing by A<;b : = A0. The 

clement of volume thus obtained is indicated in Fig. 111. The 
lengths of the three edges tliat meet at right angles at 7^ arc 
Ar, rA(^, rsinq[)Ai9, and hence this volume AF differs from 

the volume of a rectangular [)avalleh 
opiped with the edges just named: 

(b) ?-sin (/) Ar A0 A(^ 

by an infiiutesinial of Jiiglier order: 

AF 



liin- 


r- sill cf) Ar A^ Acji 


= 1 , 


It follows, then, from Buhamel’s 
Theorem that in the limit of the 
sum (5) we may replace AF/. by the inlinitesiinal (6). If we set 

f (•'«) y>^) = F ('■> </>)) 


we have 




Can we evaluate this last limit by iterated integration? 
It is easy to see that we can. For the sum is of the ty 2 )e of 
the sum (8), and hence the method of § 2 is applicable. Fol¬ 
lowing that metliod, lot us select, for example, those terms for 
which 0 and (j> have a constant value, and add them together: 


Afi A(^ Oj, </),) )v sin (/),Ar, 

where 0^ and arc constant. They correspond to cleinentarv 
volumes lying in a row bounded by the planes O — Oj ami 




^coiu^s (j) — inid <;^=^j.j, Xu’.v iillow jt to 
increase without limit, Ar apijruacliiuo (j. This pv»‘s. as tla* 
liiuit of the above sum, 


A6A^ 


j l■■F{r, 6j, 


■wliere r' is the liistaueo nF tlin nearest point nf Tto O on tin- 
line 0 = = and r", that of the farthest. We assume 

for simplicity that the surfaee of V is met by any one of iht* 
linos: 


/• = const., 
0 — const.. 


which traverses tlic interior of F, in two pc huts. 
Xext, wo add all the limits tlui.s obtained to^^ethcr: 


9 = const., 

'Q- 

11 

(/) = const.. 

1 '/' = const., 1 


where we have set 


iin <fi JF{r, 0, </>) rdr = 0 (6, <j>), 


and take the limit of this sunn If we interpret 6 aiul <j6 as the 
coordinates of a point on the surface of a sphere /• = ('onst. 
(say, r = 1), then the region S over wliich the above sum is to 
be extended consists of tliose points in which radii vectores 
drawn to points of l^jiierce the surface of this spliere. Hence 
the limit of this sum is the double integral of <P (6'. c^j, extended 
over S : 

lim ^ J A^A^ = (6, <j>)dS 

S 

/3 'ir r" 

= J 

We are thus led to the following result: 




m 


JJJ 


ja y — 


f/j/ 


r' 


V- y/ 

The student is requested after a careful study of ti ^ 

going, to think through for himself the cases in which H ^ 
(„) ^> th. hj 


J" f pr‘ sin <t> dr dOdcf, and M 

a ffi' r' 


fi’^sin cj,drd<l,d9. 

Example. To find the centre of arnvitv of n n. 
hemispherical shell whose radii are a and A ' ““Seneons 


P f f f 

Here a; = _ 

M ’ 






sin (\> oos^dF 


\ TP A 

= de r# /r'sinh/.cos£ldr = 

-£ 0 r 4 

2 

a = ■ L(td+ a'A + ad >' -i- /F _ 

8 (a“ -h aA + yT) 

Cleok. Whma = A,S: = lAi when 0 = 0, 

- -- ' 

Cylindrical Coordinates. Tlie cylindrici 
P coordinates of a point are defined as in tl: 

7^ aooompanying figui'e. Tliey are a comb 

j,,„ coordinates iii the x, y plan 

Fig, U 2 and the cartesian 


X = r c'os 0, 


y— /‘siii 0, 


The element of voluiiu* is sliown in Fi.u^ 
the eih^'es adjacent to I\ — tiu*y meet at 
are,: Ar, ri\0^ Ar. Jleiice the volume 
dii'fers from r Ar A^A-: hy an iuliuitesiinal 
of higher order, and we liave: 


liin 


AK 


r^r^0^z 




lid. Ti.r l.ei-ihs ot 
right aiigh'S \ — 

Al of the elenjt*lit 


Al 

^^“ 7 - 


From Diilnuners Tlieorem it follows, ^ 

then, that in taking ilie limit of the 

sum (1), Al'i may bo replaced by /yA/'A^A-, and so, setting 


fix, ?/, :^) = e, z), 


we obtain: 


yy>-!7- 


Oi\Ar\dSz 


This last limit emi bo eompiited by iterated integration in 
a manner preeiseU^ similar to that set forth in the case of 
spherical coordinates. We thus obtain : 


(8) 



together with similar formulas yielded by adopting a diifenmt 
order of integration. 

The above volume integral and the iterated integral are 
also written in the forms: 




drdOdz and 


h d'f 

/ / I frdrdOdz 


Example, To hud the attraction of a cylindrical bar on a 
particle of unit mass situated in its axis. 

The magnitude of the attraction is ovideutly'* 


* 'rim uiiiL of force is here taken as the gravitational unit. 



= + 



V 






^n* /d+i a 

= P I de fdz f-Jld^ 
V 1/ fj 0-^+^r^ 
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fl+« rt 


p n , h+i 

I dz I —7 if* ^dz 


aj3/2’ 


a/'/’" + 51" 10 
Vf?'+^’ 


= I - ^^F+(j^2 _f_ VcF+F. 

•■• A = 2^p[i + Vc 7+7? _ Vr?+X/i:i:^]. 
exercises 

»iw taTtel? '‘“''“‘™ “' - “‘“SM pipe „„ a pa..licl 
particle at itsVattl”''*' ™™>''tion atrtacfe i 

11 1, a.1 COSa) 

Shell cut mitty a'cotrof'lf' Tr 

only on the thickness^f the shelh ^iven cone; 

4. P™ve the preceding theorem for any cone. 

such physical P^-oWms^aTVat*^of'fi themselm in 

variable force when the iDoint of 

t^pplication describes a curve. 








Let a plane curve C: 

?/=/(.r) or F(j\)n={\ 

be given. Its coordiimtes can always bt.* expressed as fna*'- 
tions of the arc ,s\ measured from an arbitrary point. Thus in 
the case of the circle 

.r 4- y- = tr 

we can write 

.S" . .s‘ 

rtJ=:aeos~, y = n sin--, 

a a 


whore s is measured from the janiifc {<i. Oh AVe will think of 
the equation of the curve C\ therefore, ns expressed in tin* 
form: 

( 1 ) ir=t/)(.s-), 

Consider next a function P(,s-) dofmed at each ])oiid of the 
curve. It. may bo given as a fuuetion both of the coordinates 
Xy }} of a variable point of the ]dane and of the arc n: 
f(Xy yy s). But in the latter case P is to lie on (\ aid st^ 
X and?/ have the values given by ( 1 ),/(.r, //, n) tlms hecoiniiig 
a function of a alone: 

J\.c, y, ,s)=/[c/)(s), .s]=Fi'.s). 

We wdll now divide the arc n[) into n equal parts by the points 
<?o=0, 6*1, • • •, h,_i, s„ = l and form the sum: 

k-Q 

The limit of this sum as ?i. becomes inlinite is 



and is called the Ihte intoffral of the function Fi,^) nr fh\ 
taken along C. Other notations for this integral are 



c’ 


t' 

Ou’ i’lp 


?/, d 


and 






wJiere 2/0; Vv cuuaunciuua ui tiiG extremities 

of the are C. 

Geometrically the line mtegral admits of a simple interpreta¬ 
tion. Lot a cylinder be constructed on 0 as generatrix, its 
elements being perpendicular to the y plane, and let the 
values of the function F{^) be laid off along the elements of 
this cylinder. Then the area of the cylinder bounded by this 
curve and tlie generatrix represents the line integral in question. 

As an example of a line integral, suppose a point moves in a 
held of force. Let the magnitude of the force bo and let the 
force make an angle B with the tangent to C drawn in the direc¬ 
tion of the motion. Then tlie compo¬ 
nent of the force along the curve is 
g cos 0, and tho work done by the 
force is i 



( 2 ) 


W: 


Fig. 115 




COS 0 ds. 


A Second Form of the Line Interfval, A second form in wliich 
line integrals appear is the following: 

j rdx+ Qihj, 

Ciqi /z^) 

the meaning of the integral being this. Two functions P(.r, ?/), 
Q (*'r, y) of the independent variables a’, y are given, the curve is 
divided as before, and the sum 


(3) 


7J — I 




Vk) A.r,. 4 - Q {xj., yf) A?/^.] 


is formed, A.rv, denoting the diiTorence ^ —- 0 ,, and similarly 
for A? 4 . The limit of this sum is the limit in ({uestion. 

To evaluate tho limit, we may write tlie summand in the 
form : 


P{^\, Ilk) ?/<■') 

As ' A.s J 


Ah, 




Now 


1 • Ax 

lim — = eosT, 
A.s 


lini = sin 7, 
A,s 


anti licnce by Duhamcr.s Thnurem the. limit of (;)) uml tho limit 
of the sum 

«-i 

2) OV’ i//‘) + Q(A-, !fk) sill r^] A.'i 


are 


the same. But the limit of the latter sum is 

I I 

J [P(a;, y) cost + Q(.(;, y) siu t] (/.s = j 

U 0 

■where the x ami y in tlie integrands are jJ^iveii by (1). 

As an example of the secoiul fortii of line intej^ral considrr 
again a field of force, the eompoiumts of the have ahjiig rh»* 
axes being denoted at eaeii point \)y X, Y. Then the work 
doue by the force when the point of api»hcation describes the 
curve C is 




0 ) 


W= j Xdx+ Ydy. 


The relation between formulas ( 2 ) and ( 4 ) for tlie work l>e- 
comes clear when we consider the s])ecial case that the point 
of application P moves in a right line, the hu'ce not changing 
in magnitude or direction. One expressnm fur the work,— 
that corresponding to (2), — is 

ir=( 55 cos 6 ) I. 

On the other hand, tlio work 
done hy the component X is 

(X cos t)1 = X (.i'l — .r„), 
and that dune by F, 



V.:- 


P X A 


Fkj. im 

(Fsiii t) I = FO/i — y,))- 
Hence we ought to have: 

cos 0 = X(.r| — .r,,) + F(//i — //„). 





component of 5 along tlie line P desevibea, luimely 

5 cos Oy 

is equal to the sum of the components of X and Y, namely, 
XcosT and XJf = Ysinr. 

But cqst = ^^, 

Hence cos 9 = X , 

and thus the above relation is seen to be true. 

When the force changes and the path is a curve, wo, still 
have 

^eos6 l=Xcosr + H.sinr= X--+ F^, 

rlfi ds 

and. hence 5 


Space Curves. Both line integrals admit of immediate ex^ 
tension to space curves C : 

aj = <#> (s)> ?y ='/'(s). s: = “ (s), 

the first integral giving 


^ ^ 

y, z, D)ds= Iflcj)(s), 0>(s), s}ds= JF(s)ds, 

{\ [i y 

and the second, 

J Pdx -(- Qdy d- Rdz. 


Thus in the case of a f\v]d of force vve should have for tin 
work : 



(•Tg, ifg, -fy 


:■ -1^ 

Xdx 4- ydy + 
) 



K,r((mph\ Let a partiolo move along a givoii path in int^-r- 
planotaiy space. To fiiid the M'ork doue cm it hy the i-anh, 
supposed stationary. 

Assume a system of cartesian axes with the origin at the 
centre of the earth. Then the magnitude uf the attraetinn 


will be 



r 


and we shall have 

^ X X 

X = eos C4 = , 


1 = ^veos/i = -- • ' , 
r y 

ry ~ X 

^ = ,VCOSy = -^, • 


w= 


Zi> 

- J - 

i^u' V 





IN 

■•>y 


Tims we see that the work done depends only on the 
positions of the extremities of C, not on the particular path 
joining the points, i.e. we have a c.mm'raitice JiM 

In connection with this subject we will inoiitioii the follow¬ 
ing deliuition. Hitherto we have detmed the definite integral: 



only for the case that a < h. If a > h, the definition is. how¬ 
ever, still valid, A.r=(h-a)/c now being negative. Hence 
ill all cases 


j‘jXx)(l.-c = - Jf{x)dx. 


Furthermore we agree that 




Jf(x)dx=^Q. 

From these relations we infer that 

b c h 

j‘f{x)d'X^ l'jXx)dx+ jfix) (lx, 


no matter how a, and c are related to each other. We can 
also write: 


u « 

Jfix) (lx + J ;'(«0 + y/(-«) = ('• 


EXER61SES 


1. The density of a rectangular parallelopiped is propor¬ 
tional to the square of the distance from one vertex. Find 
its mass. 


A)i^. (cr -P Ir 4- c"). 

o 


2. Determine accurately tlie volume of the element iu 
spherical polar coordinates, Fig. 111. 

3. Find the centre of gravity of the volume in tlic preceding 
question. 

4. Express the itei’ated integral 


^ / .r--^ 

a -Vir~x- 2-t-l.r:-hrii/ 




fdz 


as a volume integral, and state throughout what region o; 
space the latter is to be extended. 

• 5. The same for 


'i 4 

J* COS^d^ J i-. 


4 2 rt (TOB »/i 

sin c/5) r/c/) j dr. 


2 h ftm 




6. Write down the five equivulimt forms of the integral 

ti y :r 

]<>!! J 

(I <1 (j 

obtained by changing the order of the integrations. 

7. Two spheres are tangent to each otiier internally, aial 
also to the a*, // plane at the origin. Dcnotiiig the^ spur*! 
included between the spheres by i; express tlie volume integral 



by means of iterated integrals in cartesian coordinates. 

8. The temperature within a spherical .shell is iuvorsidv 

proportional to the distance from the centre, and has the 
value 71, on the inner surface. Given that the quantiiy (.f 
heat required to raise any piece of the shell frmn one nniform 
temperature to another is proportional jointly to the volume 
of the piece and tlm rise in temperature, and that C units of 
heat are required to raise the temperature of a cubic unit of 
the shell by one degree, tiiul how much heat the shell will give 
out ill cooling to tlic temperature 0°. -.-Ins. 27 ^C'J'^,fl(lr — (r\, 

9. The interior of an iron pipe is kept at 100° r. and the 
exterior at 15°. The length of the inner radius of the pipe is 
2 cm., that of the outer radius, 3 cm. The temperaiiire at any 
interior point is given by the formula: 

T=alos r-f/?, 

where r is the distance from tlie axis and the constants u, p 
arc to be determined from the aliove data. Taking the specific- 
heat of iron as .11, and its sped tic gravity ns 7.8, how much 
heat will a segment of the pipe 30 cm. long give out in cooling 
to0°? 71.000 calories, 

10. Determine the attraction of a.bar, of rectangular cross- 
section, on ail exterior particle situated in its axis. 




CHAPTER XX 

approximate computations, hyperbolic functions 

1. The Problem of Numerical Computation If f 

liappeus in practice that we wish to know the value ofT^ 
tion for a special value of the independent v.rSu 
wish to compute a definite intern ' 

as the case may be, are of interest in the result for 
«-seRes felt, 

1 V 6 «,■« about tn ??' si'll,Sons of the I,M 

obtained bj other .rthSe”'" “ 

2- Solution of Equations. Known Graphs. 

xamph. Let it be required to solve the equation 

fp, ,, °osoi + |.* = 0, 0<oi<,. 

le student has constructed the graph of the curve 
?/=cosa; 

^ This cxEinipl© find thp * 

problem of Mechanics a Present themselves in the following 

amcs. A heavy imiform circular disc can turn freely 



accurately to scale. Since oquatimi (Jj is equivalent tu the 
equation 

(:?) - ,',.v, = cos,r, 

wo can obviously formulate, our problem as follows. To ilml 
the intersection of the curves: 

2/= — ?/ —cosx. 

Graphically, then, it will be sufUcieut to draw a straight bin* 
through the origin and the point .r = 4,//= — 1. and nl»>tnvc 
the abscissa of the point of intcrseetiuii witli Iheco.sine ciirw. 


EXERCISE 

Find the largest value of P for which the equation: 
cos X + Px = 0 

admits a solution in the interval 0<;r<7r. 

3* N'ewtoix’s Method. Let it be required to solve the equation 
(4) J'(x)=0. 

In practice we usually know that the equation has a solution 
within a restricted interval. Moi-euver,/(.r) will be a cuntinu- 
ons function in this interval, and its derivative will not vanish 
there. We can frequently make a good guess at the solution 
to begin with. Take this value, x=a^, as a first approxima¬ 
tion. Then we shall get a second approximation if we draw 
the tangent at the point .r = tq, y =/((q) and take the point 
x^ccy in wlii(di the tangent cuts the axis of x, // = 0, Tig. 117. 
The equation of the tangent in question is 


about a liovizontal nxi.s thvnngb its centre, perpeiulicular to its plant*. 
There is a weight ii' fasLened to tiie rim of the disc and a fine thread i> 
wound round the rim and hangs down, carrying a \veii:ht Q ai its end. 
ir being at the lowe.st iioint of the disc and the free end of the .string 
being vertical, the system is released. Find how high il' will rise and 
deterniinc the least value of 11' for wliich Ti^ will not be pulled uver. 






0 


Fio. 117 


For its point of iiitersoctiuii with the axis 

Hence = «] — • 

./ («i) 


To get a third approximation, proceed with iu as above with 
tti, and so on. 

lfj\x) is a polynomial with numerical coefficients, the actual 
computation of/(ni) and would be laborious. To meet 

this difficulty TIonier\^ Af(Hhod has been devised, cf, any of the 
standard text-books on Higher Algebra. 


Example. Tt is shown that the equation of the curve in 
which a chain hangs, — the Catenanjy — is 

(5) ")’ 

where a is a constant. The length of the aic, measured from 
the vertex, is • 



Let it be required to compute the di]) in a chain 32 feet long, 
its ends being supported at the same level, 30 feet apart. 

We can determine the dip from (5) it we know a, and we 
can get the value of a from (0) by setting 6’ = 1G, x=15: 


in l.n 



Let x= — Then 
a 

f (x) e ~ e~^- — = 0, 

and we wish to know where the curve 





(7) ?/=/(,= 

crosses tlie axis of x. 

This curve starts from tlie origin and, since 


dy 

dx 




« 2 
1 S 


is negative for small values of x, kbe curve outers tlie I’ourtli 
quadrant. IMoreover, 


and hence the graph is always concave upward. Filially, 

/(l) = e-e-'-2J- = .LM7>0, 

and so the equation has one and only one positive riKit and 
this root lies between 0 ami 1. 

It will probably be better to locate the root with soniowbat 
greater accuracy before beginuing to apply the above im-tbod. 
Let us compute, therefore, f(l). By the aid of the TaUis, 
p, 121, -we find: 

/(.5) = l.()4S7 - .d065 ~ 1.0G67 = - .0245 <0. 
Comparing these two values of the fiiuctioii ; 

/(.5)=:^.02, ■ /(I)=,22, 

and remembering that the curve is concave upward, so that 
the root is somewhat larger than the value obtained by direct 
interpolation (this value corresponding to the intersection of 
th(i chord with the axis of ;/j) we are led to choose as our first 
approximation Uj = .6: 

/(.d) =1,8221 - .5488 -1,2800 = -.OOlo, 

/(.6) = 1.8221 + .5488 2.1033 = .2;;70, 


a., = .G -= .G + .0282 = .028. 

.2870 


To get the next ap})roximatioii, we compute 

/(.628) =1.8739 - .5337-1.3397 = .0005. 

2 D 




witJi a possible error or a iiiiit or cu'o lu tue last place, aiul the 
value of a we set out to eoinputo is, therefore, ir)/.G28 = *23.0 

4. Direct Use of the Tables. Wliil(' ex[)l<aiiiing methods of 
solution more or loss obvious geometiioally, we must not over¬ 
look an iuuuediate solution of the i)roblciu in certain cases by 
mere inspection of the tables. 

For example, the equation 

cos a* = x 

lias one and only one root, as we see. by insjiection of the 
g'raplis of 

y = cos X and y = x. 

To hud this root, turn to tlie Tahlea, j). lo-l. Tliere avo hiul: 


iiAur.ws 

TJIifJTMCIoa 

1 

COSINliS 

•7389,,, 

42° 20' 

1 

•7392 

.7418 

42° 30' I 

.7373 


Hence a; = .7391, corresponding to an angle of 21'. The 
interpolation by which x was found is a neat problem in ele¬ 
mentary algebra. It is left to the student. 

The example of § 3 is nearly a case in point. The hyper¬ 
bolic sine and cosine are defined by the equations (cf. § 8): 


sh X = 



cli X = 


+ rr 


Tables of A^alucs of these functions are given on pp. 120-123 
of the Tablua. The problem in hand thus becomes the fol¬ 
lowing: to solve the equation 


sli .r = .r. 

From the tables on p. 121 we hnd: 




.G2 

.G3 


•GG13 j 

.0720*"'' I .ori',-.'*"' 

lienee the value of x given by direct interpolation is .C2G, 

EXERCISE 

Solve the equation: 

cot X = .r. 

5. Successive Approximations. The method of surecssive 
ap])roximations is mo.st easily understood by inspection of the 
graphs of the functions. There arc two cases, hiith illustrated 
in the accompanying figures. If the slopes of the curves both 
have the same sign, let 

C,: F(;x,ji) = 0 or y=/(.r) 

be the one that is less steep, 

li) = 0 or a’ = 4> (//) 


Fig. us 

the other. Then, making tlie best guess we can to start with, 
X = .r,, compute 

and substitute this value in the equation of Co, thus getting 
the second, approximation: 

;r,. = <^0/i). 

Proceeding with Xo in the same manner wc obtain fir.styo, 
then and so on. 













by tlic broken lines ol' the figures. 

The success of the luethod depends on the case with which 
y can be determined when x is given in tlio ease, of C'l, while 
for (7o X must be easily attainable froiii ?/. If the curves hap- 
pened to have slopes numerically equal but opposite hi sign, 
the process would converge slowly or not at all. 

The method has the advantage that each computation is 
independent of its predecessor. An error, tlm.refore, while it 
may delay the computation, will not vitiate the result. 

Example. A beam 1 ft. thick is to be inserted in a panel 
10 X 15 ft. as shown in the figure. How lo^ig must the beau 

AVe have; 

f sill -|-1 cos </) ™ 15, 

I cos c/) d -1 sin ^ = 10. 

Hence cos* rj) — sin^cj}== 10 cos <j) —15 sin 
l^ow an expression of the form 
a cos cji — b sin ^ 
can always be written as 


bo made ? 
■ 10 
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-p h'" f —: ~ cos <j> -- s in <•/) j = V rr -p cos (<^ + a 

\ vk r d- b- Vu- -p I}“ J 

where cos a = ——-, sin = — - • 

Va' d~ b'^ Vd" 

In the present case, then : 

cos 2<j!) = V525 cos -p «), 


where 

Thus (c is au an 


10 . 15 

cos a = —sin a = — —' 

V325 V325 

gle oP the first quadrant and 
taiia= « = 5rA IGA 






Onr problem may be ibrmnlated, thou, as follows: To liuii 
the abscissa of the point of intersection of the curves : 

2 / = cos 2 ?y = v'.' cos (<^ + «). 

We know a good approximation to start with, namely: 

tan<^. = -i, (l> = b;T4-l'. 

For this value of qi the slopes are given by the eijnatiuiis: 

— • = — 2sin 2<^> = - 2 sin G7° 28' = —1 . 8 , 

TT ilcp 

180 (Jy /TTTF • /, , N /— 

- ,'7 — V sin (tjb + «) = - V;i2u = - IS. 

TT U<p 

Hence we have: 

C^: ?/ = cos2f/>; 

C.,: ?/ = V325 cos (<j> -f- f4) or ^ = cos" ^ ~— « 

V325 

Beginning with the approximation 
= U\ 

we compute ?/i = cos 07° 28'. 

Passing now to the curve C., we compute its (ft when its 

y = _ 

?/j — ~\/o2i.i cos -j- <pj = 

We now repeat the process, beginning with (^_. = 32° 31' and 
find: 

?/o = cos 05° 02', 

= V325 cos ((#)3 + a), <;);j = 32° 23'. 

A further repetition gives (/).i = 32° 22', and this is the value 
of the root we set out to determine. 





1. Solve the same problem for a beam 2 ft. thick. 

2. A cord 1 ft. long has one end fasleno,! .,<■ . ■ 

abovs a lougli table, and tbs otliei eiid is tib V™'" 
lo«e. Ho„ fa, can tl.e ,„d be dieril, ‘l, “ '»>»<1- 
tb,«gh 0 aad still ,e;nai„ it, .t,„ilib,i;.. .Caelter^ 

I 2 cot ^ i col; 



Fig. 120 


2cos ^ + cos c/> = 2. 


H the oeeffloicat of Motion ^ = s„d the valno of 

A Leavj ling can slide on a smooth vprfinni i 

the rmgm fastened a weightless cord of vod. To 

equoal ring knotted at its-middle ooinrnn^ 1 ’ c^rynigoao 

end made fast at a distance « from the rmd 

of equilibrimn of the system. ’ position 

aaoees'eivo opinraiMtbiir*"' ® ^ ““ »l 

vLrsf.»■»“= -»i- 

form of an algebraic eciiiatim?'’ ■^®‘’nltmg equation to the 
Horner’s Method. " latter by 

tot “ptoto'^rutofT^^^^ “■ " " '™'' “*“'V 

obviooo improveroS, '™ “ »'»bo 

If ...log toapoeoide, ae Z,. “oTl 1,°' Tf 
by dividing the interval Cn 7 a w ^®tore 

the length of each part bv /f T.° 

P‘n t by h. The area of the A--tli trapevooid is 

Kl/i + 2/i 1-1 ) A 

nc lence the approximation thus obtained is 

^^i = [-K2/o + 2/„) + (2/p + y,+ ...+y,,_^)p,_ 


This formula is known as the Tr(ipe:^oh!al linjo, if tiu‘ curve 
is concave downward, as in Fig. o.’l, is too snuill. 

Again, if we take n as aii ovoii integer and draw taugents at 
the })oints (a'l, ?/i), (.r-j, ?/;}), ••• we get some ti'a|Mviddis 

as shown in the figure, the area of any one being where 
k is odd. Hence 

jL = 2h [yi -f //,, -}- ... -[- ] 

is an approximation which i.s too large, and 


If the curve is concave upward, the inetpialities must be 
reversed. 

finally, a still closer approximation may he ohtainctl hv 
using arcs of parabolas instead of straight lines. If we make 
the parabola 

?y = u + b (x - ii\) + c- r,)“ 

go through throe successive points, (.r^, ?//), 

(.r^.+i, it will follow the arc of the curve more eloscdy in 

between than the broken lines or the tangents of tlie preceding 
approximations do. USTow the area under tlie parabolic arc is 



■Tk+h 

J [a + ^ (-V a’jt) + c(.r — av,)-] dx= 


ax -h 




+ C 


O -rt-A 



and it remains to determine a and c from the above conditions: 


= .V/- = «; 

oi = Xf. 4- Vk+x = a -\~ bh -|- cJr j 

X = X,. — lij ?A_i = 

Hence a = , 2 cJr = — 2 -f . 

Thus the area under the parabolic arc is seen to have the 
value 



>=.AtKUISES 








A»,,, 1 ft, . 

,j,° k 

I 2cote+l=^cot^, 

2coa0 + cos0 = 2. 
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If the coeffleiciifc of friction ^ 


3. A heavy ring can's'lnr 
the ring is fastened a weightiest!. 1’ 

equal ring knotted at its tnh t e'Wjingai 

end made fast at a di.sfuiee a 

of equilibrimn of the system. Position 

successive apiiroxtSonr*''^''''^ ’'I oi 

vaLt SnnrSr’:ttL;'\t" cos^^i, 

form of an algebraic equation in ’ ■ ' o'l"ation to the 

Horner’s Method. ^ «olve tlie hitter by 

to compute leamaZdei^Tc'^''’' 
an obvious improvement on'tlm "'ake 

y using trapezoids, as slinw. •" '"•scribed rectangles 

filing the inte’rvit h!;; as before 

flio length of each part by’/ ^'^«'lo"ote 

>y'^- I I'o area of the *-th trapezoid is 

and hence the anm-n • ^ ^ 

Plioxnnation thus obtained is 





This formula is known as tho TrapL'Koidul RnU\ If tlu* furve 
is (joncave downward, as in Fig. o.*}, Jj is tou small. 

Again, if wc take n as an evcm intogur ami draw ta!igt‘iit< at 
the points (.x*i, //i), (;r;„ //a), we g«*t soiim tvaiitv.nids 

as shown in tlie figure, tho area of any one being wlierc 
k is odd. Plencc 

A.y=^2h [//i + ?/;j -|- • • ♦ ] 

is an approximation which is too large, and 

Kio. 121 

If tlie curve is concave upward, tho inerpuilities must be 
reversed. 

Finally, a still closei* approximation may l»c obtained hv 
using arcs of parabolas instead of straight lines. If we make 
the parabola 

?/ = a-p6(.r-;r,)+c(.r-.r,p 

go through three successive points, dr., y/), 

C‘Wi> Vkv\)y it will follow the arc of the curve more closolv in 
between than the bi'okeii lines or tlie tangents of the preceding 
approximations do. Now the area under the parabolic are is 

J [a + & (n; -- av) + c {x - (Ix= 

ax -h /) i+ 0 >—: = 2 ah + —, 

2 o o 

and it remains to determine a and c from tlie above conditions; 


x = x,,, = 

X = Xf. 4- h} l/k+i “ H" j 

X = ~ h, — a — hh + cJr. 

Hence a = //a , 2 cJr = //^.i — 2/4 -h / 4 ^i. 

Thus the area under the parabolic arc is seen to have the 
value 







(?A-i + )• 

Adding these areas for /o — 1, 3, ••• ?i —1, we get a new ap. 
proximation : 

i [2/0 + 2 /n + 2 (7/2 + 7/.1 + • • • 7 /„„ 2 ) + (2/1 + 2/3 +-h 2 /n-l)]. 

This formula is known as Si))q)^on^H .Rule, 

If we set = ?/o d" ;Yu 3 

V ~ ~]r ' • * "h ?/«-i ? = Ih + 2/4 + * * • + 2/«-2> 

we have: Ax = -.V h {ji + -f- 2 7«), A>> ~ 2 Zt-y, 

•^.s = a (’f -1- 4 D + 2 '4o). 

It turns out that = - yi^ -h J ylo. 

2 

/ (h) 

and let = 10. Then h = .1 and 

1 

u = 1.5, 77 = 3.459 539 4, 70 = 2.728 174 G. 

Hence Ay = .093 771, yj. = .G91 908, y1,, = .693 150. 

The value of the integral is (Tahlo.s^ p. 109): 

log2 = .G93 147. 

Thus Ax diifers from the true value by less than 7 parts in 
about 7000, or one tenth of one peivjent. yl 2 di ffers by about 
12 parts in 7000; Avhile yl..{ is in error by less than 3 parte in 
600,000, or 1 part in 200,000, 

EXERCISES 

1 

1. Compute taking 0 ^ = 10, and compare the result 

*u 

with that ol)tfuned by integration. Hol.e tlu*, tables 011 pp. 120, 
121 ofdhe Tahh's. 

* These figures are lakeu from GibsoiPs E!nnontav}} TypaHao on the 
Calcnlns^ p. RHl, to which the .student is referred for further examples. 
Amove extended treatment of the sidtieel of this paragraph will be found 
in Goursat-lledrick, Milhematical Anah/sis, vol. 1, § 100. 





2. Compute 


J 


Vi -h xi 


3. Obtain an appi-oxiinale foriimla fov the contout of a 
whose bung diameter is ((, head diameter, />, and lemrth. /. 

olio's. • “p-4, /i*'i ^ 

()U ‘ - 

4. If in the preceding question a is only slighilv givat^r 
tlian bj the formula may bo replaced by the simpler one : 

7ra/fa-l-2b). 

i2 

7. Amsler’s Planimeter. A curro may lie given grapliieallv, 
as in naval arcdiitecture, when the plans of a sliip are iiimh ]»v 
drawing to scale successive cross-sections. Again, take the 
indicator diagrams of a steam engine, A pencil or stvlus is 
carried over a sheet of paper, tracing a curve as shown in 
"Fig. 122. The Iieighfc of the pencil above the axis of aliscissas 
represents the ])ressure p of the steam on the piston, ami the 
abscissa is proportional to the distance the 
piston has travelled. Hence the work done ^,j ( 
in the direct stroke is proportional to*'^ 


b 


pdx, 



Fio. lii 


the ordinate p being given by the upper part of the curve. 
When the piston returns, negative work is done, and the 
amount is 


-Jpdx 01' J jnlx, 


Since cc is proportional to tlie volume of steam beluncl the piston, we 
may also write the work as 


s 


pdv. 




Hence the total work done is proportional'to the atebir®' 
of these two integrals, namely, the line integral ° ^ 


J^P dx or 


pdVj 

taken round the complete boundaryrne. the work 
tioiial to the area enclosed by the curve. Piopor- 

In order to compute such areas one method io j. j. 
and this IS the one employed in naval architecture ti 
method IS by means of integrating machines tl ^ ' 
plaiiimeters, as they are called, ami this is tlm one eZbv^l' 
• 01 measuring indicator diagrajns. There nvp « i 
machi.,, „„ aL,.™ 

i:"t> rr 

the M a Z t « ™“ “»I>‘ «»* Ij 

Os. ^ (li. ihe corresponding infinitesimal 
~ iiicrement of area, A/l, is seen to 

differ from tlie area PQSQ'P'P^ 
where SQ is congruent to the arc 
and makes the same angle with 
PQ, by an infinitesimal of higher 
order. But this latter area is ob¬ 
viously equal to 

«;;rT-'Sr 

Ayl =1=1 ^2^^ _l_ 

" oiT »' otci..., 

the axis of tlirS'io/"’ ”v'*' “ *" PQ "tfi, 

■‘""'“'•"•rac.clme,.ill, , ThetlLcm 

As ti iiicittGr of fcict 7? iIrc! ‘ 

aothing in the theory, the distaimrVn‘i.”"° This alters 

i — a merely being taken negative. 
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turn freely on its axis and the rim of the dise rests on the 
paper. Now sui)pose that, the arm were into its 

new position /'Y/ as follows: 

(a) Pii is moved in its own line till P n^aehes the fnot cf 
the pei*j)eiidieiilar dro|)])0(l from 7^' on its line; 

(/>) PQ is moved perpendicular to itself till it eoines into tlie 
position FP >; 

(n) PQ is rotated about P as a pivot till it conies into tlie 
final position P'Q'. 

Tt is now easy to compute the angle through which the disi* 
has turned. During the iiiovomeiit (a) it does nut turn at all. 
During (h) it turns through an angle in-oportioual to //, ///*•» 
where r is the radius of the disc; and during (c) thnmgh an 
angle aA(^)/y, where ct denotes the length Pit The total amrle 
thus obtained, (A + ct Aq!))/r, will differ from the angle Ao» due 
to the actual clisplaceineut at most by an infinitesimal of higher 
order, -q : 

Aaj = — '■ - -1-7/. 

This assumption is an axiom or iihysical law, borne out l>y 
experience, on which the whole theory of this inacliine rests. 

If we eliminate h betwcoii the etpiatiun for AN and that for 
Ao), we get: 

an = h’Ato (.\ ^ — ct?) A(/E) ~ ?/‘7/ -f- 6. 

Dividing’ hy Ac#) and allowing Ac#) to approach 0 as its limit, we 
obtain: 

D^,A = lrD^(ij-\- (.W" — 0?) 

and hence c?N = Irdu) — 

The simplest case is tliat in whicli, as Q describes the closed 
curve in question, c#) steadily increases for one arc from t#)^ to 
t#>, and steadily decreases for the remaining arc from to (#>,. 
The total area swept out for the first arc is 

Nj. = t'(o)i — Wo) -p (:V?' — Cf?) ((f^l — 0tl)‘ 




negative: 


llie area of tluj curve is flu. almljraic «>.>„ o 
areas: ■ b > suiu of these two 


A ._ yi, + _ If. __ 

a ^:He i ‘ rS 

the constant multiplier is known or^leknunL^rr 
ticular macliiuQ tliat is beinir used. ‘ * ^ *® I’®''- 

It can be shown {riiiioi'allv tlni- riisi m.n n 
is given by the sanio forniuhi,\n'ovhUul 
initial value, the inethod beins nunadv to ' r ’“V” 
enclosed by the curve vm into ni col r 1 
above determination is a^t^ir t;;i! i^ Tw T 

a complete rotation, so that rf, ebano-es bv o \^ ™akes 

the last term in the expression for ,/"'i' ( "? * '® 

contribute (^ 1 ? _ al) • L to the result '' '' 


1-e recently come into ^m^il tt; ^ 

to Ricoati (1757) and are defined as'foliovv,^ '®''" 


siulla;:=^ltz:£r. 


cosll X == 


^ siiih X 
' aoSii x' 


ttese J »k a. 0^. Tl,. 

the following functioiml i i^cnctioiis satis) 

'“” 1 ' “ 


sli(-x)=—ch(-,x) = (>li.v, 

Moreover: sli0 = 0, ch0 = 1, th() = 0. 

Also: eh=x-sli^r = l, 

1 — tU-.» = seeh^r, cotk- x — 1 = osflrx. 



Tlie Addition Theorems are as follows: 

sh (x + ?/) = sli X ch 7/ + c’li X sh >i ; 
ch {x + y)= eh X ch 7/ + sh x sh y ; 


th (x + ,7/^ — 


th X "h th y 
1 + th X th y 


From these relations follow at once: 

sh2x = 2shxchx, 

ch 2 x = clr X + sir x = 2 clr x -1 = 1 + 2 sir x. 
Derivatity‘x of the Hyperbolic Fmctions. The derivatives 
have the values: 

clx 


= sechhr, = ~ 


dx 


etc. 


The Inverse Functions. The inverse of the hyperbolic sme 
is called the antihyperbolic sine: 

2 / = slr’x if x = shy. 

Hence. x=]i(e/ — v )• 






— X ± VI 4* ^ * 

Since e‘'>0 for all values of y, the upper sign alone is possible, 

and y = sb~’ .r = log ( x -p Vl + x-). 

The antiliypcvbolio cosine, however, is Jiuiltiplc-valiied, as 
ajii^eai'S fvoui a glance at its graph, obtained as usual in the 
case of an inverse function liy rotating the grajih of t!io direct 
function about the bisector of the angle made by the positive 
coordinate axes: 

clr^ rr = log (a; ± V xr — 1), ^ ^• 

The upper sign corresponds to positive values of cli 

Also: th-hi: = -Uogp'tl*-', -l<x<l. 

1 —X 

The derivatives have the values: 

d sh^ hi; __1._ 

dx V J -I- 

dclrhr _ ^_ 1_ 

dx A/.r-T 

dtlrhr^ 1 
dx i — xr 


We tluis obtain a close nnalogy beiAviu'n (lovtain fonnnlns of 
integration : 



• _1 

: Sin , 
a 


- tan"^ 
a 


X 

~'i 

(t 


J V i t~ -\- xr 

r dx ^ 1 

J (d-x- a 


sh 


(t n. 


A. eolleetion of forimilas n-laling (.o (.lie hyiu'rbolic, fuiiel.iou.s 
vdll be found in lAiirce’s [))). Sl-S.’h and l-ables for 

sli.r and ch.x are given there on ]>p, 110-12.'). 




expresses the anja OQPA niulev a eircle iu terms of the funetion 
siii-’a; and enables as, ou subtracting the area of the triamde 
OQP froiii each side of the equation, to iuterpret siir'^'^as 
twice the area of the circular sector OPA. 
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There is a similar interpretation for sh"‘a; with reference to 
the ec[uihitcral hyperbola 

/ = t + a;l 

X 

j ir dx = lx Vi -j- x' + I log (x + Vl 

u _ 

= ^X Vl -i- x‘ 1 

Thus we see tliat hU'^^x is represented by twice the area of the 
hyperbolie seutuv, 0/T(. 

To the loriiuilas for the circle: 

= 

X = sin Hj ?/=:cosn, 

corrcs])OU<l the following formulas for tlie hyperbola; 

■!r-x'=l, 

a‘ = slu^, ?/ = c]i?f, 

the paraimd.or u iH^iiig r(!]n*esented geometrically in each case 
by t\vic(‘. the area of one of tlie above sectors. 






functions is but one pliaso of the fact that iu tlie domai 
of complex quantities the trigonunietrie and the expoiientu 
functions and tlieir inverse fuuctiuiis, the autitrigonoinetri 
functions and the logarithms are closely related. We hav 
already had occasion to mention the formula: 

e'H ™ cos (ji -p / sin (/>, i = V ~ 1. 

Thus sui;s; = '———, 

Jt 

(i-i _j_ 

COS z = - - 

sui“^ z = j log (zi ± Vl '-Z-), 

tan-^ z = j- log 7— 

where z = ,v-i-^/i is any complex quantity. 

The Gudermanniaa. Let c/) be dclined as a function of x b; 
the relation: 

sh .r = tan (/>, ^ = tan""^ sh ~ ^ • 


Then is called tlie 
follows: * 

We have: 

sh X = tan 
cscli .r = cot; 
and since 

e' = tiui - 


GnderHumniau, of 

c/) == gd X. 

ell .!■ = see 
sech if = cos <j)j 
= ch X sh ./•, 



and is denoted a 

th= sin f/>, 

CO til .6* — CSC f/); 



Also calltid ihii hujicrbulic antjilitinlr aiul ilcnoUal hy lunlvx. 



APPENDIX 

A. —THE EXPOlfENTIAL FUNCTION 

In Chap. IT, § S, it was shown that, when x = a > 1, 

(1) if n'>n, 

where n and n' are two positive or negative rational numbers. 
Moreover 

( 2 ) a ’*>0 
for all rational values of 7i] and 

(3) lima” = + 00, lima" = 0. 

One further relation, which we will now prove^ is important, 
namely: 

(4) lima"=:l. 

When 0< < 1, the curve 

is eoneave downward, fur /)/?/=:n(»— and so it 

lies below its tangent. The equation of the latter in the 
point (1, 1) is : 

y=zn (.r-l)+l. 

Hence for snch values of ?/, the ordinate of the curve, a”, is 
less than the ordinate, of the tangent, n{a —1) + 1: 

l<a'*<n(a-l)+l, 

2e 417 






--'clUUU.'j \ 


J IIUW JO O'-'.'I'J ... 

from the positive siihi. 

Similarly it is shown tliat, when 7 i<C>, the CT-imis concav( 
upward, and 

1 >a">^i(«— 1 ) 4 - 1 , n<0 

Hence ( 4 ) is true Avlieii n approaches 0 fi-omtho negative side 
too, and the relation is thus establishod ^^‘ene^al ly. 

AYc can now prove the following tliuortiin. 

I'linoiiEiM !• If V be ctny ivvLdio)ictlntiitiho.vuhcc Housed tc 
approach i/, pasdng onhj throagh rational ml n%thc:^ n id ai^^noachei. 
a limit, 

First, let a approaeli v from below, 'n<y. Then, by ( 1 ) 
a" steadily increases as oi increases, but never bc^^comos so greal 
as cd', where f is any rational ninnbor greater tlnnu/. Hence 
by the Fundamental Principle for tlie exLsletacoof u limit 
Chap. Xlij § 3 , a^Sapproadies a limit nub gruittar than tF, {incl 
in fact here less. For, if be chosen betweer^ Miind then 
liin a" is not greater than a^'\ and uF' Dc 3 iiotc tl jte limit 
by A, Then 

( 5 ) liin rd' == A < rd', V > r. 

Here, !' is any rational number gren.tor than v. 

Again, let ?t appvoacdi v from above, 7 /. :=(i':::r=-v. Tlnm, by 
similar reasoning, «'*' a]')jn’oaches a limit >(d, Avhmi 2 is any 
rational number less than v. 

(0) ] Im a’"' ^ <i\ I < y. 

Finally, to show that H'=yl. It is calcar fc lial H' is not 
less than yl, for (p) gives, whom I'~ co: 

yl <d'. 

Since cF>yl'anfl a^<A, we infer that 
a^' — a} > A' — y|. 

Setting ^ -f* /i, wc get: 

^%A'-A<ufaF^\'). 




Now let I and V botli approach v. Then li approaches 0 aiul 
the right-hand member, therefore, approaches 0, lUit .1 anil 
A do not change with I and l\ and so the value of tlieirditlcr- 
ence, being constant, must be 0: 

0=^1'~ A 

This completes the proof. 

Drftntttox. For an irrational value of the exponent, /< = v. 
we will define cC‘ as 

liin cC\ 

n passing through only rational values, 

Kelations (l)~(d) are readily shown to hold when n and 
are cue or both irrational. 

Turokrk 2. The function 
thus defined is eontinuoas. 

We wish to prove that, if is an arbitrary value of then 
Hm a'' = a\ 

The proof is similar to that of Theorem 1; but tlie present 
theorem dil'fers from that one in that a',, is any number, rational 
or irrational, and furthermore .r, in apiiroacliing .r.,, passes 
through all values, irrational as well as rational. 

First let .r approach a*,, from below, x<X(,. Then it follows 
as in the proof of Theorem 1 that approaches a limit A : 

lim — 

where now V is any number > iVq. 

Similarly, 




lienee as Deiore: 


0 g yl' — A< a*' — a^. 

If we choose I and I' both as rational numbers and set I' = l-j,, 
we have: 

0 ^ yl' — yl < a} (a* — 1), 

and we now can infer as in the earlier proof that yV = A. 

It remains, therefore, only to show that a'’^ = A. Is^'ow by (J 

a^<a^^<a^' if x<x^i<x\ 

Hence ^ ^ 

OL’ yt ^ (. 1 ^^ ^ yl* 

Thus a^o is seen to =yl, and this completes the proof. 

We have hitherto assumed that <( > 1. It is shown withoi 
difficulty that Theorems 1 and 2 hold Avhen 0 < ag 1. 

TnEOKKM 3. Tlie Tdlatioiis (A) of Chap. II, § H, hold when ‘i 
and n are one or both irrational. 

Consider, for example, the second relation : 

(a"')“ == tr”. 

Let m approach an irrational value, /x, as its limit. Thci 
since a;" is a continuous function of x wlum n is rational, 
have: 

lim (lim a”')’'= (a'")*'- 

On the right-hand side, 

lim a""‘ = a'"”, 

m = ix 

and hence 

. 

If here we allow n to approach an irrational number v as r 
limit, we see by Theorems 1 and 2 that 



The proof that 

= a""' 

depends on Theorem 1 alone. 

The other relations of (A) are proven in a similar manner 
We have now established rigorously all that was assumed 
ill Chap. IV for the purpose of detining the logarithm ami of 
differentiating the logarithm and the exponential fuiietions. 
lienee we are entitled to the conclusion of that chapter that 
X" is continnons and has a derivative when i.s irrational. 
We have also the material for proving the linal statenumts of 
Cliiip. II, § 8, re.specting the graph of a;". If .c = (i, 
or cf> ^ 1) and 1 / = h 0 arc chosen arbitrarily, one and only one 
value of H can be found for which the curve 


?/ = x" 

will go, through the point (a, b), namely; 


b = a", 


11 = log.?) = 


logs 

logtt 


The, whole subject of logarithms, exponentials, and fractional 
exponents can bo treated with great simplicity by basing all 
of t,h(;se functions on the logarithm, defined as the definite 
integral: 


X 



Cf. a ])aper by Bradshaw, Annals of Malhematks, sor. 2, vol. 4 
(19().S), p. 51; or Osgood, Lehrbuch der Funktionentheorie^ vul. 1, 
p. 487. 
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CALCULUS 


B.-FUNCTIONS WITHOUT DERIVATIVES 

In recent years much a,ttention has been paid to disoontimi- 
ous functions and to finujtions Avhich, thongli continuous, still 
do not have a derivative. Consider, for example, the function 

?/ = sin i • 

CO 

When approaches 0 as its limit, ?/ oscillates between the 
values -pl and —1, and thus the function, while remaining 
tiihte, approaches no limit. It does not even apjnmch one 
limit when ;r approaches 0 from the positive side ami another 
limit when :t; approaches 0 from the negative side. The reader 
can easily plot the graph roughly. 

Let ns now form the following function: 

f(x) = a;sini, x^O-, 

X 

/(0)-0. 

This function is continuous for all values of x, and its graph 
is comprised between tlie lines y/ = .r and y/= —a*. At the 
point a; = 0, however, it luis no derivative. .Kor, form the 
cliffereuce-quotieiit: 

This variable — the slope of a secant through tin* origin and a 

variable point P with the coordinates A.f and Av — A.fsin - - 

A.r 

oscillates between 4-1 and —1, i.e. the secant OJ* turns tt) and 
fro, and approaches no limit whatever. 

Again, a function may have a first derivative, bub no second 
derivative, as for example: 

</>(a;)=a;hsin--, 

X 

(/>(0) = 0. 


.r ^ 0; 





general; only fur a single point is there trouble. But exam¬ 
ples can be adduced of functions that, though continuous for 
all values of uj, do not for one single value of a; have a deriva¬ 
tive. 

In the ligBt of these facts it might seem as if a thorough¬ 
going revision of all we have said in the early chapters were 
necessary. The revision, however, is simple. So far as our 
theorems about derivatives are applied to special functions we 
have fortified ourselves by showing that the elementary func¬ 
tions actually possess derivatives unless possibly at exceptional 
points easily recognized. In the statement of the general 
theorems of Chap. II, § 4, hoAvever, it is true that we need to 
add the recpdrenient that the functions u and v shall possess 
a derivative. With this supplementary condition Theorems 
I_V are true in all cases. The proof of Theorem Y, however^ 
requires a modification, of which wc will speak presently. 

(7»)‘res. A further restriction on the functions we have 
treated, which is essential for some of the proofs, is this, that 
the curve y =:/0r) shall have at most a finite number of max¬ 
ima and minima in a finite interval. The functions/(a;) and 
<f) (x) of the ahove examples do not have this property. In the 
neighborhood of the point x = 0, they both have an infinite 
number of maxima and minima. AVe can impose this restric¬ 
tion, however, tlironghout the Calculus and still the functions 
will he g(uuiriil enough for most purposes. 

With this restriction the proof of Theorem Y is valid. 
Without it, the theorem can still be proven by the aid of the 
Law of tlu^ Alcan. 

Tlie proof of c.onvergcmjc required to justify the definition 
of tlic dcliinte integral, Chap. IX, § IT, rests on this assumption. 



SUPPLEMENTARY EXERCISES 


A. — Intuoduotion 

Find the slope of each of the following curves. 

1 . y = x — x\ = -vlws. — 1. 

2. ?/ = 4 + x-, *0 = 0. Arts. 0. 

Ans. — 9. 


3. = 


4. y- 

5. y. 


X 

2x 

\s-xy’ 

4- 


^’o — 'i • 


a;n = .rn. 


Ana. 

(3 - 

_, * = Arts. = 

X-^ Ct (•<'(! + (^i’o + tt)“ 


6 . ?/ =-- 

^ 3-2a; 

8. y = 2x---- 
X 

10. ij = x + --\- 
X n;- 


7. 7/ = - 


I 


9. ?/ = [t: 


X- 
9 V 


"+r-n- 


r" - 1 

11. 1 + 7. 
.i; 


Differentiate the following functions by tlu; Fundaniental 
Method of p. 10. 

12. 2y = fl*’--2;«-|-1. Drt.s. 

13. ?y = *^-.3a:'’ + .T--9*-12. A/us. 1 *■'— U.e--|-2.i! - 9. 

14. )/ = -10-12;r + 2*l 16. 1 /— .r(2.r —d). 

16. !/ = .c-(i-‘Sx). 17. y = d-((..r + 7-r. 

■in 





0 


18. y — 

19. ?/ = 


1 — x 

1. 

x'^ 


20. 2/ = ^“* 

21. y = — - 

a:”‘ 


22 . a;?/4-.a; = 7 2 /. 


23. 5x-\-2xy — 4,y = 3. 


24. 


g-.T + h 
cx -h d 


Am, 


a-cf 

Ans. — 1. 

.r’ 

Ans. 


Ans. — 


ni 


Ans. 


Ans. 


(J-xf 


2(2^ xf 

Ans. 

{C.-C + ilf 


B, — Diffk-renttattox of Algebraic Fuxctioxs 

An instructor who wishes, after finishing Chapter TI, to 
sp)eiul more time on pure drill work in differentiation will 
probably prefer to introduce the differential at this point. 
This may be done by taking up §§ 1, 2, 4, and n in Chaj^ter V, 
omitting in § 5 all that relates to transcendental functions. A 
complete set of the formulas needed for this plan (y. Chap. V, 
§ 5) is herewith appended. 

(A) d it = u dx or = 

dx 

I. d(cu)^cdu. 


IL 

d (n 4- v) — da ^ dv. 

ITT. 

d('av') = Hdv-\- vdii. 

IV. 

^^/?/\ _vda — n dv 


\J)J ~ 

1. 

dc = 0. 

2. 

1 dx'^ — nx'‘~^dx 


1 d a” = cho 





.. 1 Vy li 


26. 2a:® —S.u + 3. 26. 8a'* — 3.a® + .a — tt. 

27. 5a^-13.a-"'-9.a'‘-a+1. 28. ax^-7u^x-bu'. 

29. (.a +10) (5 - a)®. 30. px'^ ~ (p + (j)x - q. 

31. d(2m.-v6). 32. {a + hx){ax-h). 

33. .'.-.a® — 2 (a — b)x- + 3hx — a + h. 


34. ^_2(,Sa-5) + a-l- 
o 


4x — 7 


35. (3~~2xy 36. + 

37. x(2^3x)~--4(l-^xy. 

38. (2 .i; + !)(!“ -3x(x + 3) + 1. 

39. 6(5 — 4.—2(1 — 2:1’)**. 40. — 4ar-f-tn 

41. 3 1- — (a 4 a~-3h, 42. aio^ — (2atv — 


43. 3iV“* — x~^ -1- x~^. 


45. 2.7;--* 


44. 

46. ir + -l;- 
T X' 


1 2 

51. 

X x^ 

7x‘^^r)x-h3 


1 4 - on X- 


60. -.+ V2.,'). 

.}) 


7 x^ — 5 .7;-I- 3 
8 • 


56 . 




Tr X"^ — X + a / I 0 





60 . 


((s' — ‘i hs + C 

e 

64. 

(o - a;)' 

__2_ 

^ * (4 — xY A — x 

67. - 

a I 

1 4 3 

2-x l^-2x 2^3x' 

1,2 4 

'I'^l-l- 2 + 31^' 

’ ■ (U-Saf 

.V >. 

74. - - • 

.r- — -h .1 

.i;V|-2:u+4' 

77. 

u- -h -j; 4-1 
79. ;i’Va“ —u;-. 


61. — 


(4-3xf 


70. -iA- 

cf -}- (( — a; 

72. ^--JL, + 1. 

1 — a s— .s“ 

l^«^^(2 4a; + 3r.)(7 + 2.r)^ 
( 14 - 3 .):j'“ 


81. 

X 

V — x^ 

82. 

83. 

!(( 4“ X 

■\l -!-• 

84. 


' a — X 


85. 

(cr 4- V a — 

86. 

87. 

'/ I - 
V 1 4- /• 

88. 


781-— 4-4“ 

(1 -2.1*)- 1- 

80. X "v/ X" 4" 

82. 

a; 4- a 

84. 

V^a.i; — X- 

86. («- —l)Vl~4«. 


life 






ouc iuiiuvviiiy LUlUJMOHS. 


26. 2.'>;--S.t + 3. 26. 8.o'-3.x" + 

27. 5.x'-13.');'’-9.x‘-a:-|-l. 28. ax'- 7 a^x-r>u\ 

29. (X + 10) (5 - xy. 30. px^ -(/, + ,j) X - q, 

31. e(2m-nd). 32. {a + hx)(ctx-h). 

33. .r' — 2 (a — h) + 3 hx — a + ^. 

34. t-2(3x~5) + X--1- 

1 ) 

36. (3-2X-)’' 36. (p + qx)”. 

37. .x(2-3.x)-4(l-.xf. 

38. (2 .0 +1) (1 - 2.X') - 3.'«(;u + 8) + 1. 


39. 6(5-4x')"-2(l-2x)''. 

O 

r 

+ 

41. 3<'—(a — ^;);-|-4a — 3b. 

42. utu'^—{2u+/syw 

43. 3 x'-'-;o-2+ 

44. 4.x-'- 

45. 2.r — 

X 

46. 

7 

47. 

r 

48. I’-ti. 

,v 

49. ^±i. 

X 

50. ~ ‘ + v'2“.5. 

X 

1 2 

51. x — 

X .r’ 

62. - . 
nr 

2 2 ^ ^ X o 

X 

64. 

8 • 

55. 

'H 

5 6 . ^ ^ ^ . 

x' 

57. p — 

V 

58. ■'*"-2^;4-3 

1-2.X- 

fh) 

69. 

7-.6-'^ 



60. 

f/.s- — - hn 4- c 

e 

62. 

1 

(1-a.f 

a A 

2x 

O'i. 

(5 - xy 

66. 

2 1 

(4 — 4: — X 

67. 

a- —^ 
u A' ^ 

69. 

1 4 

2-x 1+2® 2 

71. 

t l-l- 2 + 31- 

73. 

x\7 + 2®)^ 
(U-3.X)'’ 

74. 

G;o 

— M + 1 

76. 

r’ - 8 
^ “1“ ‘■^ 

77. 

x ^ — X 4-1 ^ 

V+^Vhi* 

79. 

X V tr — ;r. 

81. 

<! 

iV 

1 

83. 

Iff -h^'. 

85. 

(a- + .I''-) V u — X. 

87. 

y -i-. 

V 1 + ;• 


61 . L~rA, 


t 


63. 

66 . 

68 , 

70. 

72. 


(4-3xf 

X - 


Ann. 




1 - .s’-* 


a 


Ui 


“j- ft — 'X 

fi 


1 — S S — .S' 


A+1 


Ux\2^x + ^r^)(7-\-2/)^ 
{U~~3xY^ 


76. 


JjL. 

y- +1 


Jh.s. 1. 


1 


78. — 

{l-2xy^ l-2x 

80. x^x‘-\-fr» 

Vi- 4-rt\ 


82. 


84. 


(i -\- X 

■\/2ax — .IT 


86. —1) Vl-4t. 

88. J'/“ +^-^. 

» C -j- 


89. 


90. 



Vf4~j8^ 


'■V2(ix-x^ 

91. 

t 

1 

92. 


93. 

V4 - 5:i; + a;-. 

94. 

V — () — 5 a) — a)\ 

95. 

V—o;. 

96. 

0) Vi — 5:c“', 

97. 

rV-l+3r-2v^. 

98. 


99. 

t-h 

100. 

5 .r 


(;6‘ 1) V-l* — 3 

101, 

CO —Vl+ 7;cl 

102. 

V<t“ — at- — Vtr -h . 

103. 


104, 

Vl — If — X 

Va— a*— Va-f-x* 

Vi — -|- .a; 

105. 


106. 

J '•_ 


\x--X + l 


^ 1} ?• cos a — r 


107. (2«~3to)V(a + 6.(;)''' 


ylt/S. — 




108. (8a2-12a?-® + 15i=rV(« + tof- ^ 

109. (2a — to;)V a + d.c. 

110. (8a2-4ai.« + 3d^:v^) V^+lx. 


111. V(/t“-.s'-j'‘. 

112. 

A/(ct- H- rf. 

113. -\/{mr — y'f. 

114. 


115. 

V 

116. 

V 

217 4.7;+ 17 

118. 

_ 1-la; 

Vl7 — 8a;— Oar 

V25H-(Ke-i'2Jir- 

119. o—x 

^5 + lOa; - a;^^ 


V —6 +'iOa;’— 

\y_*7 10 .U + X~^ 

, (500 

Alts. - 



(-5+ \{)x - x-) 





120. -— ^11-o- 

+ + + ]■ --“-2-- 

,__ ^ (4+2.t + ^.',: 

121. _(pjLi:lK^a,+ x-)-2a; 

2p 

- 4 u . 9 . ^';^x^)-2x~-i=:l ^ 

, I , _j » ■^p(J‘+“>r_v_,. 

m. 4,i:^-().'i; 123. 12;i;J - oq^^.I ^ 


124. 

— — 8 Va: + (V a)'"'. 

125. 

l:zl. 

Vt 

126. 

S 7 1 _ 

</~x a:‘ 

127. 


128. 



Jns. -L 




3\x 

129. 

(Vxy 

130. 

2Va”‘* —3V.^- 5 
V2 

131. 

1 -1- ic -}- 

132. 

X — 05”^ 

-Vx 

133. 

(7 — 9 x) v'- iu. 

134. 

V ax -^. 


1 - v2 


Vbx 

136. 

V vtr 

136. 


137. 


138. 

0-a 




V3^ 

]39. 

2Vx— 1 

140. 

vn^-5 




V2 — X 

141. 

vx " — wi.5;™ 4 - m 4 - n. 

142. 


143. 

(hif + mxyf. 

144. 


145. 

{a i-x)(a- — 

146. 

(a + bx’')". 


147. y|„,. 2.1^ 

(•'»'-'’ + l)* (a-’ + l)i(.i-3-l)- 



L ^ 


160. 


151. — 

VI 


152. 


153. 

+ X “y-. 

154. 

X- 

155. 

X 

J vr^ 

( ^ y 

a; —Vi +:»■ 

( Y- 

166. 

157. 

\V a — a — xJ 

Vi-vi+iy 

158. 

2n;2 4-5?/“ = 7. 

159, 

tf (x — ?/) — = CL 

160. 

x}j = ax + hi/. 

161. 

q- x)j = a + 5. 

162. 

x'^!/ = Xo\, 

163. 

Irx' + a:\if = arb\ 

164. 

—tlccry = 0. 

166. 

tc' 6" 

166. 

11 

1 

167. 

a; 4- y 

168. 

—3.^7/ —2/“ = l. 

169, 

— ;r// -p = 0, 

170. 

x^l/ — ?/-a; + na;- — a])y = 0. 

171. 

?/“ — 2 a;r — 2 5y/ -p . 7 ;^. 

172. 

+ y + 1 — d ccx“i/ — 0. 

173. 

—0 x^y -P 4 xy^ +1J., 


C. -Dll''FETlKNTlATlON' OF TuANftCKN A Iv FUNCTIONS 


The farther special formulas of p. 95 are required, whic 
may also be written as follows. Tlie student should notic 
however, that this form is no more and no less general tlui 
that of p. 95. 


o. 

4. 

5. 


6 . 


(1 sin It 

= cos ndiL 

d cos V. 

=: — sin udiL 

d tan u 

= sec^ It diL 

d log a 

_ du 


n 

f?e“ 

= 0}UllL, 


7. 



8 . 


d sin”' u 


I 


i 

) 


(hi 

VI — ir 

9. (Ztan“’?c =—-L-. 

l-hV“ 

To these may be added, if desired: 

10 . dcos-hi 

Vl - ii“ 

11. (Zvevs~'w = -- 

V- /t — ?r 

12. da” =a'‘logach/. 

The student should note further tlie trigonometrical for¬ 
mulas : * 

(A) cos**^ u = - -- sin“^ 

(B) cot"^ a = tail"' - = ~ — tau~^yf. 

It 2 

(C) csc“^7i = sin"' -• 

u 

(B) soc"^ = cos"^ i • 

Differentiate the following functions.f 


174. 

sin ax. 

176. 

1 — cos TT.r. 

176. 

sinhr. 

177. 

X 

cos -• 
tt 

178. 

csc-.T. 

179. 

cos ,x 

X 

180. 

1 -f- .s i 11 
1-sin 0 

181. 

sec (6 — a). 

182. 

cot^ 

183. 

tail —♦ 

I — X 

184. 

2 

185. 

esc.® 

n 


For further fonuulsis relating to the trigonometric functions, cf. 
reirec^’.s 'fnf>h's, )>p. Va-HO, 

t Cf. also lUo exjunplert on pp. 00-00. 



189. cos’‘e. 


190. siu’'7r.r. 


"Trx. 

191. 

sin ax cos 6a 

(/i + Vi) 0. 

194. 

cos ax. 

(2)1 -|-J).x- 

w 

197. 

cos.(-liri} 

2 

. X 

sin - 


sin ~ 


198. versa.-);. 199 . svers.');. 

201. -Vf-l’-sui-e. 202. 


204. + 205. J- 

Sin 0 — vers & ' ^ 

207. tanf'^-®Y 208. col; 


/ vers X 

• \l~ - 

— vers X 


210. cotK-MCK. 211. oot;^. 212. cot ;« + o.sc a; 

213. sin2.-);-^l?l' + .siu3.«. 214. cos ,5.i; + 

0,2 

215. sin 2.-): = 2 sill a; CO, s:)). 216. cos 2a; = cos-.i; - sin^-t; 

217. siu-'^i^. 218. cos-’^i’. 219. |.inr‘l"2i 

- n ;j 

220. (2 tanx). 221. c;u.s~'(a sin a;). 222. sin“'((,i;. 


200. vers^cfai. 

203. — 

a/ 1 -|- COS a; 

206. - ^ -.. 
V vcr.s ff 

209. X cot jc. 


213. sin2.'r—214. cos o.r + 

o:i 


223. cot" 


225. sec-'A- 
Ver 


224, ti'iJi"*( ,siII 


'V.a- 


226. vers^* -. 

(t 


227 . 


228. v(!rs 






229. 

232. 


tan 




ox 


230. 


sin-1 + 

ci-{- b cos X 


231. cos-'^. 

X 


233. siir 


235. t.air 


-\/a r — x' 

a-\- b cos X 

V — b' sill x' 


236. 

239. 


b -j- a cos X 
h,ii(2-3x). 237. log(a-.x.). 

log(l+r,;'i). 240. 


242. log Vi + cos &. 


244. 

246. 

248. 

261. 

254. 

257. 

260. 

263. 

266. 

268. 

270. 

272. 


log(a-.r)2. 


J/is. 

(t -j- /i fos J‘ 

234. 

L' “ + i ; 

« + i CO.S X 

238. lug.r. 

241. log(.T + 2x'--). 

243. log 

Va 

245, 

247. 


249. 

252. VttV 
266. 

258. c”'-^ 

e—‘Qos{cd-^). 261. e-nogcix. 
264. 


vv. 

e* 


— a 
oF 
sin logo;. 

log (jt -|- "x /if -{~ 

^jKiu *j: 

1 


267. 

269. 

271. 


250. (r^\ 

253. vS^. 

256. log log a;. 
259. (10‘+‘)-, 
262. 

265, 10-^, 

log cos";!?, 
o'" log a. 

■\/W. 


-iog--^^V-VS 
"s/ c(j (/, -|- l)x -{- "x/ct 


273. - 1::::: tan 


V' ■— 4 


—1 ~h bx 

\l - -> a 


< 0 . 


A?is. 


1 


iu Va + bx 

_1_ 

x\'a + bx 









{ X = a' 

2/ = a' 


+ ht + ct\ 

-f h'l + c’ti 


309. { 


1 

a: =- a. 

1 + A.- 

2X 

y — z -;«• 

1 + X“ 


308. 


310. i 


= u (3i _ !■"■), 
y = u{r)l + t^'). 


y= 




1-1 


311. Find the slopes of the curves iu Exs. 308-310 where 
these curves cross the axis of x. 

312 . lleitiembering that 

l + r + r^+ ... + r”=:^ 

show that 

l-h2r + 3r--t- ... = 

(l-,f 

313. Using the result of the preceding question, obtain a 
formula for the sum: 

l + 2“r + 3-r2+ ... +nV"h 

314. In the formula 




RT 


Ej a, b, and c are oonstauts and p^'v^ and T denote pressure, 
volunio, ami temi)ora.tiire, respectively. 

(a) Considering T as constant, find the derivative of p with 
rcs[)ect U) i.\ 

(b) ('oiisidoring v as constant, find the derivative of j) with 
respect to T, 

(c) Considering p as constant, find the derivative of T with 
respect to v, 

I). — Al*L*mCATIO^\S 

l^hml the va.hi(‘ of x for wliich ?/is a iiuiximuin or a minimum 
in ea(di of the following cases. 


316. — a;-*—G.r, a>0. 


316. ay =^ x‘ — Sbx^y x<0. 




317. ?/ = cc®-150:^25, a; >0, 318, ?/= ~ 3ar^--Jx, ;«>1. 


319. ?/ = - 
321. y — 


9 


X- + 1 


320. ?/ = 


_ -12 _ 


X 


322. ?y = — 

X » 


323. y = a;>2. 324. y = a;>3. 


325. Divide 12 into two sncli pnrl s tliat the product of one 
of these parts by the .square of the other is as large as pos.sible. 

326. Divide a into two .such parts that the product of one 
of them by the cube of the other is as large as possible. 

327. Divide 30 into two such pai'ts tliat twi(;e the cube of 
one of them increased by three times the square of the other 
may be as large as possible. 

328. If the strength of a beam is proportional to its breadth 
and the square of its deptli, liiid the dimensions of the strongest 
beam that can bo cut from a lug of circular cruss-sectioii. 

329. What is the shortest distance from the point = 

2 / = 0 to the curve ?/“ == 4;r ? 

a , 

330. What point of the curve y = x- is nearest to the point 

X = l, y = 0? 

331. Tangents are drawn to the parabola 

y- = cr — 2ax. 

What one of them cuts olf the smallest triangle from the iir.st 
quadrant ? 

332. In the foregoing problem, what tangent has the short¬ 
est segment in the first quadrant ? 

333. A. trough is to be made of a long r(‘et.‘i.ngnhir-.shaped 
piece of copper by bending up the edg(‘s so as to give a rect 
angular cross-section. How dec]) should it be miub^, in ordei 
that its carrying capacity may be as great as possible ? 




334 . A block of stone is to be drawn up an iiiolined plane 
by ii rope. Find the angle that the rope should make with tlie 
pUiuo in order that tlie tension may be as small as possible. 

336. Show that the abscissa of that point of the curve 
2 /=:log.r which is nearest to the origin is given by the equa- 


336. Find the value of x from the foregoing equation correct 
to two signiheant figures. 

Sugge.stioii. Tabulate for some trial values of x the values 
of x\ l/a‘, logl/.r, read olf directly from coiiveinent tables, 
such as Huntington’s Four Place Fables, 


337. Assuming the density of water to be given from 0'^ to 
30° G. by the formula 

p = pa0 + at ftt- -{-yl'^)^ 

where po denotes the density at freezing, t the temperature, and 
(t = 5.30 X 10"^ /3 = - 6.53 x lO'", y = 1 .4 x 10 ~\ 

show that the maximum density occurs at t = 4.08°. 


Determine by inspection whether the following functions 
arc iuerea.siiqg algebraically or decreasing as the independent 
variable increases. 


338. — X. 

340. - - x> - 1. 

I 4-.r 

342. ,r(.r -f)(.r-2), 


344. ,, /<b. 

1 d-/'- 


339. i{t-c)yt>c. 

341. -J—,, x>0, 

C(‘ -j“ 

343. .t(I - .r), .i'> 1. 
345. —0<;<1. 


34(5. ri-.j'-, 
((.' + 


348. — h<a. 

350. {.i:—‘J)(x--7')(x-2Q), x<2. 


347. 0<.>;<a. 

a-x 

349. 

351. ct'’+ 5 + 7 


i 




362. 

•1 + X 

353 . 

6* == 




0,1/ 



4 -j- 0^ 


364. 

T) X 

u -- 

365. 

l/^ 



$ 

4-t-23; 


y + S.U 


366, 

2/=. 

1 + .r- 

367. 


1 + 

2'* 

368. 

y = :i; — -f-.r-^j a’ = l. 

359. 

S = 

lOOt-KSi^, 

1^3. 

1 360. 

y = ;r sin .r, x =: tt. 

361. 


a* — 2 sin , 


362. 

y=:2 siu .r — 3 cos 2.r, 

r=j7r. 363. 


a* log a*, X = 

1. 


In what intervals are the following functions increasing, and 
in what dcnveasin"? 


364. ?/ = 10 — 

366. = 

368. 2/ = 2x^-inir-f 30a;-l. 
370. ?/ = - 


a- .i:- 

372. y = siu x -{- oos x, 

374. x^A siu (vl — y), A > 0, n > 0. 

375. . 7 ;= (7oos (ufH-e), C>0,u>0. 

376. X = siu {nt — e), n > 0. 


366. 5 -I- 30 — 20> 

367. s==ze-{^t^.[.S. 

369. r = 3i9M-5<9-ll. 

371. .V=:.^* + siu.^^ 

373. ^ = c'~‘‘suia’. 


Til wliai; intervals are the following curves concavo upward 
and ill what downward ? ’ 


377. y = x'*-9aiHTa-3. 
379. ;y = 3.r' + ^u^;'-2.r-f-7 
381. ?/ = ax^ -f + c.r + (/. 


378. ?/ = 2.r‘4-;hr--l. 
380. --.k’". 

382. t/== ax-hx-{-c. 


383. 2^ = 2a‘«--9.r'^-f-10.r‘-a'. 
385. // = .T -|-c()S;0, 


384, 




30* 


38G. y sill .6'— .r. 




— "'O 


ooo. u = ae . 


I. ^ — 

389. = 3gQ_ = 

391. y = e-\ 392. ^=:logeos«. 

393. Plot the curves wliich represent the fimetious in Exs 
384-392. 

394. A point moves along the hyperbola xy = 100 ami its 
ordinate increasc.s uniformly at the rate of 20 ft. a see. Find 
how fast the abscissa is decreasing when ?/ = 15. 

395. A point moves along the curve r=l /$ at the rate of 
6 ft a sec. How fast is radius vector turuiug when O — 

396. If a drop of rain, as it moves through moist aii', receives 
accretions so that its radius is increasing at the rate of r (Mh. a 
sec., at what rate is its volume increasing when its radius is 
a cm. ? 

397. A point describes the cardioid r = 2a(l —cos0) with 
uniform velocity c. How fast is its distance from the pole 
r 0 changing when 0 = ^tt ? 

398. A man in a traiir that is running at full speed looks 
out of the window in a direction perpendicular to the track. 
If he fixes his attention successively for short intervals of 
time on objects at diiforent distances from the train, show that 
the rate at which he has to turn his eyes to follow a given 
object is inversely proportional to its distance from him. 

399. A point describes the circle x- -j- f ^ velocity 

of 12 ft. a sec. Find the component velocity along the axis o\ 
X \v hen x = 4. 

400. At what rate is the ordinate of the curve y = .r — 
changing when x— 1, if the abscissa is iiicrea.sing at tlierate of 
10 metres a seeoiul ? Is the ordinate increasing or decreasing? 

401. .A. man walks across the floor of a semicircular rotunda 
]{)0 ft. in diameter, Ins speed hoing 1 ft. a sec., and his path 
the radius perpendicular to the diaimUer joining the extrenii- 




L. 1 i 1 


O 




wall of the roUincla when he is half way across. 

402. Water is flowing out of a lieinispliorieal bowl froin an 
opening at the lowest point. If the rate of ofllux is c eu. cm. a 
sec. when the level of the water is half way between the hole 
and the centre of the bowl, how fast is the level falling? 

Suggestion. Compare the volume of water tliat flows out 
in seconds witli the fall in level, A.t, and thus compute 
directly lim 

E.—EtIRORS of OuSICRVATrON * 

Let aj be an observed quantity and ij a second quantity, 
dependent on a’, to be computed: 

2/=/C^‘)- 

An error of Ax in observing x, the true value being % will 
give rise to an error Ai/ in the computed value, where 

Ay =/0q, + Ax) — /{xq), 

Kow WG are concerned only with an a])proximate value of Ay 
and hence any other quantity that differs from Ay by less than 
the error in Ay which we are willing to admit is an equally 
faithful representative of tlie error in ?/. Siicli a ro])resentative 
is found for most of tlie cases that arise in practice in dy, 
since, if the derivative f'{x) is finite for = and ^0, Ay 
and dy will differ from each other only by a small percentage 
of either, when Ax is .small, that is: 

^r-\) dy 

Drfiritiox, — by tlm (dmdnf.n orror in y is meant 

* T am indebted to Lr. Harvey N. Davis for the prubleins in Uii.s 
section. 



,uk: ciiui 111 .V viviivwvi uj luo. jLiie rmuive errot--.QY 

ileliiied as 

y * 

Since the relative error is cl log y, it is often better to take 
the logarithm of each side of the equation ?/ = /(.r) before 
lifferentiatiiig. 

If y depends on several variables, a‘, it is frequently 
desirable to consider the errors in y arising separately from 
the errors in rr, /, i.e, to hold all but one of the letters 
Xj t, ••• fast and allow that one alone to vary. 

the copjjicient, of ])ropcirjation is meant the multiplier \ 
when the error equation is written in one of the four standard 
forms: 

dy = X,dx, — = A 2 -, -f = Xid.v. 

y X ^ y 

Thus, when both errors arc absolute errors, X=Xi=/Y.rjj); 
when both errors are relative errors, X = = a’y/’(.ru)//(.ru); 

and so Qii. 

Example. The length and the diameter of a cylindrical bar 
are nearly 2o cm. and 2 cm., respectively. Find the absolute 
and the relative errors in the volume due to an error of S= .02 
cm. in measuring the diameter. 

Here, F = ^ 

Hence the absolute error is 


dV^\iTT)in=^l.(S cu. cm. 

The relative error may be found by dividing each side of 
the equation by F=|7r7)“7/; 

S ^ Qo 

V 

or 2 per cent;. Had the relative error been the only thing to be 
computed, wo should have proceeded more simply as follows: 

logF=logi7r7H-2logI>, 

V " D d' 


i 




/ ■} 


(ft) w'hvn r"-\ (‘111.; {^h) wlu'ii /•==:n()(!Mi, 

.h/s. (a) cw. om.j (//) ol4 cu. cm. 

404. In Uin two casi's oT Uiti prcccdin^jf [U‘()]>loin, fiiul 

volalivj* (M'rnr in iho. vohnun ilnn to an cn*roi‘ of 2 percent in 
iloU'nninin:^ i\ -Ins. (i pin* cent in both oasGs. 

405. WliJil- is tin* iillowiible nbsolut.o error (a) in the ineas* 

nnnnenl. of the. louj^e.st, and {h} in the measurement oi: the 
sluu’tesl. ilinieiisioii of a rce.taiii;’ular block 10 em. by o cm. by 
2 enn, if its voluinf^ is io 1m* (hitm-iiiiiied witbiu one-iiftli of one 
])(*r (*(*iit? Assume in eaeli case Unit llu* otbm* measuvenients 
arc oovveed. aln.s. (i/) .OU eui.; (6) ,004 cm. 

400. What is i.lic allo\val)le relativt* error in measuring 
(a) the. iliametor of t h<* huse. (o em. ) ami (h) the height (10 cm.) 
of a right eireiilar cone, if ils viiliiim* is to 1m* (letm’inined within 
a lifl.h of one per eentV Assmiio iu each ease that tlie otlier 
nieasiu’mnmit is eornuh.. 

407. W'liat eondltioiis must the dimensions of a riglit cylin¬ 
der satisfy if, for a given i*rror in t.lm vnhimc, the. allowable 
ahsohite. errors in tlu*. hmgth are etpial ? 

408. A desired (piantity, is the sum for diffm'enee) of two 
inensureil rpuinthies, n ami 0. Show (bat tlie. eoedlcients of 
prujiagudiou for nda(ivt* errors are munerieally as tla^ (piantities 
((. ami h, and ibat the. allowal)le i*elative (‘iTors arc inversely as 
a a ml h. 

400. Wliat is llie relation between the allowable absolute 
(‘iTcM's in the last rpieslitui V 

4 10. If if ff end .'Jo . : I A, wlial |•(‘lal ive (*iTor in y is 
caused by an error (j1 uih' prr (*<*nl in o 

411. A Hag polti subtends, at a point lO ft,, from its base, an 
angle of dt)A Wlial. relativf* ermr in tlie (‘onipuh‘(l iunght is 
caused by an error ol‘ 1" in llu* nbsi'rvi'd angle '! 




ttii uliui UL une per 

nit in the distance ? 

413. Would the computed height in Ex. 411 be more or less 
msitive to tlie error in the observed angle if the observer 
ioved farther away from the polo ? 

414. At what distance from the pole is the computed height 
ast sensitive to errors in the observed angle ? 

416. Ifj in Ex. 411, a minute of arc in the angle and a tenth 
' one per cent in the distance from the foot of the pole are 
agrees of accuracy in the moasurenient about equally easy to 
3tain, where should the observer stand ? 

416. Discuss the accuracy of the determination of the ordi- 
ite of a iioiiit on a given circle centred at the origin when the 
)scissa is measured. 

417. A surveyor has a measured base line of 100 miles and 
ids that the angles between it and a distant mark are (10° and 

With what absolute accuracy must each of the three 
easureinents be made if no one of the resulting errors in the 
lortcr of the unknown distances is to exceed one hundredth of 
le per cent ? 

418. A steel cylinder is 8 cm. long and 6 cm. in diameter, 
id it weighs 20 gr. The moment of inertia of such a cylinder 
)out its geometric axis being 



hat is the allowable absolute error in the measured diameter 
/is desired within one hundredth of one per cent? 


419. The moment of inertia of a right cylinder about a line 
rough its centre perpendicular to the axis of figure is 


M 


1 ■^12)^ 


here I is the whole lengtli. If the diameter of the cylinder 



UIUtlV.'j Kjiunilll V Cllivi jrt WV ivi.v.i**; WW jp . . V/Liury 

in 1 ? 


420 . /V f’-cl’tain niaLj’iietic jneusurcnnont (in Gauss’s 
tion ”) leads to tlie fonuula 

— = tan a. 


and in a c('rtain case s was 35 cm., I was cm., and a was 4°. 
If M/If is to bo dotoriuiiiod witliiu a fifth of one percent, 
what is the allowable absolute error {a) in .s*, {uid (/>) in 


421. A. similar inagnotio measurement (in Gauss’s A posi¬ 
tion’'") leads to the formula 


M 

11 




and in a certain case s was 35 cm., I was 4 cm., and a was 8°. i 
What relative error iu M/ll would he eaused by au error of 
three hundredths of one per cent iu n ? What is the cor¬ 
responding relative error iu / ? 

422. When a magnet or pendulum is swinging tlirongh a 
viscous medium, like aii', it is found that the- sucumssive ampli¬ 
tudes form a geometric series: that is, if any amplitude be 
called Uo, those following are 

a^ = a^/k, (u^z=ic(J]c\ . . . , 

where />;>! is a constant of the ajiparatus. If log/r (called the | 
^Gogarithniic decrement”) be denoted by X, tlum 1 

log u,,,^ I 

?;/. I 

Assuming that «n is correct, but Ihat eve,ry subsi'.qmmt ampli- j 

tilde a„^ is subject to au absoliitii (mtoi* 8 indepemleiit of m, find 1 
the absolute oiTor in X in teimis ol“ a„, k, and //i, and .show that | 

it is a minimum wlum vt satisbes tin; e(|iiatioii /t"‘= c == li.Tl.S, i 

so that under tlie conditions of this problem one should ii.se, I 
in determining X, that wliicli is nearest a(,/li.718 to get the j 
best results. ^ 




... .- |Mi/uiciii uuiil il^J aiUL 

^ are subject to the absolute error 8; and that the resultiiu'’ 
ror in \ is the sum o! the absolute values of the errors which 
oiild be produced by the errors in «ohii(l acting separately, 
low that the best value of on is given by the equation 
log7L‘„,= ]. 

424. Solve the foregoing equation by approximate methods 
id show that A;"' or ao/ct„i should have the value 3.59. 

425. Ill Ex, 423 assume that the error in k has its ^‘inost 
;obal)le value/’ which is the square root of the sum of the 
piares of the errors wliicli would be produced by the errors 

and ill a„, acting separately. {Show that the best value 
>r n,,/ a,n is now 3.03. 

426. The period of a peudiiliiin varie.s inversely as the 
piare root of the force of gravity, g, at tlic place of observa- 
011 . With what percentage accuracy must the period be 
iserved if g is to be determined to one part in ton thousand? 

427. * Tf the xieriod of such a pendulum is vciy nearly one 
icond, the jicriod can be compared with that of the pendulum 
: a clock beating seconds. Suppose that the two are beating 
cactly together at the time q, that the unknown pendulum 
liiis on the other, and that they beat together again at the 
me U. Then in exactly oi — U — sec. the unknown pendulum 
as made exactly ?i-|- 1. swings, and its period is 7i/(n + l) see. 
[ow large must ii be to make an error of 1 sec. in determining 
allowable under the conditions of the preceding question? 

428. If the n of the last question is 45, what percentage 
rror in the period would result from an error of 2 sec. in 
oterminiiig n? 

429. If the allowable error in the period is a tenth of one 
cr (iont, how great must vt be to make an error in it of 10 sec, 
llowable nmlcr the conditions of Ex. 427 ? 

« T\i 0 .solul.ions of Exs. 427-^120 belong in a conr.so in physics, for the 
ifiLlitniialiital proce.sscs involved arc excoedingly simple. They are inserted 
UTol}’^ U) indicaUi more ckuuiy the bearing of sueli work as is here given 
I errors of obscrvaliun, on the acUial problems that arise in praciicc. 


Integrate each of tlic following functions witli rnspoct to a* 
430. 12 ~ 10 x'^ — 1 () a’* -h 2 ;r. 431, ~ 5 J,. 


432. ax^ ‘~-bx'^-\-ab. 
434. 

436. 

9-3.7J4-a;“ 


438. 


12 

1 


440. a”4-- ~l. 

X 

442. -I-1. 

444. 


446. 


1__ 8_ 


X 


I 

- +o. 


^ » 2 4 

448. —-7* 

.a3 :i;7 

450. 1 + 


452. (5 — V x) (x + 3 V.^'). 
454, (Vc-V2a;)“. 

456. (cr - ar‘) Vir^.t'. 


433. (vL + m — 

435. — 3 -f- a; -}- }yxr — J 
437. ■}^:i^-\x^^ + 2x + h 
x-^—hx- + ~ 1 


439. 


441. 


a X 
+ 


443. — 2. 


445. a“-— ar-i + 

447. + 

{a + /;) a" 


449. 


1 - 


2 

451. .T(a-f-/vV2a). 

453. fu. + /ak) Ve.i;. 
456. ( vn.M ^ 


(IX 

457. (Va- \/y>bx)\ 


Evaluate tlie following iiit.egr^Lls. 


458. 


460. 


./’vr 


- X 1 4- 'X J 
'V/ 


459. 


■ 


461, r 


I > t 

V ((-\ - s 

Vo. 


- -y/^ndt. 


4 '+;. 


(Is, 




(i< ai) 1 2 .^7;—oos 3 x) dx. 467 



469 


471, 

cok-cte. 

a 

473 

sec c(;7; clx. 

475 

SGC^2xdx. 

477. 

cos (nt — c) dL 

479. 

» 

tiiU^X HQ.G^X dx. 

481. 

* dx 

cos - 

-\/L —. 

483, 

cos e *■ dx. 

486. 




487 




490. J {a-c^ux)^((x. 


492. 


J * ^ads 
^(F-^'das 


494. rr’4--V/r. 

h 


498. 


496. j [(»*)'-' 

r--Laii —(h). 

J ^ 

fuuos^'^~^'-dx. 

J " 

• j‘ ^ — axy^dx. 


502 


604 


606. - l]dx. 


508. Jx{a^ — x-)^(lx. 

510. f - 

J Vx*'* —Ci'* 

512. Jx{\ ^ ax^yUix, 

514. C-l^L.. 

■ 

516. ^ X‘(2 a — It x^ ) ^ (lx. 


493. J (Jc~ry^-\lr, 
495. (a- — 2 dx, 

J V—fd 

/sill 

J Va 
. ^Va sin (Va^) 

2 cos r^. T— sin /8a; 

1 


497. 


499 


501 


503. 

505 


507. II - -4Yf/a;. 

J + 


609. J /- Vd + b — nl-'dl. 

511. . . 

J V(a“-I-.(•“;■■' 

513. I X (a -I- hxyufx. 

r .r:^dx 
l><t —1 h 

.f 


515 


617. 

V.S 






/■ 


550 . I cos'X-Vir^k" sin- xdx. 551 , 


552 . J e"®‘’*®cos 
664 . /'.sill £l]or>’cos 0 d 6 *. 


666 . 

ciuy ^ 


658 


“■ /‘ 

■/“■ 

/f 

. ^ sina^cos^ 2x(]x. 
silica; cos n; cZ.^. 

su\^ X COSXfJx. 

/ CO?i*ViX (lx, 

f dx 
J (roo.s-.a^ + Z>-siir;!; 

667. 


560 

662 , 

664 

566 . 


; cos X (lx 
' -f“ ^ 11“;^/' 


668 . r— 

J Vi “ /rsiii'.i; 

569 . J sir 


sin mxsuinxdx. 


^ COS“- 

i 

r sin ^0 

tJ v-i — cos 0 

J *cos 

/- 

. j i^'ui-^xr.oH-xdx. 

J C()S"a; siua:(?a;. 

. J ^\\i-'tnxdx. 


A,s. 

(■(l( \ a / 

^■ 1<>!4 Ot cos-a; + b siir;^;). 
J [b — a) ' 


jiufi (in- — sill (tn -{- '//)a; 


653 . 

666 , 

667 . I v.o^^esmOdO, 

669 . J cosx’siu 2 xc?a;. 
r 

661 

563 


O / Lf* 


Olil U-VJO /{.C/ ll.C, 


JiXltCy. 


671* 


j 

/■ 


cos vix cos //aj (/.f. 


^ (hi - h) ■■ 2 (Wi, + „) 

^1 ,i,s'. y 1’ ('"'- '>0■!'sin(m+7r)jp 
2(m —u) 2(m + v() 


Evaluate the following integralH by the aid of the Tables. 


572. 

e. 

r .. 

573. 

e. 

r 

/ O — < .t‘ -|- 3 .C" 

/ e‘> — 2 lO + 7 C0“ 

574. 

ty 

r . 

/ S x — 7;jr -1- x‘'‘ 

576. 

(fclx 

3~~2x + 7X 

576. 

ty 

r _ (lx 
j (3 — 1 X 2 x~y 

- 577. 

t/ 

r do: 

678. 

«> 

f __ 

679. 

e> 

r dx 


f V3 —3;o+ 7a:‘^ 

680. 

«> 

f- .. 

681. 

J 

r dx 


X \/3 — 2 x-\-7 x‘ 

682. 

tJ 

r _ dx^ _ 

* (3 

583. J 

(;!- 2;i; + 7;rV 

684. 

J 

r (lx 

r ‘1 — 3 (U)S U.' 

585, J 

f_ . 

;> — ‘I- cos X 

686. 

tJ 

r r^ix 

f 3 + 7 Inux 

58,. J 

f__dx _ 

I I -1- 13 sin X 

5SS. j 

r ,u , 

r — .1 cos 

588. J 

([ dx 

cos — 4 cos x) 

5.0. J 

f 

' sni .0(5 — 4 cos x) 

5,„. J 

r dx 

U — 7 cos'.x’ 

50., J 

f . .- 

10 — cos !J sill .0 

588. / 

r xdo: 

1 -|- cos X 








594 , The hyperbola ;r?/=:100 rotates about tlie axis of x. 
Find tlie voluino of that i)art of tko solid thus goiioratod wliicli 
is e.onlained between the planes ])orpendLeular to the axis and 
eorrespoiuling to ;r = 5 and —20. 

595 . The curve y — sec x revolves about tlie axis of .u Find 
the volume of tlie solid whose bases correspond to c;— J r and 

Xz=z^Tr. 

‘ 596. The curve y^x — x^ rotates about the axis of a*. Find 
the vohinie of the solid generated by that part of it which lies 
above the axis of x. 

697. Tlio hyperbola 

revolves about the axis of x. Find the volnine cut olf from 
one of the two solids thus obtained by a plane perpondicnlar 
to the axis and distant //. from the vertex. 

y.l 7) s. - ^(o a d- h ). 
3a“ 

698. So mnch of that arc of the curve ?/= cos .a* —-J’ c^*'^ 
whicli cuts tlie axis of ordinates and lies above tlio axis of a; 
rotatc.s about the hitter axis. Find tlio volume of the solid 
generated. 

699. The curve ?/ = co.s'‘^a’ rotates about the axis of x. Find 
the volume generated by that part of tlio curve for which 
0 ^ ?/ < ttj the base being a plane perpendicular to tlie axis at 
cj = — 1. 

600. The parabola = a’- rotates about the axis of ,r. 

Find the volume of the solid bounded by the arc whiiih is tan¬ 
gent to the coordinate axes at its extremities, the base being 
formed by a plane through the origin perjicudicular to the axis. 

601. Determine the volume of the following solid. Tlunk 
of the axis of y as v(M’tieiil and consider the cylimler whose 




turn this cyliiul(ir about tlio axis o(:' ij tiiruugli 90*^. The two 
cylinders and a horizontal ijlane through the origin bound the 
solid ill question. 

602. If tlic base of the conoid of Ex. o, p. tOI, is an ellipse 
who.se plane is parallel to the lixcul line, show that the volume 
is i TTiihlii where li denotes the distance from the line to the 
2)1 an e. 

603. The solid of ]). l/)0, Eig. 40, is (iut by a idane through 
0, 2 ^t!rpendicular to th(‘- ]>lano of the base AOB and making an 
angle of 45° with 0^1. Ector mi no the volume of the 2 iart 
Avith the vertex ^l. 

604. A horn is generated b}^ a vai’iablo circle ivhose plane 
turns about a lixcnl line. The 2^)1 nt of the cirede nearest the 
line do.scribes a quadrant AB of a circle of radius a, and the 
radius of the variable eirede is cO^ wluu'O 0 donotos the angle 
between the variable tdane and its initial txjsition, when it 
pas.ses through A> Show that the volume of the horn is 

-l-.'iTTC)- 

605. Eind th(‘. arf?a of the lateral surface of the solid 
described in hlx. (JO.'h 

606. 1*4 nd the area of tlie lateral s nr face of the solid 

described in Ex. 001. y[/i.s‘. 04, nearly. 

607. An arbitrary (dosed curve i.s drawn on the surfac-e of a 
sphere, cutting out a r(‘,giou B from that surfac.ci. Show that 
the voluiin^ of the (ionc*. whose v(U’tc,x is at the centre of the 
S 2 >here and whose base is B is 

\AB, 

wlicre dcnoti's tln^ area ol‘ B ami It tlui I’adiiis of tlui spluu-o. 

608. ^Mk'. curv(* r ■-/(()) rotalf's :il)ont Mk^ axis As¬ 

suming/‘(^h 1<> Iji' siiiglc-v;ihied and continuous Coi’ 

where h ^ ^ TT, obtain ;i rorniiila for lb(^ volume of tlui 

solid goncrji.t(‘d by the rotnlioii of the plane region boiiiuh'd 
by the curve and llio two mdii veittore.s drawn to its extremities. 




the rotation 


(rt) of the curve r = a cos 26 ] 

(b) of the leinnisCcate = cr cos 2 $; 

(c) of the curve r = l — ffi 

610. .Show that, if two solids are so related to each other 
that, when cut by any plane parallel to a certain ilxecl plane, 
the areas of the two cross-sections nro equal, then the voliune.s 
of the solids are eciiiah {GavaUer}?^ Theorem,) 

611. Find the areas of the surfaces in (a) J'lx. 594; {h) Ex. 
507. 

612. Eind the fluid pressure ou the vertical plane area 
hounded by the curve ^ 


and the double ordinate A, the axis of y lying in tlie sur¬ 
face of the liquid. 

613. Assuming that the density of water at a distance of 
X ft. below the surface is 

p=:p,(l + .000 001 3 ;r), 

find how much greater the ]n‘esHiire is on a vortical rectangle 
10 ft. broad and a niilo deep, with one side in the surface, Ibaii 
what it would bo if water were iucoinpressiblc, 

614. Eind the pressure ou the end of tin? trougli described 
in Ex. 2, p. 164, if the density is a linear function of the dis¬ 
tance below the surface. 


615. If tlie densit}^ p of any curve is variable, show that the 
mass of the curve is , 


Mz 




616. The density of a rod is propoi'tioiuil to the distance 
from one end. Eind its mass. 



Um pevtjeiidiculai' distance from the diameter joining its cuds. 
l^'ind its mass. 

618. If in tlie preceding problem the density is proportional 
to the square of the perpendicular distance from tlie radiu.s 
drawn perponuliculav to the above diameter, what is tlie mass ? 

619. Find tlie centre of gravity of tlie rod in Ex. GIG. 

620. Find the centre of gravity of a quadrant of the wire in 
Ex. ().TT and in Ex. 618. 

621. The density of a spherical .surface at any point is pro- 
liortional to the distanco of the point from a fixed diameter. 
.Required the mass, 

622. Tlio same problem for a cone of revolution, the density 
being proportional to tlic distanco from the axis. 

623. The density at each point of a sphere is proportional to 
tlie distance of the point from the centre. Find its mass. 

624. Tf the density is a -p hr, where r denotes the distance 
from the centre, required the mass. 

Determine the following moments of inertia and radii of 
gyration: 

625. A rod whose density is proportional to the distance 
from one end, about a perpendicular at that end. 

626. The same rod, about a perpendicular bisector. 

627. 'fho circular wire of Ex. G17 about the diameter. 

628. The same, about the radius perpendicular to the 
diameter. 

629. The circular wire of Ex. 618 about the diameter. 

630. The same, about the radius perpeudicular to the 
diameter. 

631. A circular disk whose density is proportional to the 
distance froin tlie centre, about the centre. 






tauce fioiri the circumference, about tlie coiitre, 

634. The same, about a diameter. 

635. A circular disk wliose density at any ])oint is 

r denoting the distance from the centre, about the centre. 

636. The same, about a diajneter. 

637. A conical surface of revolution, about the axis of the 
cone. 

638. A spherical surface, about a diameter. 

639. A conical surface of revolution -whose density is pro¬ 
portional to the distance from the axis, about the axis. 

640. A spherical surface whose density is proportional to 
the distance from a diameter, about that diameter. 

641. A sphere whoso density is proportional to the distance 
from tlie centre, about a diameter. 

643. A sphere whose density is proportional to the distance 
from a diameter, about tJiat diameter. 

643. A sphere who.se density is any linear function of the 
distance from the centre, about a diameter. 

644. A triangle whoso density is proportional to the dis¬ 
tance from one side, about that side. 

645. A semicircle whoso density is pi‘ 0 })ortional to the dis¬ 
tance from the bounding diameter, about that diameter. 

Determine the following centres oC gravity: 

646. A uniform circular segment. 

647. A uiiifonn circular sector. Cdunik your answer. 

648. A segment of the eriuilatonil hy])orbola 

cut off by the doable oi-diiuite a; = « -p h. 




660. A triangle whose density is proportional to tlie dis¬ 
tance from one side. 

661. A uuifonu parabolic wive, extending equal distances to 
each side of the vertex. 

652. A semicircular wire whose density is proportional to 
the length of the arc measured from its middle point 

663. The same, when the density is proportional to the dis¬ 
tance from the diameter through its extremities. 

654. A semicircle whose density is proportional to the dis¬ 
tance from the bounding diameter. 

665. A semicircle whose density is proportional to the di.s- 
tance from the centre. (Suggestion. First obtain a foruiula 
for the centre of gravity of a semicircle whose density is an 
arbitrary function of the distance from the centre.) 

656. Show that the ordinate of the centre of gravity of the 
uniform plane area of § 1, p. 153, is given by the formula: * 



657. Find the attraction of a quadrant of a circle on a 
particle at the centre of the circle. 

668 . Find the attraction of so much of a cylindrical surface 
of revolution as lies between two planes normal to the axis, on 
a particle situated in the axis. 

669. The same, when the density of the surface is pro¬ 
portional to the distance from one of the planes. 

660. Kind the attraction of a honiogeneons hemispherical sur¬ 
face on a particle situated at the centre of tlie spliere. 

'rhi.H formula was ^Iveii to me by AFr. Rotreis Sherman Hoar, at that 
time a student in the first course in the Calculus. 




661. xiiesaino qiiesr-ion, oiuy r.iuu, tuwi.say ui lue suriaoe 
is proportiuiKil to the distance from the nxis, 

662. Tlie same, when the density is ])i-opoi‘tional to the 
distance from the base measured along the arc of a great circle 
meeting the base at right angles. 

663. Find the attraction of the seinicircnlar wire ((t) in Fx. 
G17; (b) ill Ex. 018, on a particle at the centre ol‘ the circle. 

664. The same for a particle on the circumfereuee extended, 
at the point situated symmetrically with rosimet to the wire. 

665. Find the attraction of a Iiomogencous surface in the 
form of a right cone of revolution on a \)arti(dc at the centre 
of the base. 

666. Find the attraction of the surPaee of a frustum of a 
cone of revolution on a partiede at tlic centre of tlic smaller 
base. 

667. Evaluate tlie double integral 

xi/dSj 

where S is the rectaugde who.se verti(jes lie at tlic points (I, 2), 
(1, o), (.3, 2), (,■), 5). . -12. 

668. The same integral, extended over tin*, l.riaugl(» e.ut off 

from the first cpiadrant by the line joining the poiiil.s (0, *1) 
and (3, 0). ^da.s*. 3J. 



669. Compute 





a 

the region S being the piece of tin; ])lane bouiuhsl ])y 
parabola y = a;' -* x and the right line y — x. A ns. 


tlic 

do.’,. 


670. Extend the integral 



X 





over the same region, and check your answer by inverting the 
order of integration. 


671. Compute the value of 


//■ 


x^ydSy 


the region S consisting of a triangle whose vertices are at tin* 
origin and the points (1, 2) and (2, 1). 

672. Check your result in the last question by using polar 
coordinates skilfully. 


673. Pind the centre of gravity of the solid consisting of 
the part cut out of a homogeneous sphere by two planes 
through the centre. 


674. Show that the moment of inertia of a homogeneous 
right cylinder about an axis through its centre i)erpeu(licular 


to its axis of figure is 


675. Find the moment of inertia of a homogeneous right 
cone of revolution about an axis through the vertex perpen¬ 
dicular to the axis of figure. 
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— of fiineliojhs of srtverai vari;ibl<!.s, 
203; 

total —, 20.3; 
exael .309. 

Differential ion, fjleticir.'il fornmias of, 
1.3, 21, 94; 

.sp(jei{Ll fornml.’is of—, ftO; 

— of iini)licit rnncliojis, 31, 302. , 
Dirta'.lijjn eosiiu's, 28:',, 289, 319. 

Directi(\nal d(*rlvalives, 308. 

Double iiitegj’.'il, .358, 4.0.8. 

Dtilianud’s Iheoreni, 1(14. 

Dhumnitary fmiction.s, 9(1. 

Envelopes, 311. 

K])iey{‘loid, 140. 

I'louiaugulsir spirstl, 01, 130. 

J'lrrois of obser\.'ll ion, (die, 30(1, 410. 
Miller’s tliectreni for lionidgeneons 
fninO ions, 3()(), 
lOvolutc, 139, 319. 

Exact dilTcreiitial.s, 309. 


V 



Jacoluaii dotermiuant, 305. 


.liiil pressure, 101. 
our-clisped liypo(5yeloid, 150. 
li’riutlionul (tx’ptiiKiUts, 27. 

Ifuuc.litui, OeliniLum «>! a, 2; 
eonllmious —, 1, 20, 58; 

:»{, 002 ; 

, 0(5 ; 

tesl for inc.vi'iisini*; or deereusin^r 
—, ; 

further examples of hitler, 281, 407 ; 
inverse —, 08; 
elementary —, 00; 

— c)f several variables, 282; 
hype i‘bt* lie —, 112; 
expoueiilial —, ‘117; 

— without a derivative, 422. | 

Gudcrmaniiian, 410. 

(Uildiii, cj\ rapinis. \ 

Helix, 018. 

Itomogeucoiis fiiiietions, 300. 
iCyperholie fiuudious, 412. 
Hypo(^y(d()id, 150. 

fuiplieit fnnetions, 31, 302. 
ludeluiite integral, 150. 
fiidetm*min:it.e l\)nns, 231, 278, 280. 
ImlieuVer diagrams, Area of, 400. 
Inliuitesimals, 85; 

— with several variables, 203. 
TriOiiity, 10. 

Iii(l(;itli«m, Point of, .51, 53, 270. 
Integral, Dclinitioii of (indormite), 
114; 

tables of —, 120 ; 

— as the limit of a.sum, 155,358, 380; 
(hdiiiite —, 150, .358, 380 ; 
iterated —. 351, .382; 

(Umhle —, 358 ; 

Hiirfaee —, 374; 

, triple —, 3K0; 
line— 300; 

nnmerie.al ef)mpuliition of definite 
—, 100 ; 

fiirliier prohlmns in double and 
triple —, 458. 

Tntegratiou, Spisdal formulas of, 118; 
fiirlher prohhmis in—440; 
variahhi limits of—, 180; 
mcehaniceil .—, 40!l. 

Iteraletl integral, 354, 382. 


of the mean, 230, 334; 
generalize.d —, 234. 

Laws of motion, 100. 

LemnisraLe, 133. 

Length of a eiirve, 120, 100. 

Limils, Three theorems about, 15; 
the — %, effi., 231,278, 280; 

-- for fnnetions of several variables, 
282. 

Tjinc integrals, 390. 

Logarithinie spiral, cj\ Equkuigulur 
! spiral, 

Luxodronie, 3.30. 

Mass in terms of density, 300, .381. 
Maxima and miiiinia, 30, .53, 275, 330; 

further problems In —, 104, 270,435. 
Mercator’.s chart, 331. 

Minima, c/. ^faxima. 

Moment of inertia, 170, 3.50, 381; 
further problems in —, 455. 

Napierian logarithm, Reason for, S2. 
Natural logaritlim, cf. Napiarlun —. 
Newton’s laws of motion, LH); 

— method for numerical etpiations, 
300. 

Normal, Equation of, 37; 

— lines and planes, 285,280,315, .317; 

— derivative, 300; 
principal —, 325. 

Numerical compulation, Chap. XX. 

Osculating cirelc, 138, 277; 

— plane, 323. 

Pappus, Theorems of, .352. 

Peirce’s Tables, 125. 

Planimeter, Amsler’s, 400. 

Principal normal, 325. 

Quadratic forms, 340. 

Quadric surfaces, Cotifocal, 325- 

Rad i an measure, Reason for, 55. 

Radius of gyration, 178. 

Kate c;‘. Veheify. 

Kill’ line, 330. 

Knl dieorcm, 229. 




Roots of equations, 57, 30R; 

further problems in —, 11^,281,822. 
Roulettes, 150. 

Semi-(uibie:il parabola, 141. 

Series, iJetiiiit.ion of iiirtiiito, 244; 
))()\ver —, 257; 

MfuOiuirin’s —, 202; 

Taylor’s-, 204, 2()G, 385; 
binomial —, 272. 

Simple luirmonie motion, 201. 
Siinp.son’.s rule, 40(5. 

Slope of a curve, 5. 

Spirals, 131; 

— of ArchiineOe.s, 146; 
cf, also K({iU(infftila}' .spiral. 

Square root, siftii, 4. 

Successive approximations, 403. 
Surface iutej^ral, 374. 

Tables of integrals, 12i). 

Tanj.eut, Slope of, 6, 11; 


Tangeiit, Equation of, 37; 

— iu polar eoonUuates, 00; 

— piano, 280, 31(5; 

-- lines to Hpa<-(! ciirvo, 317. 

Taylor’s .sorios, 2(14 ; 

— llu'orciiu, 20(1, 385. 

'rest-ratio, 250. 

Total (Urfen'iitial, 2!)2. 

Tri\slo. iuteji;val, 380,459. 

Trisect rix, 145. 

Troclioids, 151. 

Vehxaty, Defiaitioii of, 40; 
rates and — , 101 ; 

further jsrobleiuH in — , 108, 100, 439.., 
Volume of a solid of rovohitlon, 157; 
volumes of otlser .soliils, 159, 352; 
further prohleuis relating- to siusli 
volumes, 452. 

Work done by a variable force, 393, 
409. 
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